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MPEANCIIOBUE K TPETbEMY U3AAHUIO

HoBoe wn3manve KHIKKHM, TIOCBSIIEHHON HavajIaM
TEOPUH BEPOSITHOCTEH, BBIXOAUT cirycTst 20 JjleT Tocsae ee BTOPOH
ny6smkanuu B «bubmmoreuke «KpanT». 3a nporesiime ¢ Toii 1Opbl
ro/lbl BBOJIHBIE IIOHSITHSI TEOPUHM BEPOSTHOCTEH M KOMOMHATOPHKH
6bLIM BKJIIOUEHDBI B ITKOJbHYIO IIPOrPaMMy 110 MaTeMaTHKe, MOSBU-
JINCH COOTBETCTBYIOINE y4yeOHBIe MOCOOWS MM INKOJbHUKOB, a
MpoCTeIre 3a1aYKN Ha BBIYICJIEHIIE BEPOSITHOCTEH BOIIIN B THIIO-
BbIe BaPHAHTDI 9K3aMEHAIIMOHHDIX 33/[aHIH.

Meskay TeM, /Ui MOTUBHPOBAHHBIX CTApIlINX IIKOJbHUKOB H
CTY/IEHTOB MJIQ/IIINX KYPCOB YHUBEPCUTETOB MOXKET ObITb I10JI€3€H
B3TJISIT HA TEOPUIO BEPOSITHOCTEH € [PYTrOro pakypca, NCIoJIb3yIole-
TO WHTEPIPETAINIO OCHOBHBIX BEPOSITHOCTHBIX 3aKOHOMEPHOCTEH B
MIPIMEHEHNN K HeKOTOPBIM MO/IEJISIM eCTeCTBO3HAHNS, TAKUM, HaIllpH-
Mep, KaK MOJeJb CAy4ailHoro GJIyKIAaHUsl U MOJIEJb BETBSIIErocs
npoiiecca. TakoMy MOAXOJY ¥ MOCBSIIIEHA KHUTA.

Caenyer ckasarb, 4To ryaBHasi kHura Anapess HuxosaeBnua
KommoropoBa «OCHOBHbIE TIOHATUS TEOPUU BEPOSITHOCTE» , M3/1aH-
Hag B 30-e TOABI TPOILIOTO BEKa, ChITpaja MOUCTHHE OeCIeHHYIO
poJib B MaTeMaTHKe: JaHHOe B Hell akcHmoMaThdecKoe 060CHOBAHIE
TEOPHUH BEPOSATHOCTEH MIPEBPATHJIO 3Ty HAYKY B MOJHOIEHHYIO MaTe-
MaTHYEeCKYI0 JUCIUIINHY, 3aJI0JKUB OCHOBbI COBPEMEHHOH Teopuu
BEpPOSITHOCTEN M TeOpUH CJaydailHbIX MpoleccoB. Y NpenaraeMoit
MaJIEHbKON KHIDKKH, KOTOpasl TakyKe CBsS3aHa C MMeHeM AHJpes
Hukomnaesnua KosiMoropoBa, cBosi posib — NPUOOGIIUTD BIyMYHBbIX
MOJIOJIBIX YHUTaTes el K TEOPHH BepOSITHOCTEH, 3aMedaTeIbHOI HayKe
C HEOTPAaHMYEHHDBIM CIEKTPOM Pa3HOOGPA3HBIX IIPUJIOKEHMIA.

A.B.IIpoxopoe



NMPEANCIIOBUE KO BTOPOMY U3AAHUIO

OTKpBIBast 3TUM NIPEANCIOBHEM BTOPOE U3IaHNE KHU-
ru B «bubmmoreuke «KBaHT», Mbl pacCUHUTbIBAE€M, YTO YUTATEJb,
MHTEPECyIOuicsS MaTeMaTudeckoil HayKoOH o cJjydailHOM, Haiiger
3/1eCh IOCTYTIHOE OTHCaHNe (PU3MYECKN PEASbHBIX CIyYaiHbIX SIBJIE-
HUI ¥ TTepBbIe CTPOTHE MaTeMaTHIeCKUe CBE/IEHISI O TEOPUH BepOsiT-
HOCTEHl ¢ TIPOCTENTITIMU KOMOMHATOPHBIMU PACUeTaMu, aKCHOMAMU U
OCHOBHBIMM TIOHATHSIMH, & Takxe GoJiee CJIOKHbIE BEPOSITHOCTHBIE
MOJIEIU W TEOPEMbI, KOTOPbIE JAIOT IIPEJCTABIEHNE O CEPHE3HBIX
AHAJUTUYECKUX METOJaX.

3a BpeMs, TpoIIeAliee ¢ MOMEHTA TIepPBOTO M3/JaHWs, HE CTaJo
Anppess Hukonaesnua Kosmoroposa, on ckonvascst 20 oKTsOpst
1987 roma B Bo3spacte 84 ser. Angpeit HuxosaeBud — mHHUIATOP
HAIMCAHUsI ATOWM KHUTU, M MbI, €r0 YYE€HHKH, XOTeJu Obl OTAaTh
JIOJDKHOE TIAMSITH BEJMKOTO YU4€HOTO M Ie/larora.

Annpeit HukosaeBuu KosMOropoB okasas ocHoBolloJaraoliee
BJINSIHYE HA PA3BUTHE COBPEMEHHOW MaTeMaTHKW, OH 06J1aal MHO-
roo6pa3HbIMU HAYYHBIMU HHTepecaMu B 001acTu pusnuku, GHOJIOTHH,
WCTOPWH, JUHTBUCTUKY W JIPYTUX IUCIUTLINH.

Eme B cTyaendeckue ToAbI, HAYaB C IPENOJAaBAHUS MATEMATUKI
u pusuku B [IoTBIIUXUHCKOW OIBITHO-TIOKA3ATENIbHOU 1TKOJE, AH/I-
peit HuxosaeBuu uepe3 BCIO JOJTYIO JKU3HD IIPOHEC WHTEpPEC K
MIKOJIbHOW MateMatuke. bosee 20 et oH otaan puanko-MareMaTu-
YEeCKOIl 1IKoJie-uHTepHaTy 1P MOCKOBCKOM YHUBepCUTETe, Telepb
HOCATIeH ero MMs, YCTPOICTBY JIETHWX MaTeMaTHYeCKHX IMTKOJT B
Pa3HBIX YTOJIKaX CTPAHBI, yYaCTUIO B U3/JaHUN KypHaTa «KBant», a
TaK)Ke CO3[aHUIO IIKOJBHBIX yueGHBIX MOCOOWil 10 MaTeMaTHKe U
pa3paboTKe MPOTPaMM U METO/IOJIOTHH MTPEIOIaBAHUS MATEMATHKU B
mKroJsie. AHapeit HukosaeBWd yBJI€YeHHO PYKOBOAMJ MIKOJbHBIMU
KPY’XKKaM{ TI0 BHETPOTPaAMMHBIM TeMaM, B TOM YHCJe 10 TEOpHH
BEPOSITHOCTEN 1 KOMOMHATOPHKE. DTOT HHTEPEC OTPABUJICS U B CEPUHT
ny6auKaiuii B xxypHasie «MaremMaTHKa B LIKOJIES .

B MockoBcKOM yHUBEPCUTETE B TPAIUIUSX MEXAHUKO-MaTeMaTH-
yeckoro daxysabpreta AHApeeM HukonaeBHMYeM W ero yuyeHHKaMU
MTPOBOIMJINCH HA MJIAAIINX KypcaxX MIPOCEMIHAPHI TT0 TEOPHU BEPOSIT-
HOCTe}l, KOTOPbIE CIIY KN BBeJleHUeM B Oy/IyIIYI0 MATEMATHYECKYIO

4



creranuzaiuio. OTNbIT 3TUX KPY’KKOB M CEMUHAPOB U GbLJ 0600111eH
B [IEPBOM M3[aHUU KHUTU B «DBubimoreuke «KBauT».

[ocnennue rompl >ku3nu Aunzapeli HukosaeBwd, HecMOTpsS Ha
60J1e3Hb, HAIPABJSI OJATOTOBKY HOBOIO WU3/IAHUS KHWUTH, U BCE
nepeMeHbl B Heil ocyulecTBJeHbl 1pu ero ydactuu. Ilo 3ambicay
Anppes: HukosaeBuda Heo6XO/MO COEMHSTD YBJIEKATEIbHOCTD U
MMOHATHOCTb M3JIOXKEHUSI C JIOCTATOYHOH JIOTMYECKOH CTPOroCTbhIO.
Crnip KosmoropoBa-Tiejarora mpekpacHo IyBCTBYeTCs B TJI. 1, KOTo-
pasl MOJHOCTBIO HAlMCAaHA UM CaMUM — UMEHHO 3/leCb COeJMHSIOTCS
uHTepecHble (bU3NYECKUe ITPUMEPDI C TPOCTEHIIUMH pacyeTamu, 3a
KOTOPBIMU TIPOTJISIBIBAIOTCS TTy60KUe (DaKTBI TEOPHUH.

[Tamate 06 Amnapee HukosaeBmue KosimoropoBe >KuBeT IJIs
HBIHETITHETO U TIOCJIeyTONNX MOKOJEHUH B €ero TpyAaxX. JTa MajleHb-
Kasl KHUJKKA gBJIeTCs YacTulieil Hacseusl 3aMe4aTesIbHOTO y4eHOro
U TIegarora.

H.T.2Kypbenko, A.B.IIpoxopos

13 NPEANCNIOBUA K MEPBOMY U3AAHUIO

[laHHAas KHWTA paccuMTaHa Ha YHTATeJs, TOXKeJIaB-
IIeTO Ha 3JIeMEHTApPHOM YPOBHE O3HAKOMHUTHCSI C OCHOBHBIMH TTOHS-
THSIMU TEOPHU BEPOSITHOCTEN M COCTABUTDH ce6e HEKOTOPOe BIlevartJie-
HUE O BO3MOKHBIX IPUMEHEHUSIX 3TOI 06JIaCTH MaTeMaTuKu, GypHOe
pa3BUTUE KOTOPOI MPUXOAUTCS Ha Tocaeanue aecsruierus. [upo-
KO€ pacIpocTpaHeHNEe BEPOSITHOCTHBIX METOJIOB B CAMBIX PA3JIMYHBIX
06J1aCTIX HAYKW M TEXHUKHU OBLJIO CBSI3aHO C TE€M, YTO C TIOMOIIBIO
9TUX METOAO0B Y/1aJIOCh IIOJIYUYUTb OTBETbI Ha MHOTI'ME €CTECTBEHHOHA-
yUHBIE 33/Ia4d, JOJTOe BpeMs He Io/yIaBaBIluecs perieHnio. Kunra
HE CTaBUT TI€epe/ co60ii 1eJIM OXBAaTUThb BCE€ BO3MOKHDbIEC IIDUMEHEHUA
TEOPHUH BEPOSITHOCTEH, TeM 6oJjiee UTO Ha HJIEMEHTAPHOM YPOBHE 3TO
ciesaTh BooOIIe HEBO3MOXKHO. B TO ke camoe BpeMs TIPUBECTH
MHTEpEeCHDbIe TMPUMEPDI MCIIOJIb30BAHNS BEPOSITHOCTHLIX METOOB B
HpOCTeI‘/JIHH/IX IIPAKTUIECKUX CUTyallUAX SABJISJIOCH Ol[HOfI UXx rJaB-
HBIX T[eJiell KHUTH. B KayecTBe TaKUX MPUMEPOB JOCTATOYHO MOIPO06-
HO M3YYalOTCs OCHOBHbIE 3aKOHOMEPHOCTH GPOYHOBCKOTO JBUKEHUS
MPOBOJIUTCSL UCCJEJOBAHUE TIPOIECCOB THOETH W Pa3MHOXKEHUS,
MIPUBO/ISATCST HEKOTOPBIE PYyTHe IpUMephl. EcTecTBEHHO, YTO MpUBe-
JIEHHbIE Pe3yJbTaThl SIBJISIOTCS JIWIIb BBEJCHWEM B YKa3aHHBIE
00J1aCTH HAyKH, TIO3BOJISIONINM, TeM He MeHee, COCTAaBUTD Y UNTATe IS
YyBCTBO 6J'II/130CTI/I K COBPEMEHHDbIM €CTECTBEHHOHAYYHBIM npoéﬂe-
MaM.
B ocHOBY JJaHHOIT KHUTH JIETJTH MaTepPUAJIbI JIEKIIUI 1 CEMIHAPOB
aBTOPOB, HEOJHOKPATHO HA TPOTSHKEHUH TOCTeTHUX 15 JeT uynTas-
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muxcss B MOCKOBCKOM TOCY/IapCTBEHHOM yHHWBEpPCHUTETe W (DU3UKO-
MareMaThyeckoin mkoJe npu MIY.

W37105xeHne OCHOB TEOPUU HOCTOSTHHO COTIPOBOKAAETCST GOJIBIITUM
KOJINYECTBOM TIPUMEPOB U 33/1a4, YaCThb KOTOPBIX B 3aBUCUMOCTHU OT
TPYIHOCTH PEIIAETCS TOJHOCTBIO, HA OCTAJbHBIE NAIOTCS TOJBKO
OTBETHI.

Kanra 6yer gocTymHa MIKOJIbHAKAM CTApHIUX KJIACcCOB, MPOSIB-
JITIOMNM WHTEpec K MaTeMaThkKe W ee mpuMeHeHnmsM. OHa MoXKeT
TaK)Xe OKa3aTbCs MOJIE3HOW CTYAeHTaM MJIQJIINX KyPCOB CAMBIX
PA3JIMYHBIX CHENUATBHOCTENH, HHTEPECYIONUMCS TPUMEHEHUSIMU Te-
OpUU BEPOSITHOCTEN B CBOUX 06JIACTSIX.

[lns Tex, KTO XOYeT pacuIMpuThb CBOH KPYro3op, pPeKOMEHIyeM
cJeIyToNre N3/JaHus:

3.bopeav. Beposataoctb n moctoBepHocTh. Ilep. ¢ ¢p. — M.:
Hayxa, 1969.

M.Treman, T.Bapza. BepodaTHocTb B Urpax U pPa3BJICUYCHUSX.
Ilep. ¢ ¢p. — M..: IIpocsemenne, 1979.

B.I'nedenxo, A.Xunuun. IjeMeHTApHOE BBEJEHHE B TEOPUIO
BeposTHocTeit. — M.: Hayka, 1976.

@.Mocmeanep, P.Pypke, [x.Tomac. Bepostnoctb. Ilep. ¢
anrsi. — M.: MITHMO, 2015.

A.ITyanxape. Teopus BepositHocteit. Ilep. ¢ ¢p. — Mkesck,
PX /I, 1999.

A.Penvu. Tpusorusi o maremaruke. Ilep. ¢ Benr. — M.: Mup,
1980.

A.H.Koamozopos, HU.T.;Kypbenro, A.B.IIpoxopos



MABA 1

KOMBUHATOPHbI/ NOAXOA K MOHATUIO
BEPOATHOCTUA

§1. NMepecraHOBKMN

[IBe 6ykBbl A m B MOXXHO pacnoJioXXuThb OJHY 3a
JIPYTOI IBYMS CIIOCO6aMMU:
AB, BA
Tpu 6ykBbl A, b u B MoXHO pacrosiokuTh B BH/E TOCJIEI0BA-
TEJBHOCTH Y3Ke IEeCThIo CIoco6aMu:

[lnst geTpIpex 6YKB TMOJIYYNM 24 Pa3HBIX cIIoco6a UX pacroJioke-
HUS B BUIe TIOCJIEJ0BATEIHbHOCTH:

ABbB, ABBb,
BAB, BBA,
BAb, BBA.

CKoJbKIMHI CIOCO6AMH MOKHO PACTIOJIOKUTD J1eCSTh OYKB B BU/E
nocaenoBatebHocTH? Ilepe6parth Bce ClIOCOODI PACTIONOKEHHUS 31€Ch

ABBI, ABI'B, DBABI, BDBAIB,

ABBI', ABI'b, BbBAI, BBIA,

AI'bB, AI'Bb, bBrIAB, BIBA,

BABI, BAI'b, TABB, TABB,

BBAI, BbBI'A, TBAB, TIDbBBA,

BIr'Ab, BIBA, TIBAB, [IBDBA.
6b110 6bl TpyaHO. [lyiss oTBeTa Ha BOIPOC >KesaTesJbHO obliee
npasBmio, ¢opMmyJa, KOTOpas IO3BOJHJIA Obl Cpa3dy BBIYNUCIUTDH
YICJI0 CHOCO60B PACIIOIOKEHNST 72 GYKB B BUJIE TTOCJIe/JOBATEIbHOCTH.
Yucmo atnx cnoco6oB o6osHayaior 7! (7 ¢ BOCKJINIATETbHBIM

3HAKOM) M HasbIBaloT «n-pakropuan». Halizem a1o uncio. Mer ysxke
BUuAe/In, 4TO

21=2, 31 =6, 4] =24.

Kask/ipiit crioco6 pacrosioskeHust JaHHOTo uucja OYKB B 110CJIe0Ba-
TEeJIbHOCTH Ha3bIBAETCS nepecmanosroti. O4eBuHO, YTO BMECTO OYKB
MOKHO B3sITh 1iu(ppbl ujn J1i0GbIe ApyTHe ipeMeTsl. Yuncio mepecta-
HOBOK 4eThbIpeX IpeaMeToB paBHO 4! = 24. Boobrie n! ecth 4ucyio
[ePECTAHOBOK 7 MpeAMeToB (3aMeTuM elile, YTo I10JIaraior

11 =1,



TaK KaK OJIH IIPeJIMET He C YeM «IIePeCcTaBJIaThy , U3 OJHOTO [IpeJMeTa
MOXHO c(hOPMUPOBATD TOJBKO O/THY <«IOCJIeI0OBATEIbHOCTDY , B KOTO-
POl ATOT TPEAMET CTOUT HA MEPBOM MECTE):
11=1,
21=1-2=2,
31=1-2-3=6,
41=1-2-3-4=24.

HanpammuBaercs runoresa: 4ncJio MepecTaHoBOK 72 TIPEIMETOB PABHO
[IPOM3BE/IEHUIO TIEPBbIX 7 HATyPaJbHbIX YUCEJ:

n!l=1-2.3.-...-n. (1.1)
l'unotesa ara BepHa.

g fnoxazaTenbcTBa 3aMETUM, YTO B CJIydae MEPECTAHOBKU 71
[PeIMETOB HA TIEPBOE MECTO MOKHO TIOCTABUTD JIIOOOU U3 7 IpeiMe-
TOB. B KaxkI0oM MX 3THX 7 cjaydaeB ocrapliuecs n — 1 mpeamMeToB
MO3KkHO pacriosioxuth (7 —1)! croco6amu. Tlostomy Tomyunm Beero
(n—1)!n croco6oB pacHoIOKeHNs 7 TIPEMETOB:

nl=m-1)n.(1.2)
Ipu nomomu (opmyabl (1.2) moaydaeM MOCIE0BATEIbHO:
21=11.2=1-2,
31=213=1-2-3,
41=31-4=1-2-3-4,
5!=41-5=1-2-3-4-5=120u 1.7

3HAKOMBIE ¢ TIPUHITUIIOM MATEMATHYECKOH HHAYKI[MI MOTYT 3aMe-
THTB, 4T0 BbIBOA (popmyabl (1.1) us dopmyanr (1.2) ucnoabsyer
STOT TIPUHIUII, U TIPOBECTH CTPOTOe (POPMATHHOE PACCYIKIEHHE.

Tenepp y’ke HETPYAHO BBIYMCJIUTH YUCJIO IEPECTAHOBOK JECATH
6yks: 101=1-2-3-4-5-6-7-8-9-10=3628800.

§2. BeposTHOCTb

Cemb 6ykB paspesnoit az6yku A, A, b, b, K, ¥, III
MOJIOKEHBI B MEIIOK, OTKY/1a X BBIHUMAIOT Hay/lauy U Pacrosaraior
OJIHy 3a Jpyroil B TIOpsjike, B KOTOPOM OHHM HOSBJSIOTCS. B
pesyibTarte noaydaetcs caoBo BABYIITKA.

B kakoii Mepe Takoil ()aKkT HAaJ0 CUUTATH yIUBHUTEJIBHBIM, OBITH
MOKET, 3aCTaBJIAIONIUM IIPE/IIoIaraTtb, YTO MbI IPUCYTCTBYEM IIPH
HApOYHO MOJICTPOEHHOM (poKyce? 3aHyMepyeM Halllll CeMb KapTOYeK
¢ 6yKBaMu:

1 2 3 6

4 5 7
A A b b K VY I



Vx MO:xXHO pacnoJioskuTh mo nopsaky 7! = 5040 cmocobamu. 113 aTux
5040 ciyuaeB cioBo BABYIIIKA moJsiyunrcst B 4eTbIpex:

31 46 7 5 2 4 1 3 6 7 5 2
b A b VY IIKA b A b VY Il KA
2 2

3 4 6 7 51 4 367 51
b A b VY IIKA b A b VY Il KA

CxasxeM, uTo u3 obmiero uncia cayuaes (5040) gerrpe cayuas
6azonpusmcmeyiom NOSIBJIEHAI0 3aHUMAIOIIEro Hac coObiTus (3aK-
JIIOYAIONIETOCSI B TOM, YTO M3 BBIHYTBIX OYKB CJIOXKHMJIOCH CJIOBO
BABYIIIKA). OrHoluenue yucia 61aronpusaTCTBYIONIUX CAyYaeB K
o06IIeMy YHCJy CIydaeB B HOZOOHDBIX 33/1a4aX HA3bIBAIOT BEPOSITHO-
CTBIO cOOBITHS. B HameM npuMepe BepOSTHOCTb ITOSIBJICHUS CJIOBA
BABYIIKA ectp

4 1

5040 1260 °

BeposarHocTh 3Ta 0ueHb MaJia, W Hallle COObITHE JIEHCTBUTETBHO
OYeHb <«MaJoBepoATHO». [lo3aHee MBI y3HaeM, YTO TOACYMTAHHAS
HaMU BEPOSITHOCTh MMEET TaKOW MPAKTHUECKWIl CMBICJ: €CJU MHOTO
pa3 MpOU3BOUTH ONMUCAHHBIN OMBIT ¢ OYKBAMM, TO IPUMEPHO OJHH
pas Ha 1260 mcnbrtanuii mpousoiizer Hame cobbitue (camo co6oIo
caoxutcsa caoso BABYIIKA).

AHaJOTMYHBIN pacyeT AJs 4eTbipex 6yKB A, A, M, M npuBoaut
K pe3yJbTaTy, 4TO W3 HUX CJydYalfHO OyJeT CKJIaIbIBaTbCs CJIOBO
MAMA ¢ BepOsITHOCTBIO

| -

4
4!

C Taxkoii xe BeposTHOCTBIO 1,/6 6yJeT ToaydyaTbes ele Kaxiaoe
U3 IISATH <CJIOB»:

AAMM, AMAM, AMMA, MAAM, MMAA.

Ecm mpous3BouTh 9TOT OIBIT C YETHIPbMST OYKBAMU, TO KayKIbIil
13 OMHUCAHHBIX IECTU BO3MOXKHBIX PE3YJbTATOB OY/ET IMOSIBJSTHCS
npumepHo B 1,/6 mose ciaydaes.

§3. PaBHOBO3MOXHbIe cny4yaun

Urpasbias Koctb — 9T0 KyOUK, HA IPAHSX KOTOPOTO
o603HaYeHo 4ucao o4koB oT 1 mo 6. BpocuB aBe KOCTH, MOXKHO
HOJIY4UTh CyMMy OUKOB (Ha BEpXHHX TPaHAX JABYX KOcTeil) oT 2 10
12. MoxxHo 66110 6bI IyMaTh, 4TO B 3a1a4e umeercs: 11 BO3MOXKHBIX
CJIy4aeB ¥ BEPOSITHOCTD TIOSIBJIEHUST Kakjoro u3 Hux pasua 1,/11. Ho
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9T0 He Tak. ONbIT MOKA3bIBAET, YTO, HAIIPUMED, CyMMa 7 TOSIBJISIETCS
MHOTO dYaiie, 4eM cyMMa 12. 9To m MOHATHO, TaK Kak 12 MOXHO
MOJTyYUTHh TOJBKO B BUJIE

6+6=12,
a 7 — MHOTHMH CIIOCOOaMU:
1+6=2+5=3+4 =4+3=5+2=6+1=7.

IIpn aTOM MBI 3amMCBHIBAEM IEPBBIM CJATAEMBIM YHCJO OYKOB Ha
MepBOi KOCTH, a BTOPBIM — Ha BTopoii. [loatomy 3ammcu 1 + 6 u 6 +
1 yKas3pIBaIoOT Ha [[B€ pa3IMYHbIEe BO3MOKHOCTH TTOTYIEHUS CYMMBI 7.
[l moacueTa BepOATHOCTEH 3/1eCh TIPUXOJUTCS PACCMaTPHBATh
TPUALIATD IMECTh CIYYaeB, KAXK/bI U3 KOTOPBIX XapaKTEPU3YeTCst
OIpe/IeJICHHBIM YMCJIOM OYKOB, BBINABIINX Ha IEPBOH KOCTH, U
OTIpe/IeJICHHBIM YHCJIOM OYKOB, BBIMABIINX HA BTOPOH KOCTH:

1,1 1,2 13 14 15 16

214 22 23 24 25 26

3.1

4.1

3,1

6,1

EcrectBeHHO cuuTaTh 3TU TPUALATH IIECTb C/IydaeB PAaBHOBO3-
MOXHBIMU. ONBIT MOKa3bIBAaeT, 4YTO JJIS JTOCTATOUHO INPABUJIBHBIX
(ky6uuecknx) KOCTeii, CIENAHHBIX M3 OJHOPOJHOTO Marepuana, u
HaJUIEKANUX TPUEMOB 6pocanns (HapuMep, MocJie BCTPSIXHBAHUSI
B cTakaHuuke) 3TH 36 CJIyYaeB MOSIBJSIIOTCS TIPHU GOJIBIIOM YHCJIE
IIOBTOPEHUIl IIPUMEPHO OJAMHAKOBO YacCTO.

JL1s1 CyMMBI OYKOB Ha JIBYX KOCTSIX MOJy4aeM TAKUE PE3YJIbTATHI
(nposepbre!):

Cymma 2 3 4 5 6 7 8 9 10 11 12

Uucno
Gnaronpusateteyonux 1 2 3 4 5 6 5 4 3 2 1
CJLydaes

15 4 L
6 36 9 12 18 36

1 11
36 18 12 9

BeposgrrocTh 1

Ll

YTouHMM oOIIpe/iesieHne: 8epPoAmHOCMbI0 HA3bIBACTNC OMHOUE-
Hue wucaa 61az0NPUSMCMEYIOWUX CAYUAe8 K 00WeMYy YUCLY PABHO-
603moxHbix. Ha BoIpoc, Kaxue cirydyan MOXHO CUATAThb PAaBHOBO3-
MOXKHBIMU, MaTeMaTuka He jaer orseta. [Ipm Opocanum kocreit
YCJIOBUSI BbINQ/ICHUS JTI060# U3 1ECTH TPaHEH IIPe/ICTaBIISIOTCS HaM
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OJIMHAKOBbIMU. KpoMme TOTO, MpPEICTaBIIsIeTCS] €CTECTBEHHBIM CUH-
TaTh, YTO Pa3JiMuHble KOMOUHAIIMM BEPXHHUX TPAHEN JBYX KOCTeH
TOXKE OZMHAKOBO IIPABJOIOLOGHDL.

Paspesienne BceX BO3MOMKHBIX MCXO/I0B HEKOTOPOTO HMCIbITAHMUS
Ha UCKJIIoYaoline APYT pyra PAaBHOBO3MOXKHbIE CJIydyan JI0CTATOYHO
JlemnkatHo. HJacTo BMECTO M3JI0KEHHOTO Cceifvac <«KJIacCHYecKOro»
OTIpe/ie/IeHNsT BEPOSITHOCTH TPUXOJUTCS NPHUOETraTh K JIPYyroMy —
«cTatuctmdeckoMy». Ho Ha TepBBIX HMOpax 3HAKOMCTBA C TeOopHei
BEPOSITHOCTEN Pa3yMHO OTHECTHCD C JOBEPUEM K <«KJACCHUECKOMY»
onpejiesieanio. C TOUKHM 3peHUs YMCTON MAaTeMAaTUKH TYT HET HUKAKOMH
«necrporoctu». [logpo6Hee 06 aToM GyzeT CKa3aHO B TJI.2.

§4. BpoyHoBCKoe ABUXeHWe 1 3agaya o bnyxpaHum
Ha MJI0CKOCTUN

Bbruncasith  BEPOSITHOCTH TIPUXOJUTCS OTHIO[Ab He
TOJIBKO TIPU PellleHNH IIYTOYHBIX 33/1a4 UJM 33/1a4 00 Urpe B KOCTH
u KapTol. Ha Teopun BeposiTHOCTE! OCHOBAHBI, B YaCTHOCTH, KWHETH-
YyecKasi TeopHsi Ta3oB, Teopust Aub@y3un pacTBOPEHHBIX B KUIKOCTH
BEIECTB M B3BEIIEHHDBIX YACTHII.

Teopust BeposiTHOCTEN OGBSICHSIET, 1I0YEMY XaOTHUECKOe, Gectio-
PSZIOUHOE [IBMDKEHHE OT/eJIbHBIX MOJIEKYJl MPUBOAUT K YETKUM,
ITPOCTBIM 3aKOHOMEPHOCTSIM JIBHKEHUSI NX OOJIBIITMX COBOKYITHOCTEI.

ITepBast BO3MOKHOCTD HKCIIEPUMEHTATLHOTO HCCJIEIOBAHUS TAKO-
rO POJa COOTHOIIEHH MeX1y GeCOpPsIIOYHBbIM JABUKEHHEM OT/eb-
HBIX YaCTHUI[ ¥ 3aKOHOMEPHBIM J[BHXKEHUEM HX GOJIBLINX COBOKYITHO-
creii mosiBuiach, korza B 1827 roxy Goranuxk P.Bpoyn oTkpbLI
SIBJIEHNE, KOTOPOE TI0 €r0 UMEHH Ha3BaHO GPOYHOBCKUM [[BUYKEHUEM.
Bpoyn HabJ01a1 110/ MUKPOCKOIIOM B3BEIIEHHYIO B BOJIE I[BETOYHYTO
nbLIbIly. K cBOEMY yauBIeHNIO, OH OGHAPYIKIII, YTO B3BEIICHHBIE B
BO/I€ YACTHUIIBI TIBLIBIBI HAXOASTCSI B HEIIPEPBIBHOM GeCHOPSIIOYHOM
JBIKEHUH, KOTOPOE He YA€TCs IPEKPATUTD [IPH CAMOM TIHIATEJIHHOM
CTapaHUM YCTPAHUTD BHEIIHIE BO3/IENCTBYS, CIIOCOOHDIE ATO [[BUKe-
HuMe nojzepxkuBath (Hapumep, ABMKEHHE BOJbI IOJ BJIUSHUEM
HEPAaBHOMEPHOCTH TEMTIEPATYPBI U T. T1.). Bekope 6110 06HAPYKe-
HO, 4YTO 3TO JBI)KEHHE €CThb O0Ilee CBONCTBO JIIOOBIX JOCTATOYHO
MEJKUX YaCTHUI[, B3BEIICHHBIX B JKUAKOCTH. Ero MHTEHCHBHOCTDH
3aBUCHUT TOJDBKO OT TEMIIEPATYPbl M BS3KOCTH SKUAKOCTH U OT
pasmepoB uactull (ABUIKEHUE TeM MHTEHCUBHEE, YyeM TeMIleparypa
Bblllle, BSIBKOCTb MEHbIle, a 4acTHI[bl Mesbue). Kaskmas vacruia
JIBUJKETCSI 110 CBOEW COOCTBEHHOW TPAEKTOPHM, HE IOXOXKeH Ha
TPAEKTOPUH COCEJHUX YACTHII, TAK YTO OJU3KUE BHAYAJTE YACTHIIDI
0YeHb GBICTPO CTAHOBATCS YIaTeHHbIMU (XOTSI MOTYT HHOT/IA CJTydaii-
HO BHOBb BCTPETHTHCSI).

1



Ha PUCYHKE 1 ToukaMm OTMeYeHBI IMOocJeI0BaTe bHbIE TI0JI0Ke-
H1A YaCTHUIbI (I‘yMMI/II‘yTa B BO/I€ 110 KJIAaCCHUYECKUM OIIbITaM Heppe—

Puc. 1. Bayxoanue wacmuupl eymmuzyma ¢ npomexymramu 30 ¢

Ha) C IPOMEKYTKaMU B 30 CEKYH/. 9T I1ocJjie10BaTe/JIbHbIE ITOJIOKE-
H1A COEJNMHEHDI HpHMOJIHHefIHbIMI/I OTpE3KaMHu. B ﬂeﬁCTBHTeHbHOCTH

3

Puc.2. Tpu mpaexmopuu 61y:xda-
Hust

12

TPAEKTOPUS YACTUIIBI €Ille 3aITyTaH-
Hee. Ha pucynke 2 cxeMaTmuecku
MOKA3aHO, 4YTO TPAEKTOPUU TpPeX
YaCTHI[, KOTOPbIe B HAYAIbHBII MO-
MEHT OBLIM OYeHDb OJM3KH APYT K
JIPYTY, COBEPIIEHHO PA3JINYHbI.
BpoynoBckoe aBuskenne 6oJib-
HIOTO YMCJIA YACTHIL MOKHO HABGJIIO-
JlaTb, BBIIIYCTUB B TOHKHUHN CJIOH
BOJIBI Ha TIJIOCKOM CTEKJIBIIIKE Kall-
o yepuua. [1pn Habmonennn mpo-
CTBIM TJIA30M TPAeKTOPUH OT/EJb-
HBIX YEPHUJIbHBIX YACTHUI[ YBUIETDH
Hesb3st. YepHUJIbHOE MATHO Oyjer
MOCTETIEHHO PACILIBIBATBCS, COXPa-
HA okpyrayio ¢opmy. Ero oxpac-
Ka 6yzeT 60Jiee MHTEHCHBHON B II€H-
Tpe, K KpasM ke Oyaer ocJaGe-
Bath. CXxeMaTHYeCKW pacHoJoKe-
HUe GOJIBIIIOTO YKCJA YACTUIL, TIO/-
BEPKEHHBIX OPOYHOBCKOMY [JIBUKeE-
HUIO, Yepe3 HEKOTODPBIH IPOMEeXY-
TOK BpPEMEHW IocJie TOTO, KaK Bce



OHM BBINJIN U3 GJMKaiinieil oxpe-
CTHOCTH HAYaJbHOW TOYKH, OTMe-
YEeHHOIl KPEeCcTHKOM, H300PaXKeHo
Ha pHUCYHKe 3.

OG6o3HaunM uyepe3 t IPOMEXKY-
TOK BpPEMEHW, TPOIIEAIII OT BBI-
X0/Ia HAIUX YACTUI[ N3 HAYaTHHOI
TOUKM, U yepe3 d — JuaMerp OK-
PY’KHOCTH C TIEHTPOM B HAYaJTbHOMN
TOYKE, BHYTPU KOTOPOU HAXOIUTCS
nosopuna dacrur, (cM. puc. 3).
Ha6roenne mokaspiBaeT, 4To 3TOT
JMaMeTp pacTeT TPHOIN3HTETbHO Puc.3. ITonoxenue sviueduux u3
[PONOPIHOHAIBHO KBaj[paTHOMy /W/# acmuty, uepes nexomopuiil
KOPHIO U3 IIPOMEXKYTKA BpeMeHy ¢, POMEHKYmMOK speent
T.€. U3MEHSIETCS TIPUMEPHO 110 3aKOHY

d =kt (1.3)

(k — HekoTOpas TMOCTOSTHHAs). DTa 3aKOHOMEPHOCTb MOXKET ObITh
060CHOBaHA TEOPETUYECKU CPEJCTBAMU TeOpUH BepositHocTell. CaM
€€ BbIBO/I OCTA€TCA 3a IIpeJAeIaMn Harei KHHWUI'K, HO B IpUYHWHaX TOTO,
qTO IraMeTp d PACTET He IPOMOPIMOHATBHO BpeMeHn (Kak GbLIo GBI,
eci Gbl YaCTHUIBI Pa3berajuch U3 HadalbHOH TOYKHU C IIOCTOSHHOM
CKOPOCTBIO, He MEHSIs HATIPABJICHNSI ),  HECPABHEHHO Me/IJIEHHEE, MbI
CMOXKeM Pa3o0paThCsl.

OcHoBHBIE 4epThl OPOYHOBCKOTO JIBHJKEHHSI YACTHI[BI MOXKHO
Ha0/TI0/1aTh Ha YIPONIEHHON Mozen GJIy>KAaHus YaCTHIIBI 110 T1JIOC-
KOCTH, pa3/ieJIeHHOH Ha KBaPATUKH. K TAaKNM yIIPOIIIEHHBIM MOJIEISIM
IIPU U3YYEHUH CJIOKHBIX SIBJIEHUI ITPUGETAIOT U B CEPbE3HBIX HAYYHbIX
nccJjeJ0OBaHuAX.

Bynem cuntatb, 4TO
Hallla YacTHla IiepeMe- I o

L[aeTCd U3 KBaJparTuka,
B KOTOpPOM OHa HaXO-
JUTCA BHayaje, B OJUH l b
U3 YeTbIpeX COCEeIHUX
KBaJ[paTukoB. Ee myTb Pa—
3a BOCEMb I11ar0B MOXKET,
HaIpuMep, UMeTb TaKOu
BH/, KaK YKa3aHO Ha [
pHUCYHKe 4.

W3 navasbHOTO II0-
noxenus (puc.5,a) 4a- Puc.4. Bayxoanue wacmuyvi no niockocmu
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a) )

%
1
6) 3 3
BZBZE
1
) 22 17 B7ZBRZ4E
4 SV 9V 3
o) 3 1 3
256
1
VA1
e)
VA 16 y
Z 1) 4
s 161 6
2)
12400240 ] 4
1 1 YA16V 436041604 1 W
BZE 1 V240 Q240 4
1] W4 1 6 V160 6
BZE 1V 4
/ 64 / 1024

Puc.5. Yucaa pasnuunolx nymeti ¢ 61yx0anuu no niockocmu 3a pa3iuy-
Hble NPOMEKYMKU SpeMenu

CTHIIa MOKET HOIACTb B OJMH U3 YEThIPEX CME)KHbIX KBaPaTHKOB, B
Kay/[blil OJTHUM-eIMHCTBEHHBIM crioco6oM (puc.5,6). 3a aBa mmara
YacTHI[A MOYKET MOIACTh B HAUAJIbHOE TOJ0KEHNE YEThIPhMS CIIOCO-
6amu (BBIXO/ISI B CTOPOHY B OJIHOM M3 YETHIPEX BO3MOKHBIX HAIlpaB-
JIeHnil 1 BO3Bpamasch 06paTHO), elle B YeThbIpe KBajpara 4acTHIA
MO>KET MOIACTh ABYMsI COCO6aMM B KaXK/bIi M B YEeTBIPE KBaJpara
— ognuM cnoco6oM B Kaxkapii (puc.5,6). Bcero wacrtuma Moxer
JBUTaThCs B TeyeHue IEPBBIX ABYX IIAroB IIECTHAAUATHIO Pa3/Iny-
HBIMH CITIOCOGAMH.

Ha pucynke 5,z yKkasaH pe3y/IbTaT aHaJOTHYHOTO MOJACYETA IS
TpexX IaroB. 3/IeCh YHUCJIO0 PA3IMIHBIX MyTeH PaBHO yiKe

44+4-9+8-3=64.

Ha pucynkax 5,0 U e yKa3aHO YHCJO CIIOCOOOB IOMAaHUS B
pa3anvdHbie KBaJApaTbl MMOCJE YETbIPEX U TIOCJIE IIATHU MIarosB. Jlerxo
HOHSTH, YTO YHCJO PA3JIUYHBIX IyTeH ¢ POCTOM YHCJA MIaroB t
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t
pacrer Kak 4 :

Uucio mwaros 0 1 2 3 4 5
Uncno myreit 1 4 16 64 256 1024

Ecnu cuutarp, 4To yacTUIla BCET/a MOMEIAETCS B IIEHTPE 3aHUMae-
MOTO €f0 KBAaJpaTHKa, TO 3a t IIaroB OHA MOKET YIAJTUTBCS OT
HAYAJIBHOTO TOJIOXKEHUsT He 6oJiee ueM Ha paccrosinue th, tiae h —
JUTHA CTOPOHBI KBAJAPAaTUKOB. Ho /7151 9TOT0 OHA JOJIKHA IBUTATHCS
npsimosinHeitno. Ilpu ¢ = 5 310 GyeT TOJNBKO B YETHIPEX CIyYasiX U3
1024. B 60JIbITMHCTBE K€ CIy4aeB YacTUIA OKAXKETCS B KOHIIE ITyTH
3HAYUTEJbHO GJIKE K CBOEMY HAa4aIbHOMY ToJioskeHuto. Hampumep,
npu t = 5 B 400 cayuasx (mouru 40%) paccrosiHue KOHEYHOTO
MOJIO’KEHUsST OT HadyajabHOTO OyAeT paBHO equnmie, a eme B 400
CJIy4asix 9TO PACCTOSTHUE PABHO

J3=173...

Jlump B ocraiomuxcst HeMHOTHM GoJiee deM 20% ciiydasix 4acTHia
yiifer fasblie.

[lomyctuM Temnepb, 4To Tpu JIOOGOM ¢ BCe MyTH PABHOBO3MOJKHBI.
Torga uncaa, mpocraB/eHHbIE HA PUCYHKE O, MOCJE UX JIeJIeHUsT Ha
4" namyT BEPOATHOCTH TOMAJaHhs B COOTBETCTBYIONIME KJETKH
nocie ¢ maroB. O603HAYMB Yepe3 7 PACCTOSTHHME OT HAYaJIbHOTO
MOJIOKEHNUS, MOJYYUM TIPH ¢ = 2 Takylo TabJIIIKY:

7’2

7

Uncno caydaes

BeposgrrocTh

N N - -
N o— QO 6‘[\)
NG PN N RN

Ipu ¢ = 5 Tabauiia npuoGpeTaeT CJAeAYIONUI BU/I;

r 1 5 9 13 1725
r (I R I FERE FTA
Hucao caygaes 400 400 100 80 40 4

400 400 100 80 40 4
1024 1024 1024 1024 1024 1024

BeposgrrocTh

WHTtepecHo mocunTaTh CpeiHee 3HAUCHHE KBAIPATA PACCTOSHUS
(4eproii 0603HAYEH MEPEXO/ K CPeIHEMY 3HAUYEHUIO 7):

L, 8-2+4-4
Y4 = — =

2,
16

npu t =2
mpu t=5 r72=35.
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MoskHO TIOKa3aTh, YTO TMpHU JIOOOM ¢ B Halleil 3ajave Fl=t.
Kopenb KBagpaTHblii 13 CpeHero s3HaueHns Kpajapara (HasbIBaeMblii
B CTATUCTHKE CPEJHUM KBAPATUYECKHM) PaBeH NI

Ha sToM MBI 3aKOHYMM HCC/I€0BaHNE Halllell 3aadi. 3aMeTUM
TOJIbKO, YTO PUCYHOK 5,e y:Ke 06HApY’>KuUBaeT GOJIbIIOE CXOJICTBO C
pucynkoM 3. OKasbIBaeTcs, YTO HaIla MOJIEJIb CAyIaiiHOTO 6Ty KIaa-
HUS OT/AEJBHOU YAaCTHIIBI XOPOIIO COOTBETCTBYET HAOIIOMEHUSM,
€CJI TIPETI0JI0XKNTD, YTO YaCTHUIIBI OIY>KIAI0T HEe3aBUCUMO JIPYT OT
apyra (¢ TOYHBIM CMBICJIOM BBIPAYKEHHsI «HE3aBUCUMbIE MCTIBITAHNS >
BbI [IO3HAKOMUTECH T103/Hee, cM. §1 ri.4).

§5. BnyxxpaHue Ha npsmon. TpeyronbHuk Mackans

Paccmorpum erie 6oJiee TIPOCTYIO 314y OJTy K /IaHIS
Ha TIpsaMoii. 11ycTh B HaYaIbHBIH MOMEHT BPEMEHN YacTHIA HAXOINT-
cs1 B HayaJle KOOPAWHAT HA MPSIMOM L, a 3aTeM IPOABUTACTCS WJIN
BBEPX, WM BHH3 Ha paccrosame i (puc.6). Ha Bropom mare

3h
h

~y

Puc.6. Pazsepmra 60 epemeHu Cayuaiinozo Oayxo0anus Ha npsamot

MOBTOPSIETCST TO K€ camMoe W T.A. VTak, 3a OAWH Imar dYacTHIa
MEPEMENAETCST HA PACCTOsTHIE /2 BBEPX WM BHU3. /[yt TOro 4TOOBI
UMETb BO3MOKHOCTDb OIIPEACJIUTb IMOJOKEHUE YaCTUIIbI IIOCJIE 7-TO
mara, BBEIEM TOPH30HTaJbHyI0 och (och ¢ Ha puc. 6) u Oynem
OTKJIQ/IbIBATh Ha Heil yncyo maroB. OTMETHM KOOPAMHATLI TTOJI0Ke-
HUST YaCTHIIBI [TOCJIE KAKIOTO Iara U COEAMHUM MOCJ/IeA0BaTENbHbIE
HOJIOXKEHUST YaCTUIbI OTPE3KAMHU, YCJIOBHO M300PA3UB HepeMelleHne
YacTHUIbl Ha KakaoMm miare. Ha pucynke 6 moxasaH BO3MOKHBIN
rpaduk aBuxkenns («6/IyKIaHusA» ) YaCTHIBL.
JIerko MOHSATD, UTO YKUCJIO BCEX BO3MOKHBIX CITIOCO60B IepeMelrie-
HUS 9acTHIIBI 32 ¢ MaroB 6yaeT paBHO
20=2.2....-2,
t pas
MOCKOJIbKY Ha KaK/IOM IIare MPOU3BOIUTCS BBIOOD U3 IBYX BO3MOJK-
HocTell. Ha pucyHke 7 MOJACYNTAHO YHUCJIO CIOCOOOB, KOTOPBIMH
MOXKHO TIOTIACTb Yepes3 ¢ ITaroB B TO WJIN MHOE TI0JIOJKEHNE Ha TTPSMOii
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L (sanpumep, 4ncJIo cioco60B BEPHYTHCS B
HavyaJa0 KOOpAWHAT Ha 2-M, 4-M WJau 6-M
Iare paBHO, COOTBETCTBEHHO, 2, 6 u 20).
CiyuaitHoe 6JTy:KIaHue TAKOTO POJIa 0CY-
HIECTBJISIETCS B CIIEIIUAJIbHOM npudope, Ko-
TOPBIN HA3bIBAIOT 0CKOU I a1bmond B 4eCTb
M3BECTHOTO aHTJINHCKOTO TICUXO0JIOTa U aHT-
pomomora @.Tanprona (1822-1911). Ha
pucyHKe 8 cXeMaTM4yHO H300PA’KEHO YCT-
poiicTBO 3TOrO TMpocToro mnpubopa. Meras-
JINYECKHUE TAPUKU OJIMH 32 APYTUM IOTIa/[a-
10T B CaMblif BEDXHUI KaHAJ W YCTPEMJISIOT-
cs BHU3. HaTKHYyBIINCH Ha TIepBOE TIPEISAT-
crue (ocTpue), OHU JOJIKHBI BBIOPATD 11y Th
BIIpaBO WM BJeBo. Ha BTopoM srtame mpu
CTOJIKHOBEHUU C OJHUM W3 JABYX IIPEIST-
CTBUI MPOMCXOMMUT TaKOH Ke BBIGOP. IDTOT
Tpolfecc MpoA0JIKAETCS Jajiee U Tocye moc-
JIE[THETO Psi/ia TIPENSATCTBUN, KOTOPBIH MMe-

Puc.7. IToocuem uucaa

mpaexmopuii CAy4auno-
20 O6ayxoanus

eT HOMep ¢, IapUK OKa3bIBAETCSI B OJHON U3 CEKIMii, Ha KOTOPbIE
paszesien cambiii Hu3 pubopa. [Ipu TiarebHO MOATOHKE JeTaJseit

BBIGOD TYTH KaXKIOTO INAPUKA OKA3bIBAETCS
BIIOJIHE CITydaiiHpIM: mo6oii u3 2' myTeit pas-
HOBO3MO3KeH. [IpormycTus uepes mpuéop 60b-
Ioe 9YHcJIo IIAPUKOB, OGHAPYKWBAIOT, YTO
JIOJISI [IIAPUKOB, TMOMABIINX B KAK/IYIO U3 CEeK-
U BHU3Y, TIPUMEPHO COOTBETCTBYET PACCUM-
TaHHBIM BepOATHOCTSM (Ha pHC. 8 JaHa WLIO-
crpamua aid t = 5).

OcraBuM Terepb TPUOOPDI, JEMOHCTPUDY-
formue PU3NYECKITi MEXaHN3M CJIy4YaifHOCTH, 1
3aliMeMcs MaTeMaTUKOM.

Bormumiem umcsia, MOMEIIEHHBIE B CXEMe
6/Iy:XIaHusT HA PUCYHKe 7, B BHE TaOJIMIIbI
(cm. ¢. 18). 3aeco mudpet 0, 1, 2, 3, 4, 5, 6,
7, 8 10 BepTUKAIN M TOPU3OHTAJN 0003HAYA-
10T HOMepa CTPoK 1 cTosibnos (0 — aTo ToXKe
HOMep). B 11paBoil yacTu CTOAT CyMMbl 4ucCest
B KaXKJIO# CTPOKe.

3akon o6pasoBanust TaGJIUIIBI JETKO yCTa-
HOBWUTB: HAa KaXK/JOU IO3UIMH CTOUT CyMMa
Yycsa, CTOSIIETO B TPEABIAYIIEH CTpOKe He-
MTOCPE/ICTBEHHO CBEPXY, W UYHCJA, CTOSIIETO

15 1010 5 1
32 32 32 32 32 32
Puc.8. Jdocka TIarv-
momna
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0 1 2 3 4 5 6 7 8 Cymma

Lol 1
n 1 1 1 2

211 2 1 4

31 1 3 3 1 8

41 1 4 6 4 1 16

531 1 5 10 10 5 1 32

61 1 6 15 20 15 6 1 64

71 1 7 21 35 35 21 7 1 128

81 1 8§ 28 56 70 56 28 8§ 1 256

cBepxy cieBa. Hampmmep,
56 =21 + 35.

Or/1eJIbHO TIPUXO/IUTCST OTOBOPUTD, YTO B HYJIEBOM CTOJIGIE U 110
JIMArOHAJIN CTOST eIMHUIbI. MOJKHO MTOCTYIIUTh MHAYE, CYUTATH, YTO
TabJuIa TPOJOJ/IKAETCS HEOTPAHMYEHHO BJIEBO U BIIPABO, HO 3aI0JI-
HEHA TaM HYJISIMHU.

Tenepp yKa3aHHOE OCHOBHOE IPABHUJIO 3alOJHEHUST TaOJUIbI
Oynmer pelictBoBaTh 6€3 BCSIKUX UCKJIOYEHUIl, HAUYMHASI C TEPBOIL
CTPOKH.

O6osnauus yepes C,' 4uCIO, cToAllee B TabJHIE Ha Hepeceye-
HUU M-TO CTOJIONA U n-1i CTPOKM, MOXKHO 3alUCATh TPABUJIO 3ATOJI-
HeHus Tabuibl B Buge hOPMY.JIbI

m _ ~m—1 m
Cn - Cn—1 + n-1- (14)
Oco60 Haa0 3a/aTb 4YucCJia HyHeBOﬁ CTPOKMU:
1 m=0,

m
G 0 mpu ocTaJbHBIX 3HAYEHHSIX 7M.
Hama Ta6muna (6es 3anofiHeHus Mo3unuii, rje BCce PaBHO CTOAT
HYJI) HasbiBaeTcst mpeyzoavuxom Ilackans wia apugpmemuyec-
Kum mpeyzosvruxom. Jlerko BuaeTb, 4To cymma uucea C)' B n-ii
cTpoke Tabmumbl paBHa 7. Ha c. 19 nomemena Gosee moJHas
Tabmumna uucena C,' Ans n, Mensiomerocs oT 4 go 20.

Bepremcst k 3ajaue o GJIy:KJIaHUKM HA MPSIMOU, HO M3MEHUM €€
noctanoBKy. IlycTtp wactuiia ABWIKETCS IO TIPSIMOM M KaXKIYyio
CexyH[y 60 JieaeT OJWH IIar BIIpaBo Ha (PUKCHPOBAHHOE PACCTO-
suue fh, 6o ocraercst Ha MecTe. 3a 1 CeKyH/ YaCTUIA CABUHETCS He
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6osilee 4eM Ha 7 IIAroB BIIPaBO. BO3HMKaeT BOMPOC O TOM, Kakoe
YICJIO IAr0oB 32 1 CeKyH/| Oy/ieT HanboJiee BEPOSITHBIM, €CJIU CUNTATD
BCe BapHAHTHI JBIKEHIST PAaBHOBO3MOXKHBIMHU. SIcHO, 4TO coydan 0
IIaroB ¥ 7 IIAroB PN GOJIBIIIOM YNCJIE 72 TIOSIBSITCS JIMIITD B BU/IE OUY€HD
PEIKNX UCKJIIOYEHNH.

YunTbiBast Bce CKa3aHHOE BBIIIE, JIETKO COOOGPAasUTbh, YTO YUCJIO
CII0co00B c/ieJIaTh POBHO 72 IIIATOB BIIPABO 32 IIePBbIe 7 CeKYH/| PABHO
snech C) . Ilockombky Bce €1ocoObl OJIysKAaHHUs IIPU 33JaHHOM 72
PaBHOBO3MOXXHbBI, TO BEPOSITHOCTb C/IBUHYTbCS Ha 71 IIaroB 3a 7
CeKyH/I paBHa

m
P, (m) = g— ,

Ha pucynke 9 ianbl rpadpuku saBucumocty seposthocteii B, (m)
ormupun=1, 2,4, 8, 16, 32. Macrrab 1o BepTUKaJbHOI OCH, TIe
oTKJIa/IbBatoTes BepoatHoct P, (M), Ha Beex rpadukax coxpans-
ercsi Hem3MeHHbIM. MactaG 1Mo TOPU30HTAJBHONH OCH BBIOPAH

(1.5)

0,50

0,25 1

0+

0,471
0,31
0,21
0,11

ol 1 |

0,3
0,2 n=16
0,1

0246 810121416 0 48 1216202428 32

m
n

y=P,(m)= >

Puc.9. I'papuxu P, (m)
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[IOCTENIEHHO YMEHbIIAIONIMMCS, TaK YTO MaKCUMAJbHbII BO3MOXKHBII
poOer 4acTUIlbl Be3le M300PasKaeTcsl OTPE3KOM OJHON W TO# IKe
JIJIVHBI.

Mpr BuauM, 4To HanboJiee BEPOSITHBIM Be3Jie FiB]IHeTCSI cpednee

3Haverue NepeMelleHns YacTULbI 3a n arop X = -1, DBoubine sxe

2

OTKJIOHEHUA OT I9TOro CpeJHETO C BO3paCTaHUEM 7 [1eJIal0TCA BCE
6oJee PEAKUMU. MoskHo II0Ka3aTb, 4TO cpeaﬂee Keaapamuuecxoe
OMKJIOHEHUE (KOpeHb KB&leaTHbeI N3 KBa/lpaTa OTKJIOHeHI/IH) oT

CpellHero IepeMelieHns paBHo B aT0i 3amade — V7 (cpaBHHTE €

BbIBOZIOM Ha ¢. 16 g 6nyskaanus Ha mockoctu!). Hanpumep, 3a
10 000 cexynx cpemamii mpober yacTuilbl 6yaet paseH 5000 mmaros,
a CpejiHee KBAJPATHYECKOE OTKJIOHEHUE OT ITOTO CPeHero Oyjer
Jmmb S0 maros. 37ech MBI COpUKacaeMcs ¢ OJHUM U3 DyHIaMeH-
TAJIbHBIX MPE/JIOKEHUIT TEOPUH BEPOSITHOCTEN — 3aKOHOM GOJIBIINX
yricesi. Mbl BEPHEMCST K 3TUM 33/[a4aM B TJL.4.

§6. BuHoM HbloTOoHa

Yucna C)' Ha3BIBAIOTCA OUHOMUALLHBIMU KOIPPU-
yuenmamu. IIpu sToM UMeOT B BULY UX OGBIYHOE yIOTpelJieHNE B
asrebpe, He CBSI3aHHOE C TeOpUell BEPOSTHOCTEH U 3aJadyaMu O
6y aanusx. Bam maBecTHbI (DOPMY.JIbI

0
(a+b) =1,
1
(a+b) =a+b,
2
(a+b)" =a*+2ab+b?
2
(a+b) =a’+3a’h +3ab® +b°.
OGpamaer Ha ce6si BHUMaHHE TO OGCTOSITE/IBCTBO, YTO YHCJIOBBIC
K09(OUIUIEHTBI B3STBI U3 COOTBETCTBYIOLIHX CTPOK TPEYTOJbHUKA

ITackans.
Boraucaum emie

(a+b)' =(a+b)’(a+b);
UL 3TOro Ha/10 YMHOKUTD
a® +3a%b + 3ab® + b°
Ha d 1 Ha b " pe3yJabTaTbl CJIOKUTD:
a* +3a°b + 3a*b* + ab®
a’b + 3a’b? + 3ab® + b*

a* + 4a°b + 6a*0* + 4ab® + b*.

+
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MpbI BUAEM, 9TO K03 (PUIUEHTHI CyMMBI TI0Ty4aloTCsl TOYHO MO TOMY
e TPaBUITY, IO KakoMy (popMUpOBaJIcs TpeyroabHuk [lackams (cm.
Ta6uib! Ha ¢.18 u 19).

Bo3HMKaeT rumorTesa, 4To BCEr/a

(a+b)" =a"+Cla"b+...+Cl'a"™"b" +...+b" . (1.6)

l'umoresa BepHa. 3HAKOMbIE C METOJIOM MATEMATHUECKON WHIYKITHI
MOTYT IIPOBECTH CTPOTOE JI0KA3aTeAbCTBO popMyibl 6uHOMa HbioTo-
na (1.6), onupasch Ha pasenctso (1.5).

BeposrtHocTHoe paccyskiaenue B 1moab3y paserctsa (1.6) npuse-
nero B §1 ru.4.

§7. BuHoMManbHble KO3(PPULMEHTbI
M YUCNIO coYeTaHumn

UucaoMm covyeTaHWili U3 7 II0 M HA3bIBAETCS YHUCJIO
c11oco6oB BbIZI€JICHUA U3 MHOKECTBa, COCTOAIIECTO U3 717 IIPEAMETOB,
IMOAMHOKECTBaA, COCTOANIETO U3 M ITPEAMETOB. HaHpI/IMep, 3 MHOJKE-
CTBa, COCTOANIETO M3 YETbIPEX 6yKB

A, B, B, T,

MOJKHO BBIJIEJIUTH IIMECTh PA3JIUYHBIX TTOAMHOKECTB, COCTOSIIIX
Ka)k/ioe u3 IByX OYKB:

{A, B}, {A, B}, {A, I}, {b, B}, {b, I}, {B, T'}.

OKkasbIBaeTCst, YTO YNCJIO COUETAHMUIT M3 7 TT0 7 PABHO COOTBETCTBY-
fomeMy sJeMeHTy Tpeyroabanka Ilackansa C) .

ITOT (haKT JIETKO MOHSTD, €CJIN OGPATHTHCS K TIOCIeHEH 3amade
o 6ayxpanun u3 §5. Hampumep, 4to6bl onpeseuTb B 3TOM 3a1ade
YUCJI0 PA3JIMYHbIX CHOCO6OB, KOTOPbIM 3Ta YaCTUIla MOJKET C/AeJIaTb
JlBa IIara HaIpaBo 3a 4 CEKyHIbI, HaJAo nepe6paTb BCe CIOCOObI
BBIJICJICHUS M3 YEThIPEX CEKYH/IHbIX MPOMEKYTKOB [[BYX TPOMEKYT-
KOB. Takumx cmoco6oB IIECTb:

1 2 3 4
1+ +

2+ +
3+ +
1 + o+

5 + +
6 + +

3HaKOMbIe C METO/IOM MaTeMaTHYeCKOW WHYKIUU MOTYT IIpOBe-
ctu ofliee JI0Ka3aTebCTBO, ONUpasch Ha paseHcTso (1.5).
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§8. dopmyna, Bbipaxkalowwas GMHoMUanbHble
KO3(pPULIMEHTbI

Ara 3aMevaresbHas (HOpMyJia UMeeT BUJL
m n‘
C, i (n—m)! .7

Ee To)Xe MOJKHO I0KA3aTh IIPH IMTOMOIIN METO/a MAaTeMATHIeCKOi
uHAYKIA. JlauM Ipyroe, HEmoCPeICTBEHHOE I0KA3aTeIbCTBO.

Ecnn w3 n upeameroB otoOGpaHbl m, TO MOXKHO m! crocobGamu
3aHyMepOBaTh OTOOpaHHbIE MpeaMerTbl unciaamu 1, 2, 3, ..., m.
OcraBiiuecst 7 — m IPEJAMETOB MOJKHO 3aHYMepOBaTh YUCTIaMu m +
+1,m+2, ...,n (H—M)! criocobamu. Taxum 06pa3oM, HOJIy4YUM
m!(n—m)! mymepammil Bcero MHOXeCTBA U3 7 IPEJIMETOB UIHCIAMM
1,2, ..., n. Ho cam o160p m 5/1eMEHTOB U3 1 MOYKHO IIpoussectu C,'
crocobamu. Takum o6pasom, Bcero Mpl moayuuMm C,'m!(n—m)!
HYMepaIuii oJHOTO MHOYKECTBA U3 7 3JieMeHToB. Kaxyto Hymepa-
IO ATOTO MHOKECTBA MbI MOJIYYHJIN POBHO OJMH pa3. Bcero ke nx
n!. Ilostomy

Cml(n—m)! =n!,
= n!
" oml(n—m)!’
4TO U TPeGOBATIOCH JIOKA3ATh.

Yro6b1 popmyna (1.7) Gbiia sepra u npu n =0, u npu m = 0,
Hao nosoxuts 0! = 1. Mopmyaa (1.7) mossosisier Borancsats C)
B ciyyae GOJIBIINX 7 M M C TIOMOIIbIO TAaGIUIBI Jorapudmos
(dakropuanos (cM. ¢. 24).

BbrurcainM, HatipuMep, B 3ajiaue u3 §5 BEPOSITHOCTD C/IeJIaTh 3
100 cexynza poBuo 50 mraroB. Jta BEepOSITHOCTb PaBHA

Gy 100!
~ 9100 7 5100 (50!)2 :
JlorapudmMuveckrie BbIYUCIEHUST HE CJOXKHBI:
1g100! = 157,9700,
1g2 =0,30103,
1g2' = 30,1030 ,
18501 = 64,4831,
1g(501)° =128,9662,
18 Pyoo (50) = —1,0992 |
Py (50) = 0,0796 .

})100 (50)
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lg n! n| lgn! n| lgn! n lg n!

0,0000 || 26 |26,6056 || 51 | 66,1906 || 76 |111,2754
0,3010 || 27 |28,0370|| 52 | 67,9066 || 77 |113,1619
0,7782 || 28 | 29,4841 || 53 | 69,6309 || 78 |115,0540
1,3802 |[ 29| 30,9465 || 54 | 71,3633 || 79 |116,9516
2,0792 (| 30 | 32,4237 || 55 | 73,1037 || 80 | 118,8547
2,8573 (| 31 |33,9150|| 56 | 74,8519 || 81 |120,7632
3,7024 (| 32| 35,4202 || 57 | 76,6077 || 82 |122,6770
4,6055 || 33 [ 36,9387 || 58 | 78,3712 || 83 |124,5961
5,5598 (| 34 | 38,4702 59 | 80,1420 || 84 |126,5204
10 | 6,5598 || 35 (40,0142 60 | 81,9202 || 85 |128,4498
11| 7,6012 (| 36 [41,5705]( 61 | 83,7055 || 86 | 130,3843
12| 8,6803 (| 37 | 43,1387 || 62 | 85,4979 || 87 |132,3238
13| 9,7943 || 38 | 44,7185 63 | 87,2972 || 88 |134,2683
14 110,9404 || 39 | 46,3096 || 64 | 89,1034 || 89 |136,2177
15 |12,1165 || 40 | 47,9116 | 65 | 90,9163 || 90 | 138,1719
16 | 13,3206 || 41 49,5244 | 66 | 92,7359 || 91 |140,1310
17 |14,5511 (| 42 | 51,1477 67 | 94,5619 || 92 | 142,0948
18 115,8063 || 43 | 52,7811 | 68 | 96,3945 || 93 | 144,0632
19 |17,0851 || 44 | 54,4246 || 69 | 98,2333 || 94 | 146,0364
20 | 18,3861 || 45 [ 56,0778 || 70 [100,0784 || 95 | 148,0141
21 (19,7083 || 46 [ 57,7406 || 71 [101,9297 || 96 | 149,9964
22 (21,0508 || 47 | 59,4127 || 72 [103,7870| 97 | 151,9831
23 |22,4125(| 48 |61,0939|| 73 [105,6503 || 98 | 153,9744
24 123,7927|| 49 | 62,7841 || 74 (107,5196 || 99 | 155,9700
25 (25,1906 || 50 | 64,4831 (| 75 [109,3946 || 100 | 157,9700

© 00~ U WM | o

§9. ®opmyna CTupnuHra v ee nNpMMeHeHue
K OUHOMManbHbIM KO3 PULUNeHTaM

k. Crupaunr npenoxun (1730 r.) pasmosxkenue
HATypasbHOro Jiorapudma n! B 6eCKOHEUHBIN PSI/L:

S
—2$_1 +...,
n

(1.8)
rae yncjaa S, MOTYT OBITH BBIIICAHBI B IBHOM BU/A€, HaIlpuMeEp,

s =112, s, =1/360 .

lnn!:nlnn—n+llnn+ln 21t+ﬁ—s—2+...+(—1)m+1
2 n o n

Psp atoT pacxoanTces, 0JHAKO NPH JIOG0M HATYPaJbHOM M BEPHO
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PaBEHCTBO
$,,0
n2m—1 ’

1.9

lnn!:nlnn—n+1lnn+ln 2n +ﬁ—s—2+...+(—1)m+1
2 n n

rme 0<0<1.

[l HAC NPEACTaBJISIOT UHTEPEC HEKOTOPble IPUOJIHKEHHbIE
caeneTBus nocaeateit hopmyJibl. JIOroBOPUMCs O I0JE3HbIX 0603HA-
YEHUsIX, KOTOPbIE MIPUTO/IATCSA HAM U B PYTUX maparpadax KHUTH.
Pacemorpum dyukunn f(n), g(n), h(n). Torna f ~ g osnauaer,
uro f/g =1 npn n - e, a f =g+O(h) osnauaer, uro |f —g|/h
orpanuyeHo. VTak, BEpHbI caeayonme (popMyJibL:

Inn!~nlnn, (1.10)

Inn!=nlnn-n+0O(Inn), (1.11)

Inn!=nlnn-—n+ln 2nn+i, 0<6<1, (1.12)
12n

nl ~2nnn"e™" . (1.13)

@opmyaa (1.13) mioxa M OPUBOAMTCS JIMIIb KaK HpocTeiniee
ACUMITTOTIYECKOE BBIpasKeHue A7 n!. MBI JaauM TIpocToe HATJISI-
Hoe pokaszaresbcTBo (opmysbl (1.9). B mpoiecce goKazaTeibeTBa
noJryunrest onenka ocrarka O (lnn).

Tak kax

Inn!=In2+In3+...+1Inn
n ¢yukmus Inx BbimykJga BBepX, W3 pucyHka 10 BumaHo, dTO

A —

In 5
In 4

In 3

In 2

/

/Z
o f 2 3 4 5 6 7

Puc.10. Cxema viuucienus unmezpara om lnx

=Y

n
pasiocTb Mesky Inn!u jln XdX NONOKUTEJIbHA U MEHbIIIEe CyMMap-
. 1
HOM ILlIoHlaAn 3allTPUXOBAHHDBIX TPEYIOJIbHUKOB, KOTOpad paBHa
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1
—Inn. IHoacuuras

n
n
J.lnxdx = (Jclnx—x)‘1 =nlnn-n+1,
i
IIOJTYYUM, 9YTO

nlnn—n+1<lnn!<n1nn—n+%lnn+1_

JToCTaTOYHyI0 TOYHOCTD JJIsS pacyeToB fgaet gopmyJaa (1.12) win
HepaBeHCTBa, KOTOPble BbIBOJATCA U3 Hee:

n+1 Inn-n+InP2rx <lnn! < n+l Inn-n+In 2n+i,
2 2 12n

N3 sroro mocsieaHero HepaBEeHCTBA HECJOXKHO BBIBECTH Yy/100HDIE
HepaBeHcTBa 71 GHHOMHAIbHBIX Koo dunuentos C,' :

Ap(n,m)<C)' < Ayp(n,m), (1.14)
rae
1 nn+1/2
(p(n’m) = \/E mm+1/2 (7’1 _ m)n—m+1/2 ’
a

n 1

- InA4y=——
12m(n—-m)’ 2 12n
Haiizem ¢ momompio dopmynt (1.12) npubmuxkenHoe 3HaueHe
BepositHoct P, (m) mpu n = 100, m = 50 B 3azade o GJIysKJaHUK
(§5). Nmeem

IHA1 =

In (100, 50) = 66,78634 ,
In 4, = -0,00333,
In 4, = —0,00083,

1n2'% = 69,31472 .
Takum o6pasom,
0,07952 < Py (50) <0,07972.

C nomorpio Tabsumip! jgorapudmMoB (GaKkTopraIoB HaMu GbLIO
nosrydeno 3uadenue Py, (50) =0,0796 .



MABA 2
BEPOATHOCTb N YACTOTA

UmncsioBble 3HAYEHNS BEPOSTHOCTEH B IpUMepax, Mpu-
BEJICHHBIX B TJI. 1, MOJYYaAIOTCS U3 «KJACCUIECKOTO» OTIpe/ie/IeH s, B
COOTBETCTBUU C KOTOPBIM BEPOSITHOCTH KaKOTO-THO0 COOBITUSI PaBHA
OTHOIIIEHUIO YHUCJIAa UCXO/OB, OJIArONmpHUSTCTBYIONINX 3TOMY COObI-
THIO, K OOIIEMYy YHCJy PaBHOBO3MOXKHBIX WCXOJI0B. BbrumcieHme
BEPOATHOCTEH TPH 3TOM CBOAWTCS K TOJICUETY 3JIEMEHTOB TOTO HJIH
WHOTO MHOKECTBA M OKA3bIBAETCSI YMCTO KOMOWHATOPHON 3ajaueit
(unorga BecbMa Tpyanoil). Kimaccuueckoe ompegesetue oIpaBIaHo
TOT/Ia, KOT/a CYIIECTBYET BO3MOKHOCTD TIPEJCKA3AHUS BEPOSTHOCTH
HA OCHOBAHUW CUMMETDHU YCJIOBWIi, TPU KOTOPBIX IIPOUCXOUT
WCTIBITAHWE W, BCJEICTBHE 3TOTO, CAUMMETPUHN MCXOOB WCIIBITAHUS,
YTO W MIPUBOUT K TIPE/ICTABIEHUIO O «PAaBHOBO3MOKHOCTHY . Hampu-
Mep, eCcJH ClleJIaHHAS W3 OJHOPOIHOTO MaTepuaja reOMeTpUYecKu
[paBUJIbHASI UT'PAJTbHASI KOCTb IOGPACHIBAETCS TAK, YTO OHA YCIIEBa-
€T C/IeJIaTh JOCTATOYHO GOJIbIIOE YKMCJIO0 0O0POTOB Iepe/l TeM, Kak
ynacTb, TO BbINA/J[eHNEe 060N U3 ee rpaHell Mbl CYNTAEM PaBHOBO3-
MOKHBIMU ncxojgaMu. ITo TeM ke cOOOpaKeHUsSIM CUMMETPUU MBI
CUWTaeM PaBHOBO3MOXKHBIMU HCXOJIbI TAaKOTO JKCIEPUMEHTa: W3
cocyzia, B KOTOPBIN TIOMeNIeHbl OIMHAKOBBIE TIO pa3Mepy W Macce,
TIIATEJIBHO TIEPEMENIAHHbIE W HEOTJUYUMbIE HAOUIYIb OeJsible u
YepHbIe MIApPbI, «HAY/Ja4y» BBIHUMAIOTCS IIAp 3a MIAPOM TaK, 4TO
MocJjie PErucTpalyy IBeTa KasKAblil IIap BO3BpallaeTcss oO6paTHO B
COCY[l W TIOCJIE TIATEJIHbHOTO TIepEeMEeIINBAHNS TTPON3BOINTCS M3BJIE-
YeHne CJeAYIONIEeTO Imapa.

Takum 06pa3om, KJIACCHYECKOE OTIPEIe/ICHIE JIUIITh CBOUT MOHSI-
THE <«BEPOSITHOCTU» K TIOHATHIO «PABHOBO3MOXKHOCTH». « PaBHOBO3-
MOXXHOCTB> TIPE/ICTaBJIsIeT CO60I 06bEKTUBHOE CBOICTBO MCIIBITAHUIA,
oripejieJisieMOe YCJIOBUSIMH UX TIPOBEIEHUS, HO KaK BCSIKOE KOHKPET-
HOE CBOICTBO, MOXET OBIThb YCTaHOBJEHO TOJBKO C W3BECTHOM
CTeTleHbI0 TOYHOCTH. Halre mpeacTaBieHre O <«CUMMETPUIHBIX»
KOCTSX, MOHETaX U T.1II. ObLIO ObI TOJIbKO UILIIO3UEI, ec/u Obl JaHHbIe
OTIbITA He TMOJATBEPIKJAJN TIPABOTY CHEJAHHBIX TPEATOJ0KEHII.
CylecTByeT MHOKECTBO IPUMEPOB HCIBITAHUN CO CJIyYallHBIMU
MCXOaMU, KOTOPbIe MOTYT OBITH IOBTOPEHBI GOJIBIIIOE YUCTIO Pa3 B
OIMHAKOBBIX YCJOBHUSX. lIpW paccMOTpeHWH pe3yJbTaToB OTEJ]b-
HBIX MCHBITAHUI OYEHb TPYAHO HAWTH KaKnue-1160 3aKOHOMEPHOCTH.
OHaKoO B IIOCJEJOBATEJbHOCTH OJUHAKOBBIX HCIBITAHUNA MOYKHO
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O06GHApY>KUTb YCTOWYNBOCTb HEKOTOPBIX CPEAHNUX XapaKTEePUCTHUK.
HasoBeM 9acTtoToii Kakoro-gm6o caydailHoro coObitusi A B JIAHHOM
CepuN U3 N UCHBITAHUH OTHOIIEHUE /N YUCJa M TeX UCHbITaHUi, B
KOTOPBIX co6bITHe A HacTynmJo, K obmeMy ux uyucay. Hamnuue y
co6bITUST A TIpU OTIpe/ie/IeHHbIX YCJIOBUSX BEPOSITHOCTH, PABHOM p,
MPOSIBJISIETCS B TOM, UTO ITOYTHU B KaK/[OM JJOCTATOYHO JVIMHHON Cepun
UCTIBITAHUH YacToTa COOBITHS A TPUOJIN3UTEIBHO PaBHA p. Y CTOHYN-
BOCTDb 3HAYEHHUH 9aCTOTHI HEOJTHOKPATHO MOATBEPKAATACH CIIEITHATD-
HBIMI 3KCIIepUMEHTaMH. B KadecTBe MJLIIOCTPAIINKA PACCMOTPHM
JIJaHHbIE 110 TIPOBEPKE CUMMETPUYHOCTH MOHeTbl. IlycTb m — aro
YHCJIO BBINAJIEHU «OpJia> B 1 UCHBITAHUSAX, TAK 4TO /,/N — 4acToTa
«opJa». B crenyromeil Tabiuyke ITOMeIIEHbI pe3YJIbTaTbl, SKCIIEepH-
MEHTAJIbHO MOJIy4eHHble DPa3HbIMU HCCJIE0BATE/SIMI, HAuMHAS C
XVIII Beka (ux paMusinu TOMEIIEHBI B JIEBOM CTOJIGIE TAGTHUKN):

n m/n
Broddon 4040 0,507
Jle Moprau 4092 0,5005
Jl>xeBOHC 20480 0,5068
Pomanosckuit | 80640 0,4923
[Tupcon K. 24000 | 0,5005
Dennep 10000 0,4979

JlaHHbIe IPOBEPKH B COBOKYITHOCTH MTOKA3bIBAIOT, UTO TIPE/IIOJIO-
JKEHIEe O PaBHOBO3MOKHOCTH «OPJias M «PEIIKH», T. €. O TOM, UTO C
BEPOSATHOCTHIO 0,5 TOSIBJISIETCST JII0OAsT CTOPOHA MOHETBI, HAXOAUTCS
B COTJTACHH C OTBITOM. DTO COTJIACHE TI0 JAHHBIM TAOJTUYKI KaKeTCsT
BIIOJIHE YAOBJIETBOPUTEJIbHBIM, O/[HAKO €CJan [Jd HCCJAeJOBaHUA
PUMEHUTD CIIEIMAIbHBIE BEPOSITHOCTHBIE METO/IbI, TO BIIOJIHE BO3MO-
JKEH BBIBOJI, UTO BBIMAJEHNE <«OpJa» W <«PEHIKU» B OTAEJIbHBIX
CJIy4astX HE OJMHAKOBO BEPOATHO. ITO GyJeT TPOSBJIEHUEM TOTO
axTa, uTo JM06AST peasbHAS MOHETA He SBJISAETCS WAATHHO CHMMET-
puunoii. 11 Tem He MeHee mpe/icraBierue 06 aGCOMIOTHO CUMMETPHY-
HOII MOHETEe OYEeHb T10JIe3HO, TaK KaK BO MHOI'UX IIPUJOKEHUAX
TEOPUH BEPOATHOCTEN Takash MOJEJNb C JBYMsI PaBHOBO3MOKHBIMU
MCXOMaMU JTIOCTAaTOYHO TOYHO OIMMCHIBAET CJIydYaiiHble SIBICHUS, W
Jlaske TOUHee, YeM HKCIIEPUMEHT ¢ MOAOPAChIBAHNEM MOHETHI.

CrarucTuyeckre 3aKOHOMEPHOCTH TaKOTO pojia GBLIN BIIEPBbBIE
0oOHapy’KEHbI Ha TIPUMEPE a3apTHBIX WP, TAKUX KaK UrPa B KOCTH,
UTpa B «OpeJI-pPellKy», KapTOYHbIe UTPbI U T.I1., T.€. HA IpPUMepe Tex
UCIIBITAHMIA, KOTOPbIE XapaKTEPU3YIOTCS PAaBHOBO3MOKHOCTHIO HCXO-
JI0B. TN HAGIIOIEHUST OTKPBLIH Ty Th /ISl CTATHCTHYECKOTO TTOX0/Ta
K YMCJIEHHOMY OTIPEJIEJIEHUI0 BEPOSTHOCTH, KOTOPBIH 0COGEHHO Ba-
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JKeH TOTJa, KOrjla M3 TEeOPeTHYECKUX COOOpaXkeHuil, MOJO0OHDBIX
COOOpaKEHNSIM CUMMETPUH, 3HAUYEHIE BEPOSITHOCTHU 3apatee yCTaHo-
BUTDL Hesb3d. Hampumep, ecin mekuit crpesok npu 100 mombrtkax
nonas B 1eb 39 pas, To MOJKHO JyMath, YTO I/ HEFO BEPOSITHOCTD
MONA/IaHusl B 1leJb NPU OJIHOM BBICTPEJEe W IPH HEM3MEHHDBIX
ycaoBusAX cTpenb6n! 6amska k 39 /100=0,39. Ograxo, Tak Kak y Hac
3apaHee HET HUKAKUX IIPEICTABJECHUN O TOM, KaKOBa 3Ta BEpOST-
HOCTb, HAM HYKHO ObITb yBEPEHHBIMH B TOM, UYTO Pe€3yJbTaTbl
CTpeJIKa YCTOIYMBBI HA MPOTSKEHUH JOCTATOYHO GOJIBIIOTO YHCJIa
HOMBITOK MOPA3UTH 11€Jb.

PaccMOTpPHM HECKOJIBKO CepHii MCIIBITAHMIT, TIPOXO/ISIIINX B HEU3-
MEHHDBIX YCJOBUSIX, W IyCTb 7y, Ny, ..., N, — UCIIBITAHUI B KaXKJIOH
cepuil. IIpeanosioxxuM, 4TO B KaXK/IOM UCTIBITAHUH TIPONUCXOIUT MJIN
He IIPOUCXO/UT cOGbITHE A, U TIyCTDb 1My, My, ..., M, , COOTBETCTBEHHO,
YHCJIa UCTIBITAHMI, KOTOPbIE 3aBEPILIAIOTCS TOsIBJIeHNeM coObITUsT A
B kaxpoit cepuu. Torma my/ny, my/n,, ..., m;/n, 06Pa3yoT psia
COOTBETCTBEHHBIX YACTOT. SIBJIeHME CTATMCTHYECKOH yCTOHYMBOCTH
COCTOUT B TOM, 4TO YaCTOTBI, MOJyIEeHHbIE IIPU I0CTATOYHO GOJIBIINX
3HAYEHUSIX 7y, Ny, ..., 1, , OOHAPY’KMBAIOT HE3HAUNTEIbHbIE OTKJIOHE-
HUS IPYT OT [Pyra WU OT HEKOTOPOU cpejHeil Besnunnbl. Hampu-
mep, eme B XVIII Beke Oblio 3ameueHo, 4To cpeaud OOBIYHON
KOPPECIOHIeHIMN TmcbMa 6Ge3 ajpeca 06Ja/IAI0T OIpeieJIeHHON
ycroitunBocTbio. [laHHble cuaexyomeil Tabanuku, coOpaHHbIE IO
MarepuajaM PYCCKOH IIOYTOBOH CTaTUCTHUKU, CBUETEIbCTBYIOT O
TOM, YTO Ha HPOTSDKEHWN HECKOJIbKUX JET Ha KaX/blil MUJJINOH
MICEM TIPUXOMJIOCH B cpefHeM 25 — 27 miceM Ge3 ajipeca:

Ton Bce mucpma [Tucbma Ges agpeca
1906 | 983000000 26112
1907 | 1076000000 26977
1908 | 1214000000 33515
1909 | 1357000000 33643
1910 | 1507 000000 40101

[IpuBenem Tak:xe nanHblie o poxkaaemoctu B [lIBeruu va 1935 roj
no marepuanam I'.Kpamepa (n — uncmo poxxaennii, m,/n — 4acrora
POSKICHUS MAJIbuKMKa):

Mecsrirpt I 11 111 1A% Vv VI VII

n 7280 | 6957 | 7883 | 7884 | 7892 | 7609 | 7585
m/m |0,514(0,510(0,510] 0,529| 0,522 0,518 0,523
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Mecsmpr | VIIT | IX X X1 XII |3arox

n 7393 | 7203 | 6903 | 6352 | 7132 | 88273
m/m |0,514(0,515[0,509] 0,518] 0,527 | 0,517

HecmoTps Ha To 4TO 061IIee YNCIO POKICHUI MEHSIETCS B T€YeHUE
ro/la, 9acToTa POXKIACHUS MAJIbYNKA JOBOJBHO YCTONYNBO KOIe6IeT-
cs1 okoJio cpemrero 3uadenusa 0,517. Takoro poga craTUCTUYECKHE
3aKOHOMEPHOCTH OBbLIN 3aMeYeHbl [OBOJIbHO AaBHO, eme B XVIII
BeKe, B leMorpaduuecKkux Matepuaiax — npyu U3y4eHUu CTAaTHCTUKU
POXK/JIAEMOCTH, CMEPTHU, HECYACTHBIX CJIYYaeB U T. [, U €€ UCII0JIb30-
BaHUU, HANpUMeP, B cTpaxoBoM jiesie. [Tos:xe, B konie XIX — Havase
XX BekoB 6bLTH OOHAPYKEHDBI CTATHCTHYECKNE 3aKOHOMEPHOCTH B
(pusuke, xuMuu, GUOJIOTUM, IKOHOMHKE M JAPYrHX Haykax. [Ipum
BEPOSITHOCTHOM AaHAJN3€ 3TUX JAHHBIX OCHOBAHWEM [IJISI KOJIMYeE-
CTBEHHBIX OI[EHOK BEPOSITHOCTU OOBIYHO MOTYT CJIYKUTH TOJBKO CaMU
3T CTATUCTUYECKUE IAHHBIE.

Wraxk, 1Mo moBOAY CBS3U BEPOSATHOCTH C YACTOTON HYKHO MMETD B
BuAy craeaymoriee. [Ipi koHeUHOM UmCIe 7 MICTIBITAHUH TIPU HEN3MEH-
HBIX YCJIOBUSIX [IOJISI YUCJIA MCIBITAHUI 7, B KOTOPBIX JaHHOE
COODBITHE TOSIBUTCSI, T.€. YaCTOTA COOBITHS M,/7, KAK TPABIIO, MAJIO
OTJIMYAETCS OT BepoSITHOCTH p. U yeM GoJibliie UncyIo UCIbITaHNIl 7,
TEeM peke BCTPEYAIOTCS CKOJb-HUOYIb 3HAYNTEJIbHBIE OTKJIOHEHUS
YacTOTbI M,/1 OT BEPOSATHOCTH P — 4ACMOMA OMKJIOHEHUL CTAHOBUT-
s Bce MeHbIIle. JTO yTBep:KAeHNe 0 6JIM30CTH YacTOTBI M BEPOSITHO-
CTM MaTeMATUYECKH YTOUHSIETCS] 3aKOHOM GOJIbIINX 4uces B (popme
teopembl bepuyJim, o KoTopoit 6yzger pacckazano B ri.4. [IpoBojs
60JIbIII0E YKUCJI0 HAGJIIOJEHUI, Mbl IPUHIMAEM YacTOTy 32 MpubJIu-
JKEHHO 3HAaYeHUE BEPOSITHOCTH, CYIIECTBOBAHUE KOTOPOIi U MOCTYJIU-
pyeTcs Ha OCHOBAaHMM Pe3yJibTaToB HabmoeHuii. Crioco6bl OIleHOK
HEM3BECTHOI BEPOSTHOCTU MO pe3yJbrataM HaOIoJeHuil OyayT
MIPOZIEMOHCTPUPOBAHBI Ha TpuMepe 3ajad §4 1i.7.

IIpu TperbeM moaxo0/Ie K OIPEIETEHUIO BEPOSTHOCTH — aKCUOMa-
TUYECKOM — BEPOSITHOCTU 33/AI0TCS MEPEYNCIEeHINeM MX CBOWUCTB.
[Ipocreiime cBoiicTBA BEPOSITHOCTH ONPEAEJSIOTCS €CTeCTBEHHBIMU
CBOUCTBAMH YaCTOTBI Mi/h

1) 0<m/n<1;

2) ecam coOBITHE NOSABJISAETCS MPK KaXKJIOM MCIIBITAHUH, T. €. OHO
JIOCTOBEPHO TIpu JI060M 7, TO m =n u m/n=1;

3) ecau my U3 7 UCTIBITAHUI IPUBEIH K OCYIIECTBJIEHAIO COOBITUS
A, a my — K OCyIIECTBJIEHHUIO COOBITUSI B 1 TIPX 5TOM HU B OJTHOM 13
7 UCTBITAaHWH co6bITHS A M B He MOSBUJINCH OJHOBPEMEHHO, TO
JactoTta m/n COOBITHsI, COCTOSIIIETO B MosiBIeHnn 6o A, mu6o B,
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paBHa

mo_my | my

+
n n n
IIpn n3/105keHNN TEOPUHN BEPOATHOCTEN CBOWMCTBA BEPOATHOCTH (HOP-
MYJUPYIOTCSI B BHUjie aKcuOM. HbIHe TPHUHSATOE aKCHOMAaTHYECKOe
orpejiesieHre BeposTHOCTH ObLTo T1peioxkeno B 1933 rony A.H.Koar-
MOTrOpoBbIM. [[Jis1 ciiydaeB, KOTOpble pPAacCMaTPHUBAIOTCS B KHHUTE,
BEPOATHOCTD 3a/1aeTcs Kak uncaobas pyHkiusa P (A) Ha MHOKeCTBe
BCeX COOBITHI, OIpe/esiSIEMbIX [IAHHBIM JKCHEPUMEHTOM, KOTOPast
YAOBJIETBOPSIET CJIEIYIONNM aKCHOMaM:

1) 0<sP(A)<T;

2) P(A)=1, eciu A gocroBepHoe COGBITHE;

3) P(AUB)=P(A)+P(B), rae cobbitie AJ B o3Hauaer
OCyTIeCTBJIEHIE HJIN COOBITHS A, N cobpitus B, npuuem A u B He
MOTYT TPOM30HTH OJHOBPEMEHHO. IJTH aKCHOMBI B TPOCTEHITNX
cnydasx nposepsioresa (cM. noapoGHee B T1.3), B 6oJiee CA0KHBIX
CIAyYasix CJIy’KaT €MHCTBEHHBIM CIIOCOO0M 3a/IaHUsI BEPOSITHOCTE.

OaHAKO HU aKCHMOMBI, HA KJIACCUYECKUI U CTAaTUCTUYECKUN I10/I-
XOJbI K OIpEIeJeHUI0 BEPOSITHOCTH HE [AI0T MCYEPIIbIBAIONIETO
OTIpe/ieJICHNs] PEaJbHOTO COJIEPIKAHUS TIOHATHS <BEPOSTHOCTHY, a
SIBJISTIOTCS JIMIITD TIPUGJIIKEHUSIMUI KO Bce 60Jiee TIOJTHOMY €ro pac-
kpoitTaio. [Ipeamosokenue o TOM, 4TO TPU JAHHBIX YCJIOBUAX [IJIS
JIAHHOTO COOBITHS CYIIECTBYET BEPOSITHOCTD, SIBJISIETCSI TMIOTE30il,
KOTOpasi B KAXK/IOU OT/IeIbHOI 3aj1aue TpeOyeT MPOBEPKU 1 060CHO-
Banusi. Hampumep, umMeeT CMBICJ TOBOPHUTH O BEPOSTHOCTH MOIA/A-
HUS B 1IeJTb 33IaHHBIX PA3MePOB C 33JJaHHOTO PACCTOSTHUS U3 OPY KU
U3BECTHOTO 06pa3iia CTPEIKOM, BBIOPDAHHBIM «HAY/Auy» U3 OIpe/e-
JIEHHOTO TTo/ipaz/esernst. OHaKO GblI0 6bl 6ECCMbICIEHHO TOBOPUTH
0 BEpOSTHOCTU TONAJAHUST B IeJib BOOOIIE, ecau 06 YCJIOBHIX
CTpesibObl HUYEro HEU3BECTHO.

[To yncIOBBIM 3HAUEHWSIM BEPOSITHOCTEM, OIIpe/IeIeHHbIM KJIACCHU-
YEeCKMM WJIN CTATUCTUYECKUM CIOCO60M, MOTYT OBITh BBIYHCJICHBI O
MpaBUJIaM TEOPHH BEPOATHOCTEH HOBBIE BeposTHOCTH. Hampumep,
€CJIU BEPOSITHOCTD BBITIAJIEHUST «OPJIay 1IPHU OJHOM OPOCAHUH MOHETbI
pasHa 1 /2, To BEpOSITHOCTD TOTO, YTO MPU YETHIPEX «HE3ABUCHMbIX »
O6pOCaHUSX MOHETBI XOTsi Obl Pa3 BbINANAET «OPEJ», MOXKET ObITh
BBIUUCJIEHA CJIEAYIOMUM 06pa3oM. BeposTHOCTb cOOGBITHSI, COCTOS-
IIETO B TOM, YTO «OpeJ» He BBIAJaeT BOBCE IIPU YeThIpeX GPOCaHU-
X, paBHa,1/24, TaK KaK 3TOMY COOBITHIO GJIarONpHSTCTBYET JIUIIb
oaMH mexoj u3 obmero umena 2% paBHOBO3MOXHBIX (B CHITY
CUMMETPUU MOHeTbI) ucX0j0B. Tak kak 00a paccMarpuBaeMbIX
COODBITHS B3AUMHO UCKJIIOYAIOT U B3AUMHO JIOTIOJIHSIOT IPYT APYTa, TO
cyMMa HMX BeposTHOCcTel (310 caemyer us coiicts 2 u 3) paBHa 1.
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[ToaTOMy MCKOMast BEPOSTHOCTb paBHa 1— (1/2)4 =15/16 =0,9375 .
3aMeTnM, YTO YacToTa 3TOTO COOBITHS B sKcrepuMente u3 20 160
6pocanuii yeTbIpex MOHeT, rnpozesaniaoMm B.M.Pomanosckum (1912
r.), nputsia 3Havenue 0,9305. Tloagpo6HO 0 IPAaBUIAX BHIYUCICHUS
BEPOSITHOCTEI MBI PacCKakeM B TJI. 3.

OueBnaHO, YTBEP:KAEHUE, YTO BEPOSITHOCTD KaKOTO-THO0 COOBI-
THS BecbMa 6JIM3Ka K eIMHUIIE, IMEET TOpas3o GOJbIIYIO TPaKTHYec-
KYIO IIEHHOCTb, YeM YTBEP)K/IEHUE O TOM, YTO COOBITHE HACTYTIAET C
BEPOSITHOCTBIO, PaBHOU, HatpuMep, 1,/2. DT0 06DbACHSETCS TEM, YTO
MbI HHTEPECYEMCSI U CTPEMUMCST K MIPAKTUIECKH JOCTOBEPHBIM BBIBO-
nam. K npumepy, npu 10 6pocaHusix CHMMETPUYHOI MOHETBI MTOSIB-

JIeHHe JIECATN «OPJIOB» WJIM JIECATH «PENIEK» O4Y€Hb MAJIOBEPOATHO;

1 1

BEPOSITHOCTB 3TOTO coObITHS paBHa —- =-—— = 0,00098 . Ho u
2101024

YTBEPIK/IEHUE, YTO <OpEJ» BBIMAJET POBHO ISITh pa3, HE HUMEET

JIOCTATOYHBIX OCHOBAHMUI, XOTSI 3Ta BEPOSITHOCTD B 252 pasa 6oJiblile

TIpe/blLyIeit: ;‘8 = % =0,24609 . Bosee Toro, yTBepsKaast, 4TO

«opeJi» BbINaJeT 4, 5 uau 6 pas, Mbl ellle JJOBOJbHO CUJIbHO PUCKYeM
7 . y
Cio + Cfo + Cf)o

OMIMGUTBCS; BEPOSITHOCTh 3TOTO COOBITUSA PaBHA — — o —— =

210

672 .
=To2a - 0,65625 . HauGoJiee 10CTOBEPHBII IPOrHO3 BO3MOKEH JIUIIIb
B OTHOIIIEHUH COOBITHUS, 3aKJIIOTAIONIETOCS B MOSIBICHIH «OPJIay XOTs
6bI pa3, HO 0CO6OM MPAKTUYECKON EHHOCTH YTBEPIKIEHHE 00 OCyIIe-
CTBJIEHWHU 3TOTO COGBITHSI HEe MMEET, TaK KaK 3TO COOBITHE TPOTHBO-
MOJIOKHO OYEHb MAJOBEPOSITHOMY COOBITHIO, KOTOPOE COCTOUT B
HEBBINAIEHNN «OpJia» BoBce. OHAKO yBEJIMIEHHE YHCIIA UCTIBITaHN
JleJlaeT TIPOTHO3 6oJjiee COAEPKATENbHBIM W HaaeskHbIM. [Ipum 100
6pOCaHISIX CUMMETPUYHOIT MOHETBI y3Ke 6€3 TPAKTHUECKH OIIy THMO-
TO PUCKa MOKHO 3apaHee YTBEP)KIaTh, UTO UKCJIO BBIMABIINX <«OP-
JioB» Oyzer jexarb Mexay 39 u 61: BEPOSTHOCTb 3TOrO COOBITHUS
paBHa

61
2. Cito
—39
’”*;—00 =0,97876 ;
CJIEZIOBATEJIbHO, MBI MOXKEM CYHUTATh 3TO COOBITHE IIPAKTHYECKH
JIOCTOBEPHBIM, HO TIPH 3TOM OT/[aBaTb ce6e OTY4eT B TOM, UTO €CJIH,
HAIpUMep, AAaHHBIH aKcmepuMeHT mpomsBoanutcess 100 pas, To B
cpeieM MpUOINU3UTENBHO B IByX CJIydasiX Mbl Gy/IeM BCTPEUYAThCS C
cOObITHEM, TIPOTHBOIOJIOXKHBIM JAHHOMY, TaK KaK BEPOSITHOCTD
MIPOTHBOIOJIOKHOTO coObiTHst paBHa 0,02124. /Iy cpaBHeHus yKa-
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JKEM, UTO BEPOSITHOCTb TOTO, YTO YHUCJIO <OPJIOBY» 3aKJIIOUEHO MEXK/Y
35 u 65, paBua 0,99822.

Pemenne Bompoca 0 IpakTHYECKOW TOCTOBEPHOCTH, K KOTOPOMY
TIPUBOINT OMHMCAHHBINA BBINIE PACUET, HEMOCPEJACTBEHHO CBA3aHO C
BOIIPOCOM O TOM, KaKHMU BEPOSTHOCTSIMU MOJKHO TIpeHeGperaTh Ha
MpaKTUKe. JTOT TOCJEHIIT BOIIPOC PEIIAETCS B KAKIOM OT/EJIbHOM
cJIyJae Mmo-pasHoOMY ¥, KaK IPABUJIO, 32 PAMKAMU TEOPHH BEPOSITHO-
creii. B 6osbIIMHCTBE CIy4aeB MpeHe6PeraroT yKe BepOsiTHOCTSIMU
0,05. Ecmnt ycsioBusS TpakTHYeCKOl 3a7a4M TIO3BOJISIOT TaKyIO I0JI0
omn6ok (B cpeaneM 5 ciaydaes Ha Kaxabie 100 sKCIIEPUMEHTOB), TO
MBI CYUTaeM COOBITHE, TIPOUCXOIsIIIee ¢ BeposTHOCTBIO 0,95, mpakTu-
YeCcKH JOCTOBEPHBIM. B apyrux, 6osee 1eJUKATHBIX, CAYYasiX IPU-
HATO TIpeHe6peraTh Juib Bepostaoctsimu (0,001, a unorna rpe6oBatb
u ete 60JIbINETro TPUGIMIKEHUST BEPOSITHOCTU OTCYTCTBHS OMUOKH K
enHUIEe. DTU PACCY’KIECHIS OCHOBAHBI HAa MMPAKTUYECKOH YBEPEHHO-
CTH B TOM, YTO €CJIH BEPOSITHOCTH COOBITHS OYeHb Maja, TO MpHU
OTHOKPATHOM UCIIBITAHUU 3TO COOBITHE He OCyIecTBsiercs. [Ipume-
PbI TIOAOOHBIX PACCYKIEHUIA O MPAKTUYECKOI TOCTOBEPHOCTH Gy IyT
06CyKIaTbCsl B TJI1.7.



MMABA 3
OCHOBHbBIE TEOPEMbI O BEPOATHOCTAX

§1. OnpepeneHne BepOATHOCTU

PaccMOTpUM NCHIBITAHUS CO CJIYYailHBIMU HCXOAMHU.
ITyctp mpM Ka)/IOM HCIBITAHUUA MOJKET TOSIBUTBCS JIIOOOH H3 1
PABHOBO3MOJKHBIX HCXO/OB, M TOJbKO oHH. O6GO3HAUNM COOTBET-
cTByIouue cobpitus cumBosamu Ej, E,, ..., E, . Ilpu 6pocamun Mo-
HeTbl MOTYT TIOSIBUTBCSI TOJIDKO JIBa TaKMX coObItust: E; — <«repb»
n E, — «pemkas. [Ipn 6pocannn urpajbHOil KOCTH MOTYT IIPO-
usoiitn 6 coomuit E,, E,, E;, E;, Es, Eg, cooTBeTcTByIOIINE
BBINA/IEHUIO OJ[HOTO, /IBYX, TPEX, YEeTbIPEX, MSATH U IIECTH OYKOB.
Ecin B norepee umerorcst 1000 6usietos, TO TPU BbIHUMAHUK
oxuoro 6miaera umetorca 1000 ucxomos. Taxkue coObITHSI, COOTBET-
CTBYIOIINE B3aMMOUCKJIIOYAIONINM MCXOJaM MCIBITAHUS, HA3bIBAIOT
3JIEMEHTAPHBIMU COOBITUSIMH.

Jlto6oe BO3MOKHOE MHOKECTBO 3JIEMEHTAPHBIX COOBITHH Mbl
6yleM Ha3bIBaTh CaAydatiHoim coOvimuenm. Tak, Hampumep, TpH
6pocaHUN UTPAJIBHON KOCTU BBIIA/IEHNE YETHOTO YMCJA OYKOB, T. €.
nosiJieHue Ju6o TPaHu ¢ IByMsi OUYKaMu, JUOO C YeTbIPbMsi, J16O C
IIECTDIO, SIBJISIETCS CIydallHbIM coObITHEM. TOYHO Tak >ke BbINaje-
HHUE TPaHU C TpeMs OYKaMU SBJIsIeTcsl caydailHbiM co6bitueM. Ilo-
sBJeHne mo6oro us co6bwituit E, E,, E;, E,, Es, E;, T.e.
HOSIBJIEHWE KAaKOro-au60 YHCJA OYKOB, TAKXKe SIBJISETCS CJIydaii-
HBIM COObITHEM. JTO cjayyaiiHoe co6biTe 06Ja/laeT 0/HOI 0coGeH-
HOCTHIO, OHO 00sI3aTEJbHO HACTYIIAET U MOITOMY HA3BIBAETCST JOC-
MogepHvLM COObIMUEM.

ITyctp A — HexoTopoe ciydaiiHoe cOObITHE U OHO HACTYTIAeT
BMeCTE€ C OJJHUM W3 M Pa3JMYHbIX 3JEMEHTAPHBIX COOBITHI NIpH
0011[eM YHCJIe 72 BOBMOXKHBIX. BeposaTHocTbio coObITHS A Ha3bIBaeTCs
OTHOILIEHUE /7, OTHOIIEHUe 4ucJaa GJIaronpUsTCTBYIONIUX COObI-
THIO A 37IeMEHTapHBIX COOBITUII K YUCTY BCEX BO3MOXKHBIX. Beposir-
HOCTb cOoGbITHA A o6osnayaior cumbosioM P (A). Takum o6pasoM,

m
P(A)zz. 3.1
B wacraocru, npu jobom i (1<i<n)
1
P(Ei)=;y

34



a st cobpitist U, KOTOpOe MPOUCXOANT BCSAKMI pa3, KOTAA HACTy-
naer Kakoe-1o u3 cobbituii E; (emMy 6JarolpusTCTBYIOT BCE BO3MOJK-
Hble UCXO/Ibl),

PU)=1.
Cob6bite U sBIsIeTCS JOCTOBEPHBIM.

IIpumep 1. Jlorepes cocrout uz 1000 6useros, cpean Hux 150
BBIUIPBIIIHBIX. BbIHUMaETCs TPOU3BOJIbHbBIH (OGBIYHO TOBOPAT «Ha-
yrag») 6uiaer usz 1000. Yemy paBHa BEPOSATHOCTb TOrO, YTO TOT
O6UJIEeT BBIMTPBIIIHDIN?

PaszuunbIx asieMeHTapHbIX coObITHiI B 3TOM mipuMepe 17 = 1000.
WNurepecytomemy Hac cobpitiio A 6maronpusatctByior 150 amemen-
TapHbIX coObIThi, T.€. m = 150. Takum o6pasoM, 10 OIpeeTeHUIO

p(a)=0 150 3
1000 20

Ilpumep 2. B mnosayuennoii maprum gerajeii okazauoch 200
netaJjeii meporo copra, 100 peraneit — Broporo copra u 50 geraseii
— TpeTbero copta. «Haynauys» BboiHUMaeTcs oqHa u3 gerasieil. Yemy
PaBHbI BEPOSITHOCTH HOJIYYUTD J€TAJb IIEPBOTO, BTOPOTO HJIN TPEThe-
ro copra’?

B arom ipumepe n = 350. O6oznaunm yepe3 A, B, C cayuaiiable
COOBITHS, COCTOSIIIINE, COOTBETCTBEHHO, B MOJYYEHUU JIETAJIU TIEPBO-
ro, BTOPOTO WJIM TPeTbero copta. JIerko BUAETH, 4TO

P(4)= 200 4 P(4)= 100 2 P(A)= 1
350 7’ 350 7’ 350 7

IIpumep 3. Bpocaerca nrpaspHas KocTb. UeMy paBHBI BEPOSTHO-
CTU CJeJyloNnmX coObiTHii: A — BbINagaer rpaub ¢ 6 oukamu, B —
BBITIA/IAET TPAHb C YETHBIM YUCJOM OYKOB, C — BBINAJAET TPaHb C
YKCJIOM OUYKOB, JEeJSIUMCS Ha 37

B namem npumepe n = 6. Co6bITHIO A 61aTOIPHATCTBYET TOTHKO
OJINH UCXO/, cOOBITHIO B — Tpu ncxoza, cobpitnio C — [Ba UCXOMA.
Takum o6pasom,

! 5.1 pioy=2-1,

P(A4) G P(B) : £=3

IIpumep 4. 3BectHo, uTo B mikoje ¢ 900 yyanmmucs uMerTcs
60 y4eHNKOB, KOTOPbIE IT0 BCEM IIpe/IMeTaM NMEIOT OTJINYHbIE OleH-
k#, 180 y4eHMKOB TOJBKO TIO OJHOMY IIpEIMETy WMEIOT XOPOIIYIO
WJIH y/IOBJIETBOPUTEJbHYIO OIIEHKY, & 10 OCTAJbHbIM OTJH4YHbIE, 150
yJaImuxcss He UMEIOT HU OJHOHM OTJUYHON oreHkHu, a 20 ydamumxcs
UMEIOT OTJINYHBbIE OIIEHKHU I10 BCEM IpeJMeTaM, KPOMe O/IHOTO, TI0
KOTOPOMY y HHUX OIIEHKa Hey/OBJeTBOpuTesbHass. UeMy paBHbI
BEPOSITHOCTH IIPH BCTPeUe C YUYAIUMCs 3TOH ITKOJIbI YBHU/IETh OTJINY-
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uuka (coGbiTne A), ydalulerocsi, y KOTOPOro XOoTst Obl 10 OJHOMY
npeaMery uMeercs oraudHas orenka (coGpitne B), yuamierocs, y
KOTOPOTO TOJIBKO TIO OJHOMY TpPEAMETY HeT OTJIUYHON OIeHKHU
(co6pitne C)?
B artom mnpumepe n = 900. BeposTHOCTb TepPBOrO COOBITHS
HAXOJUTCS MPOCTO, OHA paBHA
1

P4 )_900 15"

Co6biTuio B 6/1arOnpusiTCTBYIOT BCE YUYAIIUECS, 32 NCKIIOYEHUEM
150. Takum o6pasom,
(B)= 750 5
900 6°
Cob6pituio C 6J1aTONIPUSTCTBYIOT, BO-TIepBbIX, 180 yuammxcs, y
KOTOPBIX OIEHKHU TI0 BCEM TIPEJAMETAM <«IIOJIOKUTENbHBIE> U TOJBKO
10 OTHOMY HET OTJUYHON OIeHKH, a Takke 20 yJaImmxcst, UMeronux
[0 OJTHOMY HPEJMETY HEY/[OBJETBOPUTEIBHYIO OIIEHKY U MO OCTAJIb-
HbIM oT/imuHble. ClieZoBaTeIbHO,
200 2
P(C)= <.
900 9

§2. Onepauunn Hag, coBbITUAMM; CBONCTBA
BEPOSITHOCTU; TeopeMa CJI0XKEeHUsI BEePOATHOCTEN

[l najabHelnero HaM MOJe3HO BBECTH HEKOTOPbIE
[TOHSITHSI.

O6bennnenuem (unu cymmolit) co6bituii A u B HazoseM coObiTHE,
COCTOSIIIIee KAaK M3 BJIEMEHTAPHBIX COOBITHH, COCTaBIAOMNX A, Tak
U M3 5IEMEHTAPHBIX COOBITHH, cocTaB/somux B (Te sjnemMentapHbie
COOBITHSI, KOTOPbIE BXOIAT U B A, U B B, CUUTAIOTCS TOJBKO OIMH
pas). O6beaunenue co6bituil A u B MbI Gy1eM 0603Ha4aTh CUMBOJIOM
AUB.

[Tyctp mpu 6pocarny UrpagbHOI KocTH cobbiTusg A m B 0603Ha-
YaloT COOTBETCTBEHHO BBINMAJEHIE UYETHOTO YMCJAa OYKOB U YHUCJIA
04KOB, KpaTHOTO TpeM. CoObITHIO A 6IaronpusiTCTBYIOT UCX0/bl E, ,
E,, Eg; cobprtiio B —ucxoanl E;, Eg. Cobbitue A |J B BKIIOYaeT
sleMeHTapuble coobitusa E, , E;, E,, Eg. DiementapHoe coOblTue
E; Bxomut Kak B cobbitne A, Tak u B co6biTne B. 3aMeTuM, 4To
co6bITie B MbI MOJKEM 3aIcaTh TaK:Ke B BHe 00beuHEeHNs] COObITUI

E; n Eg.
[TonsiTie 00beAMHEHNST PACTIPOCTPAHSAETCS €CTECTBEHHBIM 06pa-
30M Ha Jjio6oe uuciao cobeituii A, B, ..., N: colGbitue

AUBU...UN cocTout u3 Tex u TOJbKO Te€X JEMEHTAPHBIX COObI-
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THUH, KOTOPBIE BXO/SAT B COCTAaB XOTs GbI OJTHOTO U3 cOObITHIT A, B, ...

.., N. Hampumep, cobbitne A, TpPHUBEJEHHOE TOJBKO UYTO [JIsT
WILTIOCTPAUY OObEMHEHUS ABYX COOBITUIN, MbI MOJKEM 3aIlUCaTh B
Buje oovequnenus A =E, U E;UE;.

Hepeceuenuem (umm npoussegenueM) AByX coObituii A u B
Ha30BeM COOBITHE, COCTOSIIEE W3 TEX M TOJBKO TeX dJEMEHTAPHBIX
COOBITHI, KOTOPBIE BXOISAT Kak B A, Tak U B B. Takoe co6piTre 6yeM
o6osnavyatb A (B nm AB.

B npumepe ¢ 6pocanneM urpasbHOI KOCTH Tlepecedenne CoObITHi
A u B ocymecTBaserca npu eaumHcTBeHHoM ucxonae Eg. Taxum
obpasom, AB = E;.

[Tonsarne mepeceueHuss coOBITHI pacHpoCTpaHseTcs Ha Joboe
yucsao cobvituii A, B, ..., N. Ilepeceuenuem cobwituii A, B, ..., N
HasoBeM coObiTe AB...N, cocTosiiee U3 TexX U TOJbKO TeX 3JIeMeH-
TapHBIX COOBITHIT, KOTOPbIE BXOST B COCTAB KaXK/I0T0 UX COOBITHI A,
B, ..., N.

ITpomusononoxnvim cobvimuem (Wi 10MOTHEHUEM) COOBITUSA A
Ha30BeM coObITHE A, cocTosIee U3 BCEX TEX 3JeMEHTAPHBIX COOBI-
TH, KOTOPbIe HEe BXOJAT B cocTaB A. -

B mpumepe c¢ wrpaipHoit Koctbio co6eitie A = E; U E; U E;
COCTOUT B BbBIAJE€HUN HEYETHOrO YHCJa OYKOB; COObITHE
B=EUE,UE,UE; coctont B BbIMaJeHHH YHUCIAa OYKOB, He
JleJIsaerocst Ha 3.

OueHb HATJISAIHA U TT0JIE3HA TEOMETPUIECKAS UILTIOCTPAITHS TOJIb-
KO 4YTO olpejeneHHbIX ToHATHH. IIpeacraBum cebe, 4TO KaxKioe
aJIeMEHTapHOe COOBITHE M300pasKaeTcs TOYKON Ha TIoCKoCcTH. J[yis
TOTO YTOOBI M306PA3UTh HEKOTOPOE COOBITHE, HYKHO B3STh B PAMKH
TOYKH, COOTBETCTBYIOIHE OJArONPUSATCTBYIONIUM 3JI€EMEHTAPHBIM
COOBITUSIM, M 3alITPUXOBATH MOJydeHHYI0 0061acTh. Ha pucynke 11
n3obpaxkennl cobpitTusa A, B, A, B, AUB, AB.

B aToM nnpumMepe o61iee YHCJI0 37I€MEHTAPHBIX COOBITHIT PaBHO 36.
[MoxcuuTaB ynca0 TOYEK, HAXOJSAIIMXCS B COOTBETCTBYIONIMX 3AllT-
PUXOBAHHBIX 06JIACTSX, HAXOAUM, YTO

9 1
P(A):£:Z, P(B):%:

9
- 27 3 =y 20 5
P(A)=3_6=Z’P(B)=__§
7
E,P(AB)z—z

ToBopst, 4to cobbiTHe A 6acuem 3a coboio cobbiTHe B U
0603Ha4aloT 310 cuMBoJioM A < B (uyim B D A ), ecou Bce 3JieMeH-

P(AUB)z%z
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Puc.11. Teomempuuecxas urmocmpayus 066e0unenus u nepeceuenus co-
Goimuil

TapHbIe COOBITHS, cocTaBasionme A, BXoaaT u B B (roBopaT takxe,
uto B comepxut A, apasgerca caeacTsueM A, BkaodaeT A).

OueBusnno, uto Bcerja Ac AUB, ABc A (xoHeuHo, U
Bc AUB, ABc B).

[lns omeparuii HaJ COOBITHSAMU YacTO WCIOJB3YIOT CKOOKH,
4TOOBI TI0KA3aTh, B KAKOIl MOCJIEI0BATEBHOCTH CJIE/LyeT MPOU3BO-
quth geiicteust. Hampumep, ( AU B )( B U C ) osnadaer, 4to cHava-
Jia HY’KHO HaliTu obbenunenue cobbituii A u B, a takxke B u C, a
3aTe€M B3STb IepeceueHre TOMYYMBIIUXCSI COOBITUI.

O6paTtuM BHUMaHWe HAa TO, YTO B TOM MHOXKECTBE CJIyYailHDBIX
COOBITHI, KOTOPOE MbI BBEJIU, OINEPAIUU TlepeceueHus COOBITUN U
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HAXOXK/ICHUS TIPOTHUBOIIOJIOKHOTO COOBITHS BBITIOJTHUMBI HE BCET/A.
[leficTBUTENBHO, eci cOOBITUSA A 1 B He cofep:KaT OOITIX dJIeMeH-
TAPHBIX COOBITHII, TO UX MEPECEYEHNEe TIPU JaHHOM HAMU OTIpeeie-
HMU He sBJseTcsa coObitreM (OHO He COCTOUT M3 KaKUX-IT100 3J1eMeH-
TapHbIX coObituii). TouHO Tak ke, ecau coObitue A SIBJSIETCS
JTOCTOBEPHBIM, TO MPOTHBOIOJIOKHOE eMy coObITiHe A B MHOXKECTBE
CIyYaifHbIX COOBITHI He ompezaeseHo. UTOOBI MCKJIIOUATH TaKie
BO3MO>KHOCTH, MBI TTOTIOJTHUM MHOXKECTBO CJIYYallHBIX COOBITHI He-
BO3MOKHBLM COObIMUEM, B KOTOPOE He BXOAUT HU OJHO M3 HJIEMEH-
TapHbIX cOObITUi. MHBIMU c/iOBaMU, HEBO3MOXKHOE COOBITHE Kak
MHOKECTBO 3JIEMEHTAPHBIX cOObITHII ImycTo. O603HAUYNM HEBO3MOJK-
Hoe cobpITHe cuMBOJIoM (. Temepb yske MOXeM CKa3aTh, dYTO
OTIepaIliiy TepeceyeHust COOBITHH U HaXO0XK/ICHNUS TPOTHBOIOJIOKHOTO
COGBITHS BCEr/ia BBINOAHUMBL. B wactHoct, U = & .

IIpo co6bituss A u B TOBOPAT, YTO OHU HECOBMECMMHbL, €CJIU UX
repeceveHne SABJSAETCS HEBO3MOXKHBIM cobpitneM: AB=O .

CdopmysmpyeM Terepb IJIaBHbIE CBONCTBA BEPOSITHOCTH.

1. [l1s1 Kaxk0T0 corydaifHoro coO6BITHS A ompesiesieHa €To BeposiT-
nocts P(A), npuuem 0 < P(A)<1,

2. [Insa nocroBepHOTO cobpiTuss U MMeeT MecTo paBeHCTBO

PU)=1.
3. Eci co6bitust A 1 B HECOBMECTHBI, TO
P(AUB)=P(A)+P(B).

4. JIng TPOTHBOIOJOMXKHBIX cOObITHIE A u A uMeeT MecTO

PaBEHCTBO
P(A)=1-P(A).

5. [lnsg HEeBO3MOXKHOTO COOBITUS & UMEET MECTO PAaBEHCTBO
P (D) =0. /lna necopmectnbix co6bituii A u B Bepno P(AB)=0.

6. /Iy mpousBoOJIbHBIX cOObITHIl A 1 B

P(AUB)=P(A)+P(B)-P(AB).

[TepBble aBa CBOWCTBA CJIEAYIOT M3 ONPEIEEHNS BEPOSTHOCTH
CIyYaifHOTO COOBITHS.

CBOI1CTBO 3 M3BECTHO IOJT HA3BAHUEM MEOPEMbl CA0KEHUSL EPO-
ammnocmeti (7151 HECOBMECTHBIX COOBITHIL).

[Tyctp coObiTne A cOmep:KUT m HMCXO/I0B, a coObite B — k
ucxozioB. ITocko/bKy, 110 MpeAnoIoKenuio, coobitist A u B HecoB-
MECTHbBI, TO coObiTe A |J B cocrouT poBHO u3 m + k MCXOMOB.
Teneps, 10 oMpeeIeHNIO,

P(AUB):m;k=%+%_
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Ho P(A)=m/n, P(B)=k/n. 910 u nokaspisaer cBOMCTBO 3.
ITo onpe/ieIeHIIO TPOTUBOIIOIOMKHBIX coObITHE A 1 A umeem: 1)

AUA=U u2)Au A HecOBMEeCTHbL. IToatomy B cuy cBoiicTBa 2
P(AUA)=t,
a B cUJy cBolicTBa 3
P(AUA)=P(A)+P(A).
CBOICTBO 4, TakuMM 06Pa3oM, JTOKA3aHO.

Iockombky P(U)+P(D)=1, To P(J)=0. [Ina necosmect-
HBIX COOBITUIT AB = @ W, cjefoBarejbHo, P (AB) =0 . CsoiicTBO 5
JIOKa3aHo.

CsoiicTBo 6 TIpescTaBIsieT co60i TeOPEMY CJIOXKEHHST BEPOSTHOC-
Teil B IIPOM3BOJIBHOM CJIy4ae, Korjga A u B MOTyT GbITb COBMECTHBI.
Ero nmokazarenbcTBo cienyer u3 mpejcraBieHusi cobbitus Al B B
BUle 0ObeNHEHNS HECOBMECTHBIX coObiTnii A n C:

AUB=AUC,

rae C onpenensgercd ycaosueM AC =&, CU AB = B . Vciosb3ys
CBOICTBO 3, TIoJIyuaeM

P(AUB)=P(A)+P(C), P(B)=P(C)+P(AB).
Uckmouasa P(C) u3 aByX IOCIEIHNX PaBEHCTB, MOMydYacM
P(AUB)=P(A)+P(B)-P(AB).
[lokaxkeM Tterepb 06001eHNEe CBOWCTBA 3 — TEOPEMY CJIOXKEHUSI
BEpPOSITHOCTEN IS TIPOU3BOJIBHOTO YHCJIa HECOBMECTHBIX COOBITHIA.
ITyctp cobbrtus Ay, A,, ..., A, nonapuo necosmecmuvl, T.e. IS

KayK 101 Tapbl coObITHIT A; m A; Tpn @ # j WMeeT MecTo paBeHCTBO
AiA]. = . Torma

P(AUAU...UAUA)=P(A)+P(A4)+...+ P(4_)+P(4,)

HeiictBuressro, cobbrtust A U Ay U...U A,_; u A, necoBmect-
ool n B cymme gpaiotr A UA,U...UA,_UA,. Tosromy B cuiy
cBoiicTBa 3

P(A1 UA2U~-~UAk_1UAk)=P(A1 UA2 U~-~UAk_1)+P(Ak).

Ho reneps cuoBa cobbrtust AU Ay U...U A,_, 1 A,_; HeCOBMeCTHBI
u B cymme gaior AU A, U...U A4,_,, noatomy B cusy cBoiicTBa 3

Takum o6paszom,
P(A4UAU..UA)=P(AUAU...UA)+P (A )+ P(4)
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[ToBTOpPUB MpOBe/IEHHbIE pacCcykjeHus ene kB — 3 pas, Mbl
3aBepIIUM J0KA3aTeTbCTBO 0GOOIIEHHON TEOPEMbI CJIOKEHHUS.

Ilpumep 1. B 3putesnbHoM 3aje KMHOTeaTpa MMeIOTCS 9 PSAIOB,
MIPOHYMEPOBAHHBIX MOAPS/ yucaamu oT 1 10 9, a B KaKI0M psiLy 10
9 kpeceJi, TakyKe IIPOHYMepPOBaHHBIX uncaamMu oT 1 10 9. 3puresnn
HayIavy 3aHuMaeT Mecto. Kakoe 3 IByX cOOBITHII 60Jiee BEPOSITHO:
CyMMa HOMEPOB PSIIa ¥ MECT B PSIAY OKAXKETCSI YeTHOI M HeYeTHOH ?

ITyctp A — co6biTHe, COCTOsIIIiEe B TOM, YTO yKazaHHAs CyMMa
6yner yernoii. Torma A pacnazaercss Ha CyMMy ITOTTAPHO HECOBMEC-
THBIX coObltuil A,, Ay, Ag, ..., Ajg, rae A, o3Hadaer coOblTue,
COCTOSIIIee B TOM, YTO CyMMa HOMEPOB Psi/la U MECT OKA3aJ1ach PABHOI
k (puc.12). Tlo TeopeMe CJI0KEHUST BEPOSITHOCTEI

P(A)=P(4y)+ P(A;)+...+ P(Ag).

Homepa
meeml 2 3 __4 35 _6 7_8 9

Puc.12. Hanocmpayus x 3adave o Kunomeampe

N3 pucynka 12 HemocpeACTBEHHBIM HOJCYETOM TIOJIyIaeM

P(4) =0, P(A) =2 P(4) ==,

7 9 7
P(Ag)=—, P(4A) =, P(Au):gy

81’ 81
5 3 1
P(A14)=ay P(Am)zgy p(A18)=a'
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Orciona
41
P(A)=—
(4) 81°

[TockosbKy coObITHE, COCTOSITIIEE B TOM, YTO MHTEpECyIolias Hac
cymma OyneT HEYETHON, MPOTUBOMOJOXKHO COOBITHIO A, TO €ero
BEPOSITHOCTh PaBHA

P(A)= 1-p(A)=@_
81 _

Mbr BUANM, TakuM oGpasoM, uto P (A) > P(A).

Ilpumep 2. VmeioTcsi TPH DJIEKTPUUYECKUE CXEMBI, COCTOSIIINE
Kak/Jas u3 4 Bbikaiovareseii. Kask/plit u3 BbIKJIIOUATE N € BEPOST-
HocTbio 0,5 MOKeT ObITb BKJIIOYEH U
BBIKJIIOUEH. BpIsicHure, a1 Kakoi
U3 CXeM, N300paKEHHBIX HA PUCYH-
ke 13, BEpPOSITHOCTb TOTO, YTO TOK
B Oy/eT mpOXOAUTbh OT TOYKH A K
Touke B, Oyzer HanGoJbuIeii.

I[Ton umcxomom 3xpech cuaenayer
MOHUMATh COCTOSTHHE BCEX BBIKJIIO-
yaresieii. Hanpumep, Bo3MoskeH Ta-

I oA I

6058

<3> KO# MCXOJI: TepBbIi BBIKJIIOYATED
BKJIIOYEH, BTOPOM BBIKJIIOYEH, Tpe-

I 0 9 TUH BKJIIOYEH, YETBEPTbI BBIKJIO-

1) A B 4en. IloCKOJIbKY BBIKJIIOYATENEH

YeTbipe M KaXK/blll U3 HUX MOMKET
B Gr—) HAXO[UTHCSI TOJBKO B OIHOM HUX
[BYX JIOIYCTUMBIX COCTOSIHUIT, TO
Bcero ucxonos 2 =16.

ITycts A o6osHadaeT cobbITHeE,
COCTOsIIIEE B TOM, Y4TO CXeMa IIPOBOJUT TOK.

Haiinem P(A) nna cxemor 1. JI1s Toro uto6ni cxeMa I mposopiia
TOK, HEOOXO/IUMO, YTOGBI BCE BBIKJIIOUATEN GBLIU BKJIOYEHBI. TaKast
BO3MOKHOCTb TOJIbKO ofHa. Caesosatenbho, P(A)=1/16.

st cxempr I pacemorpum cobbitie A, cocrosiliiee B TOM, 4TO
cxema II Tok He mipoBoauT. [Jist 3TOr0 HEO6XOIUMO, YTOGBI HY OIMH
U3 BbIKJoYaTeseil He mposoaus Tok. Cobbitnio A GaaronpusrcrBy-
eT e[MHCTBeHHbIH ucxo. Takum o6pasoM, P (A)=1/16 u, smauur,

i
16~
Haiizem, nakonen, P(A) ans cxempr 111, Co6biTie A Mbl MOKEM

3/ech IIPeJCTaBUTh B BHAE OObeJUHEHUS NOIAPHO HECOBMECTHBIX
cobbituil A;, Ay, As. CobblTHe A; COCTOUT B TOM, YTO Y4acCTOK

42

Puc.13. dnexmpuueckue cxemo.
K npumepy 2
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1—2 Tok mpoBoauT, a yyacTok 3—4 Tok He mpoBoauT. CobbiTie A,
COCTOHUT B TOM, YTO y9acTOK 3—4 TOK MPOBOJUT, a y4acToK 1—2 TOK
He mpoBogutr. CobGbiTne A; cOCTOMT B TOM, 4TO 00a YydacTKa
npoBoAAT ToK. OueBHIHO, YTO coObITHS A 1 A, comepKaT 110 TPU
3JIEMEHTAPHBIX COOBITHS, a coObITHEe Az — ToJbKO ofHO. OTC0/1a

3+3+1 7
P(A)=P(A)+P(A)+ P(4s) = ———=—.
16 16
Wrak, caMoil BBITOJHOM C€XeMOI, KOTOpas € MaKCHMaJbHOH
BEPOATHOCTBIO TTPOBOJIUT TOK, ABJigeTcs cxema 1.
O6o61enneM cBoiictBa 6 Ha TPU IPOU3BOJIBHBIX cOObITHS A, B 1
C cayxur dopmyia
P(AUBUCQ)=
=P(A)+P(B)+P(C)-P(AB)-P(AC)-P(BC)+P(ABC).
JlokazarenbCcTBO ee He mnpejcTaBisieT Tpyaa. O6o3nauum o6beuHe-
nue Bu Cuepes D = BU C 1 npuMeHUM CBOICTBO 6 K BEPOSITHOCTSIM
P(AUD) u P(BUC):
P(AUD)=P(A)+P(D)-P(AD),
P(D)=P(B)+P(C)-P(AC).
Torma numeem
P(AUBUCQC)=
=P(AUD)=P(A)+P(B)+P(C)-P(AC)-P(AD).
OxonyatesbHast PoOpMyJIa MOTyYaeTCs U3 TPECTABICHIIS:
P(AD)=P(AN(BUC))=
=P(ABUAC)=P(AB)+ P(AC)-P(ABC).
OOGOOIIeHHDBIIT BADHAHT TEOPEMBI CJIOKEHUST BEPOSITHOCTEN JIJIst

JO6OT0 YKCJIa TPOM3BOJIBHBIX COOBITHI C(OPMYJIMPOBAH B YIPAXK-
nenun 10.

YupaxxHenus

1. Vcnbltanue uMeeT YeTbIpe UCXOMa Gy, dy, Az, dy . Ilepednciure Bce
coObitus. KakoBo ux unc/o?

Omeem: 16.

2. Kaxos cmbica pasercts ABC = A; AUBUC =A47?

Omeem: Ac BC; A> BUC.

3. Jlokaxxure, 4TO AUB:E; ABC=AUBUC.

4. Yupocrure (AU B) (A U E) .
Omeem: A.
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5. Jlokaxure, uto u3 A > B cuenyer HepaBerctso P(A) = P(B).

6. Kaxkoii otBet B npumepe 1, ecsu B 3asie 8 psijioB, a B KAXKJAOM PsiLy 8
MecT?

Omeem: BepOATHOCTH PaBHBI.

7. Urpasbnas koctb 6pocaercs ABa pasa. YeMmy paBHa BEPOSITHOCTH TOTO,
4TO CyMMa OYKOB Oyaer nenuTbcss Ha 3; Gymer Goubiie 7? Kakas us
BO3MOKHBIX cymM (2, 3, ..., 12) uMeer HauGOJIBITYIO BEPOSTHOCTD MOSIBJIC-
HUS TIPU JIBYX OPOCaHmsAX?

Omesem: 1,/3; 5/12; 6,/36 — BEpOSITHOCTH TOTO, YTO CyMMa PaBHA 7.

8. Kakas n3 n1ByX m306pakeHHBIX
[ 0 g 9 Ha pHucyHKe 14 ajekTpmyeckux cxeM I
A B u Il c Goublieit BepOSITHOCTBIO TTPOBO-
JIAT 3JIEKTPUYECKII TOK?
@ e e Omeem: cxema II; BepoarnocTb
st Hee pasHa 21,/64.
e 9. Uro BeposiTHee: TIpH ABYX 6pO-
CaHMSIX MOMHETBI MOJIYYUTb XOTsI OBl
A 9 B pa3 «opeJsiy» WU HOJYIUTH TOAPSI/I ABA
o e ™  pasa «pemuky»?
9 Omeem: 6ojiee BEpOSITHO IIOJIY-
0 YUTh XOTSI ObI Pa3 <«Opesi»; BEPOSIT-
HOCTb 3TOTO cOOBITUSI paBHA 3,/ 4.
Puc.14. dnexmpuueckue cxemvt ¥ 10. /[loxkaxkurte myisd TPOU3BOJIb-
ynpaxuenuto 8 HBIX coObItHil Ay, Ay, ..., A, dopmy-
Jy [AJSI BEPOSITHOCTH COOGBITHS
A=A4UAU...UA,, uto npousoiismer xorss 6bl OAHO U3 COOBITHIH
A, Ay, A

P(A) = iP(Ai) =Y P(A4A)+ Y P(4A4) -+ (-1)" P(4,..., 4,)

(3/1eCh B IPaBOM YacTH B KasK10i cyMMe, HAauMHAs O BTOPOi, CyMMUPOBaHIe
BEJIETCST 110 BCEM KOHEYHbIM HaGopaMm A, Ay, Az, ... TakuM, 4TO Kax7oe
cobbitHe A; BXOAUT TOJIBKO OJMH Pa3 B KAK/OE CIAraeMoe CyMMbI).
Yxasanue: Bociosb3yiiTech METOZIOM MaTeMaTHUYECKO MH/IYKIIUH.
11. IIaTp dYesOBeK NPHILIN B TOCTH U OCTAaBHJIM CBOU IILIANbBI B
rapzepo6e. YX0o/s, KaK/IbIi U3 TocTell B3SLT ILTATY «Haygady». UeMy paBHa
BEPOSTHOCTD TOTO, YTO KAXK/blil U3 TOCTEH HAJesl Yy>KYIO ISy ?

Omeem: 1/21—-1/31+1/4!1-1/5!=11/30.
§3. dnemeHTbl KOMGMHaTOPUKN

[TpeaBapuTesbHOE 3HAKOMCTBO C 3JIEeMEHTaMU KOMOM-

HaTOpUKN ObLJIO HAyaTo B TJ. 1.
[TycTb uMeeTest 1 31eMeHTOB (TIPEIMETOB), OTINYAKOIUXCS JAPYT
OT /Ipyra KakuMH-In60 TPU3HAKaMM, HAlpHMep, HOMepaMH MWJIH
nnjekcamu. Pasmewenuem 3 n 31eMeHTOB IO k OyieM Ha3bIBaTh
JM06yI0 COBOKYIIHOCTD 3JIEMCHTOB M3 3THX 7, Pa3MEIICHHBIX B
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OIIPE/IEJIEHHOM NOPsAAKe. PasIMuHbIMU CUNTAIOTCS pasMeleHus, B
KOTOPBIX MM MUMEIOTCS Pas/IMYHbIe 3JEMEHTBI, WM, eCJIU BCe BJle-
MEHTBI OJIHU ¥ T€ K€, TO PA3JI4Hbl MOPIJKI UX PACHOJOMKEHUS.

Ilyctp nns npuMepa B mopTdese UMEIOTCS TaKWe MPeJIMETbI:
pyuka (p), kapangam (x), muneiika (1), terpaap (1) u ouxu (o).
MBI IPOCUM OJIHOT'O U3 YYAIXCS JOCTATD [0 OUePe/IN ABa IPEAMETA.
IIpu 5TOM MOTYT IPeACTaBUTLCS caeaytolue caydau: (p,k), (p,n1),
(p,1), (p,0), (x,0), (,p), (x,1), (x,1), (;1,p), (a1,x), (i1,1), (11,0),
(1,p), (1,8), (1,1), (1,0), (0,p), (0,%), (0,1), (0,7). Ha mepsom
MecTe B CKOOKaX BBIMCAH IPEAMET, U3BJICYEHHBbIH M3 moprdes
HepBbIM, Ha BTOPOM — M3BJIEUEHHBII BTOPbIM. MBI BbINKMCAIU BCE
BO3MOJKHBIE pa3MelleHusl U3 5 MPEeAMETOB Mo 2, UX okazajoch 20.
YacTh U3 3THX pa3MeIeHnii OTJMYAETCSA TOJIBKO HOPSAKOM 3JIEMEH-
TOB, HAIIpUMeEP, MepBas Mapa U IecTas, Bropas u AeBsaTas. Hekoro-
PbI€ K€ U3 HUX OTJIMYAIOTCA U 3JIeMEHTaMI — IIepBas apa U BTopas,
nepBas M OAMHHALATASA U T.JI.

B npusejgennoM npumepe ObLIO HECJI0KHO IOJACYUTATH UYHCJIO
BCEX BO3MOKHDBIX Pa3MEIeHUI [yTeM HeIoCPeCTBEHHOTO MX BbIITH-
coiBanusg. OAHAKO B psAfie CJAydYaeB TaKoe IePeYrc/ieHre BeeX BO3-
MOYKHBIX Pa3MelleHnil OKa3bIBaeTCsl TEXHUYECKH 3aTPYAHATETHHBIM
WM Ke TPAKTUYECKM HEBO3MOKHBIM HM3-32 OTPOMHOTO BPEMEHH,
KOTOpPOE HEOOXOAMMO Ha 9Ty pa6oTy. ECTecTBEHHO TOCTaBUTh BOIPOC
0 pasbICcKaHuu o01el (popMyIbl IS YKCIa PA3IMIHbIX Pa3MelleHHit
M3 1 51EMEHTOB 110 k. DTO 4mCcI0 0603HAUAETCS CUMBOJIOM AF .

JlokaskeM, 4TO

A =n(n-1)(n-2)...(n—k+1).

C ar1oil 1esbio pa3o6beM Bce pa3MelleHus Ha 7 HelepeceKao-
MUXcss MexkJy coGoil Tpynn. B mepByio rpyimy BKJIIOYMM Bce
pasMeleHusi, HAYMHAOIIHECS] € TEPBOTO JJEMEHTa, BO BTOPYIO —
HAYMHAOIINECS] CO BTOPOro u T.A. Terepb, MOCKONbKY B IEpBOil
TPYIIIE IIEPBLIil 3IeMeHT ysKe (PUKCUPOBAH, Mbl MOXKEM 3Ty TPYIIILY
pas3buth Ha 7 — 1 TMOATPYII: B MEPBYIO TOATPYIINY HePBOU IPYIIIIbI
MBI OTHECEM T€ U TOJBKO T€ 3JEMEHTBI IIePBO TPYTIbI, § KOTOPBIX
BTOPOIl 1O TIOPS/IKY aJieMeHT OyzeT umeTb HoMmep 2. Bo Bropoit
MOJITPYTITIE BTOPBIM 3JIeMEHTOM OyJIeT 3JIEMEHT C HOMEPOM 3 U T.JI.
ATy omnepamio Mbl IPOJEJaeM JJist Kax/Ioi rpymnibl. B pesysbrare
Mbl momyuuM 72(n—1) pasauunbix moarpynm. IIpogo/KUB 3TOT
npoiecc pasbueHust fajee, Mbl yOEAUMCS, YTO BCEX pasMelleHuil
6ymer n(n—1)...(n—k+1). OueBugno, uro npu k = n uucIO
Pa3JIMYHBIX pa3MelleHnii paBHO

Ay =n(n-1)..2-1.
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PasmerieHnst 13 7 37IEMEHTOB 1O 12 HA3bIBAIOT NEPECMAHOBKAMU.
Mpb1 BBeJsin TiepecTaHoBKY B §1 TJ1.1 M MX YUCJIO COBIIQIaeT C TEM, UTO
o6o3HaueHo cumBoJoM n! (n-pakropuan).

Wrak, A) =n! n HOJIO)KI/IM 110 OIpeieIEHUI0 Ao =0!=1.

Tenepn (bopMyJIa JUIS A MO3KeT OBbITD 3alicaHa B HHOI dopme:

k_ n!
" (n-k)

Pasmeriervie U3 n 3JeMeHTOB 110 k, B KOTOPOM He (DUKCUPYETCs
HOPSIZIOK 5JIEMEHTOB, Ha3bIBAETCSI COYEMAHUCM V3 N HTIEMEHTOB 110 k.
PasimyHbIMI CUNTAIOTCS COUETAHMSI, OTJINYAIONIMECS IPYT OT Jpyra
XOTs OBl OTHUM 3JIEMEHTOM.

Dopmysa [1yg 9nCaa COYeTaHuil, KOTOpoe MbI 0603HAYNINA CHM-
BOJIOM Cff , Opuia Haiiziena B §8 ri.1. 31ech ke Mbl BBIBEJEM 3Ty
(opmyty, TOIB3ysICh MOHATHEM YHCJIA Pa3MelleHui A,’f .

PaccmoTrpuM Bce pasmeliieHusi U3 1 3J1eMeHTOB 110 k. Pazo6bem nx
Ha pasJIMyHble TPYNIIbI, B KAKJI0I 13 KOTOPBIX PasMelleHnsT Pas3Jin-
YaloTCcs TOJIbKO TIOPSIKOM 3JIEMEHTOB, HO HE COCTaBOM, a /iBe
Pa3IuYHbIe TPYIIDI OTJINYAIOTCS XOTs 6bI OgHUM ajneMeHTOM. Oue-
BU/IHO, YTO YHCJIO PA3JIUIHBIX pa3MeLueH1/H/1 paBHO Ak, a 4mncyio
Pa3JIMYHBIX PYIIIT COBHA/IAET C YHCJIOM C COYETAHUI U3 1 dJIeMeH-
TOoB 10 k. Ho BHYTpHM KaX[0#W W3 TIPYNI COAEPKUTCS CTOJBKO
pasMeneHuil, CKOJIbKIUME CIOCO6AMU MOYKHO TI€PECTABUTH R pas/ny-
HBIX TIPE/IMETOB, T.e. A,f . Takum o6pasom,

k_ A_,lf _ n!
AR R(n-R)
IIo onpenenenuio
cl=1.

PaccMoTpyuM Terepb HECKOJIBKO IIPUMEPOB HCIOIb30BAHUS KOM-
6uHATOPHBIX (DOPMYJI JiJIsSI PA3BICKAHUST BEPOSITHOCTEH CJIydailHbIX
COODBITHIA.

IIpumep 1. [Iatb npyseii skuByT BMecte. OHU PEIINIM, YTO yTPOM
OHU GyIyT TSIHYTb XpeOUil — KOMY U3 HUX ITOWTH B Marasus, 4TOObI
KyNHUTb K 3aBTpaKky cBeskero xse6a. Ha ozpHoit u3 msatn Gymaskek
Gyner ctosTb GYKBa <X», ¥ TOT, KTO BBITSIHET TAJIOH C 3TOil GYKBOI,
JIOJDKEH WATH 3a TMOKymKou. [lasg xoro m3 mapyseil BepOSTHOCTD
BBITSIHYTb TAJOH <«X» Oy/eT HauMeHbIeW: [JIsi TOTro, KTO TSHET
JKpeOuil TIePBbIM, BTOPHIM, TPETHUM, YETBEPTHIM HJIU TISITHIM ?

WcxomoM 3zech cieayer Has3BaTh J0OYI0 U3 5! 1I€PecTaHOBOK
(tasioHoB). HaiijieM BEPOATHOCTD TOTO, UTO GUIIET «X» JOCTAHETCS k-
My TI0 CUETY JIPYTy. DTOMY COOBITHIO 6JIarONPUATCTBYIOT BCE CJIydan,
B KOTODPBIX TAJOH «X» BBITACKUBAETCSI R-M TI0 CYUETY, a OCTAJbHbIE
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YeThIpe TAJTOHA MOTYT IMOSIBISTHCS HA JIOOOM IO CUETY MecTe. ITO
MoxkeT mpousoiitn 4! crnocob6amu. Takum 06pasoM, BEPOSITHOCTD
BBITSIHYTb TAJOH «X» k-My IO cueTy Jpyry paBHA
41
TS

Irta BEpPOSTHOCTD He 3aBUCUT OT R, T. €. OT TOTO, KAKUM IO
MOPSIZIKY OYEPEAHOCTH BBITITUBATH JKPeOUil, TaK 4YTO TOCJE[HUI B
ovepe/l UMeEeT TAKylO JKe BepPOSITHOCTb BBITSHYTb KpeOHii, Kak U
TIEPBBIH.

ITol 3aj1aue MOXKHO TIPUATh U [PYTUE Pa3JINYHbIe, HHTEPECHDIE
B NPUKJIAHOM OTHOIIEHUH (POPMYJIUPOBKH.

Ilpumep 2. B smuke umetorcss 10 Geibix u 5 YepPHBIX IAPOB.
Haypauy Beraumaior 3 u3 Hux. Kakoe cOOTHOIIIEHUE MAPOB 110 I[BETY
cpeI BBIHYTHIX ITApOB HamboJjee BEpOSITHO?

OGosznaunm uepes A; ; coObITHE, COCTOAINIEE B TOM, YTO CPEH
TPEX U3BJICUCHHDIX IAPOB i OKAKYTCS OeJbIMU, a § — YePHBIMHU, i +
+ 7 = 3. OueBHJHO, YTO MOTYT OCYIIECTBUTLCS Takue coobTusi: Asy
Ayy, Ay, Aps. Tak Kax NOPSIOK M3BJIEYEHUs IIAPOB HAC He
MHTEPECYET, TO O] HJIEMEHTAPHBIM COOBITHEM CJIEJIyeT MOHUMATh
Jo6oe coueranue Tpex 1apos u3 15. Torga cobbitue As( cocront us
Cjl, anementapubix co6brtuii (BbiHEMaIOTCS Kakue-To 3 13 10 Gesbx
mapos), cobbitne Ay; cocront ns C4C) snementapubix coGbrrmii,

cobbrtne Ajy — us C}C? snementaphbix coGbituii u Ay us C2
3JIeMEHTaPHBIX COOBITHI. BeposTHOCTH HHTEPeCYIOMUX HAC COOBITHIH
PaBHBI

Cl 24
P(A3YO)=C—%=§:0,264,
P(A21):C‘2°C§:£:0494

’ ck 91 T
p(Au):%:Z_Ozozzo
' cy 91 T

c: 2
P(AO’B):C—E_:azO,OZZ_

b

Takum o6pa3om, HanboJjiee BEPOSITHO MOSIBJAEHUE ABYX GEJIBIX U
OJTHOTO YEPHOTO IIapa.

IIpumep 3. B coBokynroctu u3 M + N npeameroB M npeaMeToB
006J1a71a10T HEKOTOPBIM CBONCTBOM A, a N TIpesMeToB He 06JIa/1aloT.
113 510§ COBOKYITHOCTH IIPEIMETOB BLIHUMAIOT HAayJauy R IIpe/IMETOB.
CripammBaeTcsi: 4eMy paBHA BEPOSTHOCTDb TOTO, YTO OYAYT M3BJeUe-
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HBI 7 TPEIMETOB €O CBOICTBOM A W n = k — m IpeaMeToB, He
006J1a/1aI0MUX 3TUM CBOWHCTBOM?

dra 3amaya urpaer GOJBIIYIO POJb B O6JACTA MPAKTUIECKOTO
NPUMEHEHUST MaTeMATHKN B AeMorpaduil, CTaTHCTHKE HACEJEHUs,
CTATUCTHYECKOM KOHTPOJIE KAYeCTBA MPOLYKIIUH.

Vcxo/ aTOTO MCIIBITAHHUS COCTOUT B IOSIBJICHUS JIFOOBIX R ITpejiMe-
ToB u3 yuciaa M + N. IlockosbKy Hac He MHTEpecyeT IOpPSIOK
HOSIBJICHHUS 3TUX NIPEAMETOB, o0llee YNCJIO Pa3/INYHBIX dJIeMeHTap-
HBIX coObrtHit paBno Chy,y . Ouesmano, uro 0<m <M wm
0<m<n m 0<n< N, B UHOM cJyyae BEPOSITHOCTb MOSIBJECHUS
UHTEpecyonero Hac cobbitust pagHa 0. V3Bieub m mpeamMeToB co
csoiictBoM A MoxkHo Cpy pasiuuHbiME criocobamn. Ho kaskbiit
€110co6 U3BJICYEHYS 71 IIPEAMETOB CO CBOICTBOM A MOXKET cOYeTaThCs
¢ JIIOObIM CIIOCOGOM U3BJICYEHHS 7 TIPEIMETOB, He 00/IaJal0IIX 3TUM
cBoiictBoM. CuiefioBatesibHO, 00liee YHCJIO0 GJIaronpUsITCTBYIOMNX

ucxon0B pasHo Cyy - Cy, a HCKOMasi BEPOSITHOCTb PaBHA

Cy - CY
Cliiy

Ilpumep 4. Vimetorcsa N gueex u n 4acTuil. YacTHIIbI «HAYIaqy >
pasMemnaiorcesi 1o suefikam. HaliuTe BepOSATHOCTb KaKIOTO U3
BO3MOKHBIX Pa3MeIeHMUid.

Jra 3ajjaua IPeJCTaB/sIeT 3HAYMTEbHBIH WHTEpeC s Psijia
BKHBIX Ipo6JeM PU3NKN, XUMUH, OGUOJIOTHN, TEXHUKH. B 3aBucu-
MOCTH OT CIIEIM(PIYECKOTO CyIecTBa MPOOIEMBI CIOBO <«HAyAady»
UMeeT PAa3JMYHBIA CMBICT. MBI paccKa’keM O TpeX PasJMYHBbIX
HOJX0/IaX, pa3paBGoTaHHbIX B (PU3NKE U MPUBE/IINX K CTATUCTUKAM
Makcsesta—Bosabimana, Bose ditnmrreitna 1 epmu—/lupaxa.

a) Cmamucmuxa Maxceerra—Borvumana. TIpeanonoxum, uto
BCE YACTHUIIBI M BCe SYEHKM PasJMuHbl U KaK/as W3 7 YacTHUll C
BeposiTHOCTHIO 1 /N MOKeT nonacTb B JIIOOYIO STYeKy HE3AaBUCUMO OT
JIPYTUX Y9acTuIl. Ync/ao BCeBO3MOXKHBIX PA3JNYHBIX PACTIOJIOXKEHHH
YACTHIL [0 STYeiKaM, KaK JIErKo MoHsATh, pasHo N . Haiiem Terepnb
BEPOATHOCTb TOTO, YTO B IIEPBOi S4elfke OKaKYTCS 7; 4YaCTHUI[, BO
BTOpOi — 7y, B N-if — ny . IlonATHO, 4TO HEKOTOPbBIC U3 YUCET 7y,
ny, ..., My MOTYT OKazaTbcsl Hyasmu. Ha dopmyny ans umcaa
COYeTaHWIT W3 1 3JIEMEHTOB TI0 72 MOJKHO CMOTPETh KaK Ha pa3Melle-
HUE 7 2JEMEHTOB 10 ABYM sveiikam (N = 2), npuuem 7, = m u
n, =n— m. IIoBTOPUB ITOYTH TOCTOBHO PACCYKACHNUS, IPOBECHHBIE
HaMU TIpU BbIBOJIE (DOPMYJIBI JIJISI YUCJIA COUYETAHUIl, MbI TOJIydaeM,
YTO YUCJIO BCEX BO3MOXKHBIX Pa3JMYHBIX CIIOCOO0B pa3MelleHus 1
371eMeHTOB 110 N sT4eiikaM, IIpu KOTOPOM B IIEPBYIO U3 HUX TTONAIaeT
1y 3JIEMEHTOB, BO BTOPYIO — 7, 3JIEMEHTOB U, HaKOHeIl, B N-10 — 7y
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ssieMeHTOB (ny =n—n — 1y —...Ny_; ), PABHO
n!
nlnyl..ny!’
Tenepb SICHO, UTO BEPOATHOCTb YKAZAHHOTO PA3MEICHUS] PaBHA

P(ng,ny,...,ny) = n—Y
nlny!l...ngy IN"

PaccmorpumM a1y 3azauy ipu n < N 1 HaiiieM BepOSTHOCTDb TOTO,
YTO B OnpedesleHHblX SUEHKAaX OKasKeTCsl MO OJHOW dvacTuIe, a
ocTasnbHble 6yyT MycThl. VIcKOMas BEpOSITHOCTD, KaK 3TO BBITEKAET
n3 GopMyJIbl, paBHA
n!

Nﬂ *

BeposiTHOCTD TOTO, 4TO MPOM3BOJIbHBIE STYENKHU COAEPKAT MO OHOM
vacrtuue, 6oapme B Cy Pas M, TakKMM 06pasoM, 3Ta BEPOATHOCTDb
paBHa

P =

" N
Py =Cyp NT(N =)

6) Cmamucmuxa Bose—diwmetina. TIpeanoaoxuM, 4To dac-
THIIbI HEPA3JIMYUMbI MEKY co60ii. Torza pa3menieHns: OTIMYa0TCs
He HOMepaMH 4YacTHIl, a YUCJIOM YacCTHI[, IONABIINX B KAKIYIO
saefiky. Uncso ncxofoB B cTatucTuke bBose—DiHmITeiiHa, KaK MBI
ceifyac mokaxxeM, paBHO Cy,,_; - OTOT PE3yJIbTaT UMEECT IIPOCTOE U
U3SIHOe KOMOMHATOPHOE PEIIeHHE.

Pacnosiosxum B onun psify N + 1 BePTUKATIBHYIO UEPTOUYKY U 72
TOYEK; UMEHHO, MMeeTcs B BUAY, 4yTo N — 1 ueprouka m n TOYEK
PAacIIoJIOKeHbl B IPOM3BOJIDHOM TIOPSIIKE MEK/IY JABYMSI KpaltHUMU
yeproykaMu. KaxkapIii TPOMEXKYTOK MEXIY ABYMS COCEIHUMU dep-
TOYKAMU Oy/IeM paccMaTpUBaTh KaK sUEHKY, a TOUKM — KaK YacTHIIbI
(Bcero stueex N; e/ [IBe 9EPTOYKH CTOST PSAAOM, TO COOTBETCTBYIO-
mas sdeiika cumraercs mycroi). /IBe KpaiiHue 4epTOYKH OCTaBHM
HeNno/JBIKHBIMU, & N — 1 BHYTPEHHIOIO YePTOYKY M 7 TOYEK CTaHeM
MepecTaB/IsITh BCEMH BO3MOXKHbBIMU criocobamu. Obriee 4ncjao BO3-
MOXKHDBIX II€PECTAHOBOK 4eprouek M Touek paBHO (N +n-—1)!,
OJTHAKO CPe/IN HUX MMeI0TCs TOK/IeCTBeHHbIe. B camoM feste, pasimd-
HBIMU TIEPECTAHOBKAMH MBI CUNTAJHN, BO-TIEPBBIX, T€, B KOTOPBIX
MEHSIIOTCSI MeCTaMM 4YepTOYKM, W, TaKuM 0Opa3oM, Mbl CUUTAJIN
kaxjoe pasmentenue (N —1)! pas. Bo-BTOpbIX, MblI CuHTAIH pas-
JIMYHBIMU CaMM TOYKH U T€M CAaMbIM KakK/I0e Pa3MelieHre Mbl CIUTaH
n! pa3. [loaToMy unCI0 Pa3IUYHBIX Pa3MEIeHNiT YaCTHUIT TI0 sSTYeKaM
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JUIST CTaTUCTUKKA Boze—IiHINTElIHA paBHO
(N+n-1)

— YN+n-1 -
(N -n)!n!
PaccmorpuM Tenepb BeposITHOCTA py U p, A cTatucTuku Bose—
ditamteitna. BepoarHocts nmonagauus B 3adannvie n sueek (n < N)
110 OJTHOH YacTHIle pPaBHA

1 n!(N —1)!

) Cyint (N+n=1)I

BeposTHOCTD IOTIaJaHNS B TPOU3BOJBHBIE 72 TUEEK 110 OHOI YacTHIle
paBHa

P1

cL . NIN-1)!
Nonat (N+r-1DI(N -n)!"

B) Cmamucmuxa @epmu—/Jupaxa. B 3Toii cTaTUCTHKE HE TOIBKO
ycTpaHeHa UHAUBU/YaIbHOCTb YaCTHI], HO U IIpe/Iliojaraercs, uro B
KXKIO0M sT4eiike MOXKeT HaXOAUThes He 6oJiee 0HOi yacTuibl. Obmiee
YUCIO0 PA3JINYHBIX pasMentennii n qactui mo N sueiikam (n < N )
paBHO Cy, (9TO UHCJIO yiKe OIPE/Ie/IAI0Ch IPH PacdeTe BEPOSITHOCTH
P, B Coyuae a)).

Bepoarnoctu p; u p, B craructuke @epmu—/lupaka paBubl

P2 =

1 n!(N —n)!
=—=———— :1_
P1 R N P2

Yunpaxxuenus

1. HaiiznTe BeposSTHOCTD TOTO, UTO /iBa Jinna A m B OKaXyTcs psioM,
€CJIU OHU PACCASKUBAIOTCSI BMECTE ¢ 15 OCTAJIbHBIMU TIPOU3BOJIHBHBIM 06PA30OM
B psijl, HacuuThIBaoNmil 17 Mecr.

21160 2
17! 17

2. 1 IeBOYEK U N MAJIBYUKOB PACCAKUBAIOTCS TPOM3BOJIbHBIM 06Pa3oM B
psiay u3 2n Mect. KakoBa BepOSITHOCTb TOTO, YTO HUKAKUE [[BE IEBOYKH He
OKa)XyTCS PSJIOM; 4TO BCE JEBOYKU OYAyT CHIETH PSIZOM?
2(nl)’ (n+1)(nl)

@n)l ()]

3. Ha maxmMatHyo J0CKy IPOM3BOJIbHBIM 00pa30M MOCTABUJIN BE JIaIbI
(Gesy1o 1 4epHyI0), KOXKAYIO B CBOIO KJETKY. UTO BeposiTHEe: TOGBIOT 9Th
JaIbu IPYT IpyTra UJd HeT?

Omeem: BeposTHee, YTO He MOOBIOT; BEPOSITHOCTb ITOrO PaBHA
64-49 49

64-63 63"

Omeem:
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§4. YcnoBHble BEpOATHOCTU U HE3aBUCMMOCTb;
TeopemMa yMHOXeHus BepOﬂTHOCTeI;I

[Tpu penreHnn BEpPOSITHOCTHBIX 33/]a4 YaCTO BO3HUKA-
eT HeoOXOANMOCTD OIPE/IeUTb BEPOSTHOCTb COOBITHSI B CUTYAIUH,
KOIZla O HeM HMEIOTCS HEKOTOpPbIe IONOJHUTEJIbHDBIE CBEICHUS.
OO0bIuHasi TTOCTAHOBKA MPOGJIEMBI TIPU 9TOM TAKOBA: HY)KHO HalTH
BEPOSITHOCTb COOGBITHST A 1ocje TOro, Kak CTajg0 M3BECTHO, YTO
HEKOTOpoe coObITHE B IIPON30IILI0; NHBIMH CJIOBAMH, U3BECTHO, YTO
UMeJI MECTO HeKOTOPbI UCX0/], 6/1aronpusITCTBYIONINI COOBITHIO B.
Tak, ecim HaM HY)XHO OIIpe/IeIUTb BEPOSTHOCTb TOTO, YTO YHCJO
OYKOB IIpH 6POC3.HI/H/I I/IFpZi]IbHOfI KOCTH 6y1:[eT YETHbIM, a HaM CTaJio
M3BECTHO, YTO BBIIAJIO YHCJIO OYKOB, MEHbIIee 4; 3TO 03HAYAET, YTO
HACTYILJIEHUTO MHTEPECYIONIEro HAC COOBITHS 6IarOIPUSITCTBYET TOJIBKO
OJIH M3 TpeX BO3MOKHBIX MCXO/IOB.

[Tpeamomnoskum, uro u3 obmuiero uncaa N BO3MOXKHBIX HUCXO/I0B M
UCXO0/I0B GJIATONIPUATCTBYIOT HACTYILJIEHUIO COOBITHSL B, a cOOBITHIO
AB O6maronpusaTcIByIOT R ncxonoB. Ilyctb cobbitre B HacTymmio.

Ycnoenoii seposimnocmoto cobbiTist A IpU YCJIOBUH, YTO HACTY-
[0 COObITUE B, Ha3blBaeTCA OTHOLICHHE 4YUCJa TeX 6JIaFOHpI/IHT-
CTBYIOIINX A MCXO/I0B, KOTOpbIE GJATONPHUATCTBYIOT U B, K unciy
BCEX MCXOJI0B, GJIATONPHUATCTBYIONMX B. JTy BeposiTHOCTH OyjeM

0003Ha4YaTb CUMBOJIOM P(A/B) . Torga mo onpeaesneHnto
P(A/B)=k/m .

Ecmu B — neBo3MoOkHOE cobbiTue, To 6y/eM CUMTATDh, YTO BEPOSIT-
nocre P (A/B) we onpenenena.

3ameTuM, 4TO
k/n
m/n’

1o P(AB)=k/n, P(B)=m/n. [lostomy
P(A/B) = M .
P(B)

MpbI TOTyYn/in BaKHOE COOTHOIIIEHME, TT03BOJISIONIEE BEIYNCITIATD
ycaoBiyio BepositHocts P (A/B) mo Bepositnoctsim P (AB) u
P(B) (mocnemnue BepOSTHOCTH €CTECTBEHHO Ha3BaTh 6€3YCA06HbL-
Mmu). 3aMeruM, 4TO ToJyYeHHas (OPMyJia CIy>KUT OIpejeseHrueM
YCJIOBHOW BEPOSITHOCTU ¥ B OOIIEM CJIydae.

IIpumep 1. Tpoe Bammx npusiteseil >KUBYT B KAKUX-TO U3 JJOMOB
¢ Homepamu ot 1 10 50. B xakgom u3 atux gomos mo 100 xkBapTup
c Homepamu ot 1 0 100. I'e >kmBeT Kask/Ablil 13 BaIIUX TIPUSTEIEH,
Bbl TOYHO He 3Haere. BaM M3BECTHO JUIIb, YTO a) HOMEP KBapPTUPDI
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[EePBOro OKaHuMBaeTcs Ha 3; 6) HOMEp JI0oMa BTOPOTO JEJIUTCA Ha 5,
a HOMEP ero KBapTUPbl — Ha 2; B) CyMMa HOMEPOB KBaPTUPBI U J0MA
Tpetbero paBHa 100. B xakoM 13 aTuX ciIy4aeB BepPOSTHOCTD MOMACTD
B HYJKHYIO BaM KBapTHPy C IEPBOr0 pasa HauboJbInasi?

O6o3HaunM yepe3 A coObITHE: HOMEP KBAPTUPDI OKAHUYNBAECTCS HA
3. SlcHo, 9TO YMCJIO BCEBO3MOMKHBIX AJIEMEHTAPHBIX COOBITUI, GJ1aro-
npusarcrytommx A, 6yger 5010 =500.

[Tyctp B — co6biTHE, COCTOSIIIEE B TOM, YTO HOMED /IOMA JIEJUTCST
Ha 5, a HOMep KBaprtupbl — Ha 2. OueBuanHO, 4To U B coctout u3
10-50 = 500 asileMeHTAPHBIX COOBITHIA.

Hanee, C — co6bitue, s KOTOPOTO CyMMa HOMepa JoMa U
nomepa kBaptupbl paBHa 100. [Inga C umeercs 50 ajieMeHTapHBIX
COOBITHIA.

Haxomnery, D — co6pITne, cocTosiee B TOM, YTO C TIEPBOTO 3aX0/a
yAaeTcs MOMAcTb B HYXXHYIO KBapTHPY.

Wckombie BEpOSITHOCTH PaBHBI

1 1 1
P(D/A)=—, P(D/B)=— 6 P(D/C)=—
(D A) =<5, P(D/B)=o, P(DC) =~
Jlns cpaBuenust puBeseM (Ge3yCJIOBHYIO BEPOSITHOCTD COGBITHUS
D:
P(D)=—
5000 °

CdopmympyeM 371echb CBONCTBA YCJIOBHBIX BEPOSITHOCTEH, IO-
J06HbIe cBOiicTBaM Ge3yCJOBHBIX BeposiTHOCTEH u3 §2.

1. Beerna 0< P(A/B)<1, npuuem P(A/B)=0, ecou AB —
HeBO3MOXKHOe cobbitue, U P(A/B)=1, eciu AD B.

2.Ecomu C=AUB n AB =, T0 A1 mo6oro coObITH

P(A/D)+P(B/D)=P(C/D).

Jrta TeopeMa CJIOXXEHUsI BEPOSITHOCTEN PACIPOCTPAHSIETCS] W Ha
cayuyait, korma A=A UA,U---UA,, Aj-A]- =@ upu i#j;1,]=
=1,2, ..., k:

P(A/D) =P(A/D)+P(A/D)+...+ P(Ak/D) .
3. Eciu A - coObITHE, TIPOTHBOIIOJIOXKHOE A, TO
P(A/B)=1-P(A/B).

Broinucanmple CBOHCTBA JOKa3bIBAIOTCSI TOYHO TaK JKe, KaK U
aHaJOTHYHbBIE CBOICTBA A7 6e3yCJOBHBIX BeposiTHOCTel. [lokasa-
TEJBCTBO 3TUX CBOMCTB MOKET CTATh JJISI BAC XOPOITUM yIPakKHe-
HUEM.
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IIpumep 2. DiekTpuyeckue CXeMbl, O KOTOPBIX peyb MOHJeT
Jasplie, coOpaHbl U3 3JIEMEHTOB, KOTOPbIe MOT'YT B MOMEHT BKJIIOYe-
HUS ¢ BeposATHOCTBIO 0,5 MPOBOJUTH TOK M C BeposiTHOCTBIO 0,5 He
npoBoAMTh TOK. COCTOSTHHE KaK/I0OT0 M3 3JIEMEHTOB HE BJIMSIET HA
COCTOSTHHE JIPYTHX.

a) MsBectHo, uTo 1enb (puc.15) mposoaut Tok. KakoBa BeposiT-
HOCTb TOTO, 4TO 3JieMeHT 1 IIpoBoauT ToK? KakoBa BeposSTHOCTD TOTO,
YTO 2JIeMeHT 2 TpoBOoANT TOK? Kakas m3 BeposiTHOCTEl 6oJbIie?

=0
—o-6o—
111 (:)

Puc.15. Saexmpuuecxasn Puc.16. nexmpuueckas cxema
cxema kK npumepy 2 K npumepy 2

6) Ussectro, uto nenb (puc.16) nposoaut Tok. YeMy paBHbI
BEPOSITHOCTH TOTO, YTO TOK TpoBoAAT y4yactku I, IT m I11?

B) Mssectno, uto nenb (puc.17) He mpoBoanT TOK. KaKoBbI
BEPOATHOCTH TOTO, YTO TOK He mpoBoagaT ydactku I, 1T u III?

©,
I I 111

Puc.17. dnexmpuueckas cxema x npumepy 2

Pewenue. a) TIOCKOJIbKY B 1111 UMEIOTCS 5 9JIEMEHTOB U KayK [blii
I3 HUX MOYKET HaXOAMThCA B OJHOM M3 JABYX COCTOSHHI, TO IleIib
MOXKET HaXOJUThCA B 2° = 32 COCTOSHUAX. BBemeM 0603HAYCHUS:
A; — cobbITHe, COCTOsIIee B TOM, UTO 3J1eMeHT 1 IpoBoauT ToK; A,
— cOOBITHE, COCTOSIIEE B TOM, UTO dJIEMEHT 2 MMPOBOJIUT TOK; B — Bcs
IIeNb TTPOBOUT TOK.

13 Bcex 32 BO3MOKHBIX COCTOSTHUN 3J1eMeHTOB Ifenm B 16 oHa
MIPOBOJUT TOK. B 3TOM J1erk0 y6eauThesi, BBIUCAB BCE BO3MOXKHBIE
cocrosinust. B cienyromeit Hiske Tabiuuke 6yKBa 72 0603HAYAET CJIOBO
«IPOBOANT», OYKBa M — CJIOBO <«HE IPOBOAUT»; MECTO OYKBBI
O3HauaeT HOMEP JIeMEHTA, 3HAK «+» O3HAUYAET, YTO IeNb MPOBOINT,
a 3HaK «—» — 4TO IIeNb He TTPOBOINT TOK.
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nnnnn + (1+)
C omHoii 6yKBOIl # BCe TIPOBOJAT (5+)
HINHA —,NNHAH — (2-)
Bce ocranbhble ¢ Tpema Gyksamu # He nposogar  (8+)
nHnHH +,HuHnn + 2+)
Bce ocraabhble ¢ TpeMa GykBaMu . He TIPBOAAT (8-)
C ueThipbMsl GYKBaMH # BCE HE TPOBOAAT (5-)
HHHHH + (1-)

Takum o6pasom, P(B)=0,5. [laxee HaxoguM, 4TO
P(AB)=11/32 u P(A;B)=9/32. Otciona HaX0uM, 4TO

P(AB) 1132 11

P(A/B)= P(B) 16/32 16’
P(Az/B)z%z%.

6) Beemem caenyrorue 0603HaueHust COOBITHI: A; — y4acTok I
npoBoauT ToK, A, — yuactok II nmpoBogutr Tok, A; — y‘{aCTOK_HI
IPOBOAUT TOK, B — 1enb mpoBogut ToK. Jlerko nmojcuurtars P (B) ,
T.€. BEPOSITHOCTD TOTO, YTO II€Nb He ITPOBOUT TOK. /LT 3TOTO HYXKHO,
4yTOOBI HU OZINH M3 YYaCTKOB He MPOBOANJ TOK. M3 64 BO3MOKHBIX
ncxonoB 21 65aronpuATCTBYET 3TOMY cO6bITHIO. TakmM o6pasoM,
P(B)=43/64.

Tak kax A; Bieder 3a coboit B, To AB = A;. Ho cobprtiio A,
6JIATONIPHUSITCTBYIOT POBHO 8 MCXO/I0B — aJieMeHThl 1, 2, 3 npoBoAsT
TOK, a 3JIeMEHTHI 4, 5, 6 MOIyT HaXOAUThCS B MIOOBIX cocTosHUAX (a
Takux coctosnuii Becero 8). Takum ob6pasom, P(AB)=8/64. Ilo-
IOGHBIM JKe croco6oM y6eskaaemcst B ToM, uto P(A,B)=16/64 u
P(A3B) =32/64 .

CurenoBaTresbHO,
P(A1/B):%:%y
P(afm) =2 = 8
P(4y/B) = % -2

Pemenne 3a/1auy B) HUYEM He OTJIMYAETCS OT PEIeHHs 3a1a4u 0),
TOJIBKO TIOBCIOMLY CJIE/IyET 3AMEHUTH CJIOBO «IIPOBOUT> HA CJIOBO <HE
mpOBOAUT>. VICKOMbIE BEPOSITHOCTH OKA3bIBAIOTCSI PABHBIMHU COOT-
BercTBeHHO 8 /43, 16 /43, 32 /43.
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B Teopum BeposiTHOCTEN OYEHDb BAKHYIO POJIb UTPaeT MOHSTHE
He3asUCUMOCMU CITYIANHBIX COOBITHA.

CoObiTie A Ha3bIBAETCS He3d6UCUMbIM OT COOBITUS B, ecyin uMeeT
Mecto paserctBo P (A/B)= P(A), 1.e. ec/m ycI0BHAs BEPOSTHOCTD
co6bITust A IPK YCJIOBHHM, 4TO cOOBITHE B ITPOM30IILIO0, COBIIA/IAELT C
6€3yCJIOBHOI BEPOSITHOCTBIO COOBITHS A.

[TpuBesieM HEKOTOPBIE TIPUMEPBHI.

IIpumep 3. 13 KoJI0/1bl KapT BBIHUMAIOT Haygady Kapry. Hemy
paBHA BEPOSITHOCTb TOTO, YTO 3TA Kapra OKakeTcst Tysom? Eciu B
KoJs1o7te 36 KapT, TO JIETKO BH/IETD, YTO MCKOMasi BEPOSITHOCTb PaBHA
4,36 =1/9. Urak, BepostHocTb coObiTust A pasua 1,/9. Ilpeamo-
JIOXKUM Telepb, 4TO IPOU30ILI0 coObITHe B, cocrosiiiee B TOM, YTO
BBIHYTasI KapTa OKasaJjach 4epHoil. UeMy paBHa yCJIOBHAs BEpOST-
HOCTb BBIHYTb Ty3 TIPH 3TOM JIOHNOJHHUTEJbHOM ycjaoBuu? Jlerko
BU/IETD, YTO TEHEPb y HAC MMEIOTCS TOIbKO 18 Bo3MoXKHOCTEH U U3
HUX 2 GJaaronpustcTByoT cobbituio A. TakuMm o6pas3oM, ycaoBHAs
BEPOSITHOCTb COOBITHS A TIpM YCJOBUM, 4TO B HACTyNWJoO, paBHA
6e3ycJioBHOI BeposTHOCcTH. CobbITie A He 3aBUCHUT OT coObITus B.

IIpumep 4. B kiacce 4 yueHnKa, IMEIOMNX HEYOBJIETBOPHUTEb-
Hple onenku 1o npeameraM A, B u C. IlepBblil yueHUK uMeeT
HEYy/JOBJIETBOPUTEJIbHYIO OIEHKY IO mpeaMmery A, BTOpoil — O
npeaMetry B, tpetuii — o npeamety C, a 4eTBepThIi — 110 BCEM 3TUM
TpeM mpeaMeraM. /IMPEKTOp MIKOJBbI 3HAET, YTO Yy 3THX YeThIpeX
YUEHNKOB Hey/I0BJIETBOPUTEJIbHbBIE OlleHKN 1o npeameram A, B u C,
HO HE 3HaeT, y KaKOro yYeHHKa 110 KakoMy IipeaMmeTy. Bo Bpems
HepeMeHbl OH BCTPEYAET O/IHOTO U3 YUEHUKOB 1 roBopuT emy: «Koraa
JKe ThI NCTIPABUIILCA 110 TIpeaMety A» ? SlcHo, uTo Kakoii Obl IpeMeT
OH HM Ha3BaJl, OH CKAKET MPABUJIBLHO TOJBKO C BepoSTHOCTbHIO 0,5:

P(A)=P(B)=P(C)=0,5.

ITycTh Termepb HaM CTAJO U3BECTHO, YTO JIUPEKTOP yrajas: JeicTBU-
TeJIbHO, Y 3TOT0 yUYEHUKA UMEETCsI HEYIOBJIETBOPUTEIbHAS OI[EHKA T10
npeamery A. Torpa qupektop noGasisier: «Te6e HYKHO MCIIPABUTDH
TBOW OTIEHKHU ¥ 10 TipeiMeTy By . C Kakoil BepOSITHOCTBIO TUPEKTOP
He ommbaeTcs U Ha 9TOT pa3? JIerko moacynTarh, 4To

P(B/A)= P(C/A)= P(A/B)=P(A/C)=P(B/C)=0,5.

MpbI BUAMM, YTO U B 3TOM nipumMepe cobeitust A, B, C, cocrosiniue B
TOM, YTO HAyZauy CIIPOIIEHHBIH M3 3TUX YETHIPEX YUEHIKOB MIMeeT
HEY/IOBJIETBOPUTEIbHYIO OIIEHKY 110 TIpeaMeTy A (COOTBETCTBEHHO 110
npeamery B u C), TakoBbl, YTO KaxKas Ilapa U3 9THX COObITHIL
SIBJISIETCS HE3aBUCHMOI.

ITyctpb cobbiTusi A u B He SIBISIOTCS HEBO3MOXKHBIMU. J[oKaskeM,
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4TO B 5TOM cJIydae coGbiTHe A He 3aBUCHT OT B, n coGbitue B He
3aBucuT oT A. VIHBIME CJIOBaMH, JOKQKeM, 4TO CBOMCTBO HE3aBUCH-
MOCTH CJIyYaiiHbIX COOBITHII ABISAETCS B3aUMHBIM.

Iycrs P(A/B)=P(A) u P(B)>0. Mbl uMeeM B CUIy OIpe-
Jle/IeHUs1 He3aBUCHUMOCTH M OIpE/e/eHns YCJIOBHON BEPOSTHOCTH
CJIe/TyIOlHe PABEHCTBA:

_ _P(4B)
P(A/B)=P(A), P(A/B)= PB)
otkyna P(AB)=P(A)P(B). Ho no onpeneneumo P (B/A)=
_P(4B)
- PA)
P(AB)=P(A)P(B), 10

ectu P(A)>0. Ilockonbky B HameM cJydae

P(4)P(B)
P(4)
s TIPOBE/ICHHOTO JOKa3aTeJabCTBa BBITEKAET BasKHOE CJIE/ICTBUE!

JUUIs1 HE3aBUCUMBIX COOBITHI A 1 B IMeeT MecTo meopema yMmoxenus
seposmuocmei

P(B/A) = =P(B).

P(AB)=P(A)P(B).

Herpyano jgokasarb u o06paTHOE YTBEpXKJEHHE: €eCJIH
P(AB)=P(A)P(B), o cobbitust A u B nHesasucumpr. OueBUIHO,
4TO CBOHCTBO HE3aBUCUMOCTH, BBIpAKaeMoe TocJeneii hopmy.oit,
uMeeT GOJIBIIYIO TIPHMEHHMOCTD, IOCKOJbBKY BKJIOYAET CJIydail
P(A)=0wum P(B)=0.

Teopema yMHOKEHUST BEPOSTHOCTEN [IJIsT TPOU3BOJIBHBIX COOBITUI
uMeeT BHJ

P(AB)=P(A)P(B/A)=P(B)P(A/B).

OG6061M TTOHATHE HE3aBUCUMOCTHA Ha J1060€ YKNCJIO COOBITHI.

Cobbrtust Ay, Ay, ..., A, HA3bIBAIOTCS HE3AGUCUMBIMU 6 COBOKYN-
nocmu (MU 63aUMHO HE3A6UCUMBIMIL) , €CJTH [T TI000r0 s, 2 < s < n ,
M IPOM3BOJIBHOrO Habopa coGbrrnit Aj, A;), ..., A;  Bpmomnsiercs
TeopeMa YMHOKEHUST BEPOSITHOCTEN B BUJIE

P(4 4y . 4) = P(4,) P(4;)...P(4;).
3ameTuM, uTO B TpuMepe 4 ¢ yueHukamu cobbitusi A, B u C B
COBOKYITHOCTH y3Ke He ABJISIOTCS He3apucuMbiMu (1ipoBepbTe 910!).
IIpumep 5. rpasibhas kocTb Gpocaercs jiBa pa3a. Pacecmorpum
coGbiTe A — 1pu 1IepBOM OpocaHuy BbINAIO 6 0YKOB U coObiTue B

— IIpA BTOPOM OGPOCAHUN BBINAJIO HEYETHOE YMCJI0 OYKOB. [[okaxeM,
4T0 co6bITUSI A U B HE3aBUCUMBI.
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B Hamem onbite numeiorcsi 36 pasinvHbIX 3JIEMEHTAPHBIX COObI-
tid. M3 HUX 1MeCTb CIAeAYIONMX GJArONPHSITCTBYIOT COOBITHIO A:
(6, 1), (6, 2), (6, 3), (6, 5), (6, 6).

Co6bite B Briouaer 18 seMeHTApHBIX COOBITHIl, MOCKOJIbKY
Ka)K/I0€ BBIA/[EHUE HEYETHOTO YHUCJTIA OYKOB MPU BTOPOM GPOCAHUN
MOKET COYETATHCS € JIOObIM U3 IIECTU BO3MOXKHBIX UCXO/I0B TIEPBOTO
6pocanns. Coboitne AB 6ymeT comep:KaTh TOJNBKO CJEIYIOIINe TPH
siemenTapuble cobbrtus: (6, 1), (6, 3), (6, 5). Takum o6pasom,

6 1 18 1
(4) 36 6’ (B) 36 2
"
3 1 11
(4B) 36 12 6 2 (4)-P(B),

YTO U Tpe6OBAJIOCH JOKA3ATh.

HerpynHo nokasaTb, 4To 1pu 7 GPOCAHUSX HMIPAJBHON KOCTH
COODBITHS, CBSI3aHHBIE C OT/IEIbHBIMU OpOCAHUsIMU, OyIyT HE3aBUCH-
Mbl B COBOKYNHOCTH. J[OKa3aresbCTBO NPOBOAMUTCS aAHAJIOTHYHO
IIPOBEJIEHHOMY PACCYXK/EHHIO /IS CIydast ABYX OPOCAHMIA.

Mpr niepeiizieM Temepb K BBIBOAY TIPOCTOM, HO BAYKHOH (hOPMY.JTHI,
HOCSIIEll HaMeHoBaHue (oPMYabl NOJHOU BePOSIMHOCU, KOTOPAst
CBSI3bIBAET OE3YCJIOBHYIO M YCJIOBHYIO BEPOSITHOCTH HEKOTOPOIO
COODBITHS.

[Tycrp naist cobourtuit A, By, B,, ..., B, onpejiesieHbl 1 OTJINYHbBI OT
Hyss1 caegyiomue Beposithoctn: P (By), P(B,), ..., P(By) u
P(A/By), P(A/B,), ..., P(A/By). Ilyctb nasee HaM N3BECTHO, YTO
Ac B UB,U...UB; u uro co6bitusi B; TIOMapHO HECOBMECTHBI.
MO3KHO JIM 110 9THM JIAaHHBIM HAiiTH BEPOSTHOCTb cOObITHS A 1 ec/n
MOXXHO, TO Kak? OTBeT Ha 3TOT BOIPOC U JlaeT (hopMyJia MOJHON
BEPOSITHOCTH.

[Tpesxae Bcero 3aMeTuM, YTO MMEET MECTO PABEHCTBO

A=A(B1UB2 UUBk)zAB1UABz UUABk

ITO paBeHCTBO XO-
POIIO HJLTIOCTPUPYETCS 5
Ha pucyHke 18, cxema- 1 B,
TU3UPYIOIIEM CUTYAIINIO
[ CAydasg 4YeThipeX o o | e / 7
coObITUI B1, B2, B3, B4 .

M3 HecoBMecTHOCTH © |® ® W / / % o o

o B B
cobbiTuil  B; BBITEKaeT 3
[ [ L [ ] [ ) *®
HECOBMECTHOCTb COOBI-

it AB; . CneoBatenib-  Puc. 18. K ebieody opmyvL noanoi eeposm-
HO, MOJKHO BOCIOJIb30-  HOCMU
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BaTbCST TEOPEMOH CJIOJKEHUS BEPOSTHOCTEIH:
P(A)=P(AB)+P(ABy))+...+ P(ABy).
Ho npu moGom i (1<i<k)
P(AB;)=P(B;)P(A/B;),
MO3TOMY
P(A)=P(B)P(A/B))+P(B,)P(A/By)+...+ P(B,)P(A/B,) .

Jto u ectb GoOpMyJia MOJHOI BEPOSTHOCTH.

IIpumep 6. ITaptust merasneit comepskut 20% neraneii, u3roTos-
JenubIx 3aBogoM I, 30% — sasomom II, 50% — szaBogom III. [Ina
3aBozia | BeposiTHOCTD BbIITycKa 6pakoBaHHOI jertasu pasHa 0,05,
mag 3aoxa II — 0,01, mua 3asoma III — 0,06. Uemy paBHa
BEPOSITHOCTD TOTO, UTO HAy/ady B3sATas W3 NapTUU JETaTh OKaKETCs
O6paKOBaHHOIT?

Beeniem caiemyiomme cobbitusi: A — BbIOpaHHAs JeTajb OKa3bIBa-

ercst 6pakoBaHHOU, By, B,, B; — JeTajb U3roTOBJEHA COOTBETCTBEH-
Ho 3aBojioM I, II, TII. HaM u3BecTHBI BEPOSITHOCTH:

P(B))=0, 2P(B,)=0,3, 2P(B;)=0,5,
P(A/B))=0,05, P(A/B,)=0,01, P(A/B;)=0,06.
ITo dopmysie TOTHON BEpOSITHOCTU HAXOAUM, UTO
P(A4)=0,2-0,05+0,3-0,01+0,5-0,06 = 0,043 .

[TpocteiM ceacTBIEM (DOPMYJIBI TIOJHON BEPOSITHOCTH SIBJISIETCST
Tak HasbBaeMas ¢opmyaa Baiieca.

[Tycrtb cobeitusi B; nonapuo necosmectiol 1 A  BiU...U By,
Torza

P(B;)P(A/B;)
k .
$p(s,)7(45)
=
B CaMOM /ieJie, n3 TeOpEMbI yMHO)KE)HI/IH BepOHTHOCTeﬁ
P(AB)=P(B/A)P(A), P(AB)=P(A/B)P(B)

P(Bi/A) =

crenyer ¢opmyna baiieca
P(4)
[ozcrasum B a1y popmy.y Boipaskerne 1ist P(A) mo popmyne
T0JIHOI BEPOSITHOCTH | TIOJIOKUM B = B; , 1 TOr/a 1101y 4nM hopmy-
ay Baiteca.
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3nauenwne artoit ¢popmyabl, oTkpoiToil T.Baitecom B 1763 rony,
3aKJI0YAeTCSs B TOM, YTO OHA CBSI3BIBAET BEPOSITHOCTH (Bj /A)
coGbrtuii  B; mocie HacTymsieHust coGbitust A ¢ BEPOATHOCTAMU
P( Bj) 1o Hactymienust A. B cratucTudeckux mpuMeHeHUsX coObI-

THA B; 4YacTO Ha3bIBAIOT <«THIOTE3aMU», BEPOATHOCTH P(B]-) -
«anpuopipiMu» (0T JaT. a priori — [0 OIbITA) BEPOSITHOCTAMH
runores B, a BepoATHOCTH P(B]- /A) — <«anocrepuopabiMu» (OT
7at. a posteriori — mocJie onbiTa) BEPOATHOCTSMU THIIOTE3 B; ToCe
HACTYILJIEHUsT COOBITHS A.

[Tponnmoctpupyem dopmy.ry baiteca na Marepnase npumepa 7.

Ilpumep 7. Ilycts BbMoOmHEHBI ycaoBus nmpumepa 6. Haymauy
BbIOpaHHAs JleTaJb U3 TAPTUH OKa3ajach GpakoBaHHOU. UeMy paBHa
BEPOSITHOCTD, YTO OHA Oblila M3roToBJieHa 3aBojaoM I, 3aBojom II,
3aBoztom 1117

Bynem npugepskuBatbest o6o3navenuii npumepa 6. Ham Heo6xo-
auMo Haiftn Beposithoctn P (B;/A), P(B,/A), P(Bs;/A). Tlo
dopmyJie Baiieca

P(B))P(A/B)) _0,2-0,05

P(B/A)=~ =iy =023,

E{P(B/‘)P(A/BJ‘) ’

=
0,3-0,01

P(B,/A) =222 20,070

(By/A) 0.043 :
0,5-0,06

P(B;/A)=—2""—""=0,698 .

Wrak, BEpOSTHOCTD TOTO, YTO GPAKOBAHHAS I€TAb IIPUHAITIEKUT
3aBony 111, B mecsitb pas Gosibliie, 4eM Ta K€ BEPOSITHOCTD /IS 3aBO/IA
II, u B Tpu pasa 6oJibllle, YeM Ta ’Ke BEpOSITHOCTD /ST 3aBoja 1.

YupaxxHenus

1. IIpn KakoM yCJOBHU BepOsITHEE YTajiaTh Pe3yJbTaT OGPOCAHUS ABYX
UTPAJTIBHBIX KOCTEll: eCJIi U3BECTHO, YTO CYyMMAa OYKOB paBHA 7 WU €CJIN OHA
pasna 10?

Omeem: ecau cymma paBHa 10, TO BEpOATHOCTb JTIOGOTO pe3yJbTaTa
paBHa 1/3; ecau cyMMa paBHa 7, TO BeposTHOCTb paBHa 1,/6.

2. Mosxet s 6bITH BepHa (popMyIa

P{(A1 UAz)/B} = P{A,/B}+ P{4,/B},
ecin AjA, — He mycroe coObithe?
Omeem: moxer. Hanmpumep, ecmn B = AjA, .

3. VMetoTcs derbIpe YPHBI CO CJEAYIONMM COCTaBOM MapoB: 1-g ypHa —
5 6esIbIX U 5 4epHbIX; 2-51 ypHa — 1 GeJiblil n 2 uepHbIX; 3-1 ypHa — 2 GeJbIx
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1 5 4epHbIX; 4-g ypHa — 3 GesbIX U 7 4epHbIX. Haymauy BpiGupaercst ypHa
u u3 Hee oguH mmap. UeMmy paBHa BepOSITHOCTb TOTO, YTO OH OKaXKeTCS
YepHbIM?

Omeem: 1/4(1/2+2/3+5/7 +7/10) = 271/420 .

4. VmeroTcs TpHU €XeMbI ¢ HEeHAJIeKHBIMU dJIe-
I mentamu (puc.19). Haynady BbiGupaercst mpouns-
—@—@—@— BOJIbHAS M3 HUX. KakoBa BEPOSITHOCTH TOTO, YTO
I OHa IIPOBOJUT TOK?

Omeem: 1/3(1/8 +5/8 +7/8) =13/24 .

3. 3a HEKOTOPBIIl IPOMEKYTOK BpeMeHH aMme6a
MOXeT IIOTHOHYTb € BEPOSATHOCTDIO 1,4, BBIKUTD
¢ BeposiTHOCTBIO 1,4, pasmeautbcsi Ha JiBe C
BeposiTHOCTBIO 1,/2. B ciemyronmmii mpoMexKyTOK
11 BpEMEHH C KaX/0i amMe(0il IMPOHMCXOJUT TO K€

camoe. CKOJIbKO aMe6 1 ¢ KAKMMU BEPOSITHOCTSIMI

OyIyT CYIIECTBOBATH K KOHITY BTOPOTO IIPOMEXKYT-

Ka BpeMeHu?

Omeem: eciu npu ¢t = 0 uncjao ame6 ObLIO

paBHO 1, TO 4mc0 aMe6 K KOHILy BTOPOTO IpOMe-

skyTka O6yzer 0, 1, 2, 3, 4 ¢ BeposarHoctamu 11,/32,
Puc.19. 3ﬂ€7€mpu748()’ 4/32, 9/32’ 4/32, 4/32
Kue cxemol K ynpax- 6. irpok A naspiBaet ymcJio O ¢ BEPOSITHOCTHIO
Henuio 4 Py wuncsao 1 ¢ sepostHocTbio 1— py = gy . Urpok
B He3aBucuMO OT A HA3BIBAET T€ Ke YKCJA C BEPOSTHOCTSIMU, COOTBETCTBEH-
Ho, p» m 1—p, =¢q,. Ecm cymma uucen vernas (tounee, 0 mwam 2), To
BBIMTPBIBAET UTPOK A; ec/m ke cymma HedetHast (MMeHHO 1), TO BBIMTPBIBAET
B. KakoBbl BepOSITHOCTH BBIUTPBIIIA IS KAXK/J0T0 u3 Urpoxkos? Ecuiu A
3HAET Py, TO KAaK €My CJeAyeT BBIOUPATh Py, YTOOBI JOOGUTHCS MaKCHMAJIb-
HOH BePOSITHOCTH BBIUTPbIIIA?

Omeem: BEPOATHOCTH BBIUTPBINA: PPy + GGy — AJs1 Urpoka A;
PG> + P1gy, —masiurpoka B; py =1, ecim py >0,5; py =0, ecmm p, <0,5;
upu Py = 0,5 BepoSITHOCTD BBIMTPBINIA Hpoka A pasHa 0,5 mpu J06oM Py .

7. Y MasbuuKa B JIeBOM KapMaHe Tpu KoHperbl «bemoukas u ogHa
KoHpera «Macka», a B mpaBoM — 1Be «besoukns u aBe «Mackny». OH
J0CTaJl /1Be KOH(ETbI U3 OJHOTO KapMaHa U OKa3aJloch, YTO OAHA M3 HUX
«benoukay, a apyras «Macka». UeMmy paBHBI BEPOSTHOCTH TOrO, YTO OH
JIOCTaJl KOH(QEThI U3 JIEBOrO KapMaHa, U3 IIPaBOTO KapMaHa?

Omeem: 3/4, 4/7.

8. lokaxure 06001eHIe TeOPEMbl YMHOKEHUSI BEPOSITHOCTEIL:
P(4...A,) =P (A)P(4/A)P(A3/AA)...P(A, Al .. Ay),
P(4...A,/C) = P(A/C)P(Ay]AC)...P(A,] A4, ...A,_(C).

9. [lokaxure o6o6iieHe GOPMYJIbI TIOJTHOW BEPOSTHOCTH:

P(A/C) = P(B,/C) P(A/BC)+...+ P(B,/C) P(A/B,C).



MABA 4

NOCNEAOBATE/IbHOCTU UCMbITAHUIA
BEPHYJUIN. NPEAEJSIbHbIE TEOPEMbI

§1. NocnepoBaTenbHOCTb HE3ABUCUMbIX UCMbITAaHUN.
dopmyna bepHynnn

B camom mavasie GopMUPOBAHUS OCHOBHBIX TIOHSTHIA
TEOPHUH BEPOSITHOCTEN BBISICHUJIACH DYHIAMEHTAIbHAST POJIb OJIHOIM
MaTeMaTH4YeCKON MOJIe/N, U3yYCHHOI M3BECTHBIM MIBEHIIAPCKUM Ma-
teMatukoM 1. Beprynmm (1654—1705). Ita Mojeab COCTOUT B CJie-
JTyTOIIIeM: TIPOM3BOISTCS TTOC/IeI0BATEIbHDIE MCIBITAHUS, B KaXKIOM
13 KOTOPBIX BEPOSITHOCTh HACTYILIEHUSI ONPENeJeHHOTO cOObITHs A
OJlHA ¥ Ta ’Ke U paBHA p. VlcIbITanns mpeanoiaraioTcsl He3aBUCHMBbI-
MH; B 9TO BKJIA/IbIBAETCS CJEYIONil cMbIica: cobbituss A u A B

Ka’K/IOM 13 MCTILITAHMI ABJIAIOTCS He3aBUCHMBIME OT cOGbITHIT A 11 A
B APYrUX HCHbITaHuAX ([IPEAIEeCTBYIONUX WM IOCJAEYOIHX ).
ITocsiemoBaTeIbHOCTD TAKWX HE3aBUCHMBIX HCIBITAHUH C JIBYMS
UCXOJIJaMU HOCHUT Ha3BaHUE IOCJe/I0BATEbHOCTU uUchvimanuii bep-
HYAAU.

3a/1aua COCTOUT B CJIe/LyIOIIEM: B IT0CJIE/[OBATEbHOCTH 72 UCIIBITA-
HUit BepHyn, B KasK/[0M U3 KOTOPBIX COOBITHE A MOKET HOSBUTHCS
C BEPOSITHOCTBIO p, HANTH BEPOATHOCTb TOTO, 4TO cobpiTHe A
HACTYIIUT POBHO M Pa3. 3aMeTHM CHAYaJIa, YTO B KAXK/[OM MCIBITAHUT
HAC WHTEPECYIOT /IBa MCXOJa — HACTYIJIEHHE ¥ HeHACTyIlJIeHue
cobbitust A (10 Tpajuuuu — <«ygada» U <HeyJaua»). BeposaTHOCTb
HeHacTyIleHns cobbitus A (Hactymenus cobuitust A ) B onpeje-
JICHHOM WUCIIBITAaHUM paBHA ¢ = 1 — p.

BeposiTHOCTD TOTO, 4TO COOBITHE A HACTYIIUT B OIIPE/IEIEHHDBIX M
UCTIBITAHUSX M HE HACTYIIUT B OIPe/IeJIeHHbIX 72 — M UCHBITAHUSAX, B
CHJIy TEOPEMbI YMHOKEHHS BEPOSITHOCTEH [IJIs1 HE3aBUCHMBIX COObBI-
tuil pasHa p"q"" . Ho m ucnbitanmii, B KOTOPBIX IPOMCXOJUT
co6piTue A, MOKET ObITh BRIOPAHO U3 72 BO3MOKHBIX UCIbITaHuii C'
cnioco6amu. IloatoMy, B CHJIy TEOpeMbI CJIOXKEHUSI BEPOSITHOCTEN,
HCKOMasi BEPOSITHOCTb, KOTOPYIO Mbl Oy/ieM 0003HA4aTb CHMBOJIOM
P, (m), pasua

Pn (m)zczlﬂpmqn—m' (41)

ATa BePOSTHOCTh HA3BIBAETCST Ounomuanvnou; dopmyay (4.1) mer
GyzeM Ha3bIBaTh 37iech (opmyol Bepnyanu.
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Dopmyna Bepuym gaer, B 4aCTHOCTH, BEPOATHOCTb TOTO, 4TO
co6bITHE A TIPOM30#ieT BO BCeX 7 MCIBITAHUAX, 1 OHA paBHA

B, (n)=p";
BepO}ITHOCTb TOro, 4Tto A HE HpOHSOﬁIIeT H1 pasy, paBH'd
P,(0)=q".

PaccMOTpUM HECKOJIDKO ITPHMEPOB.

Ilpumep 1. B cembe 10 neteii. Cumras [ yOPOIIEHUS, YTO
BEPOSITHOCTD POXKJEHUS MajbunKa paBHa 0,5, HaiijieM BEPOSITHOCTD
TOro, 4To B ceMbe umeiorcs 0, 1, 2, ..., 10 MaIpb4uKoB. 3aMeTHM, UYTO
B cuny pasenctsa C,' = C, " u npeanonoxenus p = q = 0,5 umeror
Mecto pasenctsa P, (m)= P,(n—m). Takum o6pasom,

Ro(0)= Py (10) = Cly 555 = 10
P10(1)ZP10(9):C110‘2%:%,
Bo(2)= Py (8) = Chy 515 = 7o
P10(3)=P10(7)=Cf0»2%=%,
})10(4):1[)10(6):@40'2%:120%,
Bo(5)= Gy 515 = o=

Mbl BUIUM, TaKuM 00pPa3oM, 4YTO C BEPOSITHOCTBIO, OJIM3KON K
0,25, B MHOTOJIETHOIi CEMbE C JECSITHIO IETBMHI MATBYNKOB U JIEBOYEK
Gyzier mopoBHy. BeposiTHOCTD JKe TOro, YTO B ceMbe OY/yT TOJIbKO
MAJIbYUKK HJIU TOJBKO JIEBOYKH, OYeHb MaJjia — 4yTh MEHbIIIE OHOM
nsitucoroit. C BepositHoctpio 672/1024 = 21/32 = 2/3 B cTosb MHO-
FOJIETHBIX CEMbSIX OY/IET YEThIPe MAJbYMKa W IECTh JE€BOYEK, WJIH
[STh MAJBYMKOB U IISITh JIEBOYEK, WJIM IIECTh MAJbUYUKOB U YETBIPE
JIEBOYKH.

IlIpumep 2. Ha ucnoitatespubiii crens nmocraiaensl 100 xongen-
caropoB. M3BeCTHO, 4YTO BEPOSITHOCTH TPOOOST KOHAEHCATOPA 0
ucteuenust 10 000 vacos paBHa 0,01. UeMy paBHbI BEPOSITHOCTH TOTO,
yto 3a 10 000 yacoB orkaxyt 0, 1, 2, 3 KoHIEHCATOpA?

Coruacto dpopmye (4.1) umeem

Pioo (0) = 0,99'" =0,3660 ,
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Pyoo (1) =100-0,01-0,99' = 0,3697,

13100(2)_100 99 0,017 -0,99% = 0,1848,
oo (3)= 100-99-98 430,997 = 0,0185 .
0 1.2-3

BepositTHOCTH TOTO, 4TO BO BpeMsl HCIbITaHUIT OyAyT Mpo6ou
6oJsiee 4eM y TPeX KOH/IEHCATOPOB, HEBEJMKA:

1- [Pmo (0) + Pigo (1) + Pigo (2) + Pigo (3)] =0,0185.

IIpumep 3. 3BecTHO, 4TO B HEKOTOPOM IOPO/IE 32 OTIPEIeIeHHbIIT
nepuoji pogaunoch 400 gereii. UeMy paBHA BepOSITHOCTb TOTO, YTO
YICJIO POAMBINUXCS MaJbYUKOB OKasanoch 6osbuie 180 m MeHbIe
220, ecam BEPOATHOCTH TOSBJIEHUS MAJbINKA TTPH KAXKIOM POKIe-
nun pasua 0,5?

Ham Hy:XHO HaliTH BEPOSTHOCTb TOTO, YTO YUCJIO POJAUBIINXCS
MaabunKoB 6yneT paBuo wiu 181, wan 182, wim 183, ..., umn 219.
Vckomasi BEpOSITHOCTD paBHA

219 219
2 Py (m) = 2 Cioo - 2400
m=181 m=181

Ecmm rpanmunbie 3nadenns 180 m 220 >XesaTeqbHO BKJIIOYHTH B
MHTEPECYIONIYI0 HAC TPYIHILy COOBITHH, TO HYKHO K IOJyYeHHOM
cyMMe NPHOABUTb M BEPOSITHOCTH JIBYX TUX COOBITHIL:

220 1
2 Cm .
400 2400 !
m=180

OnHaKO 3TN BEPOATHOCTH OTJINYAIOTCS APYT OT Apyra OueHb MaJio,
MTOCKOJIbKY

Pygo (180) = Py, (220) = 0,005 .

IIpumep 4. /IBa maxmarucra ycaoBuiuch coirpartb 10 pesyin-
TATUBHBIX MapTUii. BepoATHOCTD BBIUTPBINIA KaXXAOH OTAENbHOM
MapTUX TEepPBBIM HWIPOKOM paBHA 2,3, BEPOATHOCTD BBIMIPHIMIA
Ka)K/JIO OTJEJIbHON MapTuu BTOPbIM UrpokoM pasHa 1,3 (Huubu
He cuutatorcst). UeMy pPaBHbI BEPOSITHOCTU BBIMTPBINIA BCEH UIPbI
NepBbIM UTPOKOM, BBIUTPBIIIA BCEil UTPbI BTOPBIM MI'POKOM, 00IIie-
rO HUYEIHOTO pesyJibTara?

[lst Toro 4ToGBI MIPY BBIUTPAJ TEPBbI UTPOK, €My HeoGXO-
numo Bbarpath 6, 7, 8, 9 miau 10 naprtuii. BepositHOCTb 3TOTO B
cuny dopmyabl Bepayian u GopMysibl CIOKEHUS BEPOSTHOCTE
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paBHa
P (6)+ Py (7)+ P (8)+ Py (9)+ Py (10) =

6 6
= %~[210+240+180+80+16] 2 3242 = 0,7869 .

Bepogarnoctp HIUYEHHOTO pe3yJbTaTa paBHA
2V (1Y 7.27
P,(5)=CH|=||= ~0,1366 .
wo=ci(2) (4] -7

BepoAaTHOCTD BBIMIPHIIIA UIPbI BTOPHIM MTPOKOM PaBHA
Py (0)+ Py (1) + Py (2)+ P (3) + P (4) =

10 9 2 8
_ (L +C110%1 +d%z L
3 313 3)13
2V (1Y 2Y (1Y 1507
2= +chl=]]=
~af5)(z) (5] 5) -5

Mpr BUAWM, UYTO, XOTSI TIEPBBIH WTPOK BBINTPBIBAET KAKIYIO
OT/IE/IbHYI0 MAPTUIO C BEPOSITHOCTHIO BABOE OOJIBIIIEN, YeM BTOPOIL
UTPOK, BCIO UTPY OH BBIUTPBIBAET C BEPOSITHOCTBIO GOJIee YeM B I€CSITh
pas 6ouibllieii, yeM BTOPOii UTPOK. /lJIst BTOPOTO UTPOKA BEPOSITHOCTD
CBEJICHIST UTPBl BHUYBIO TIOYTH BJBOE GOJIbIIE, YeM BEPOSITHOCTD €e
BBIUTPBIIIA.

PaccmorpuM co6uitiie E,, , coctosmiee B TOM, 4To cobbiTie A
MOSBUJIOCH /M Pa3 B 7 HE3aBUCUMBIX HCIbITaHuAX. O6paTuM BHUMA-
HHE Ha TO, 4TO cobbitus Ey, E, ..., E, gBIAI0TCSA HECOBMECTHBIMH
COOBITUSIMU U B/I0OABOK B CYMME COCTaBJISIIOT JJOCTOBEPHOE COOBITHE.
CaieroBatesibHO, Tak Kak coObITHe E,, MPONCXO/NT C BEPOSITHOCTHIO
P, (m), to

i;Pn(m)zl.

3aMeTnM, 4TO € APYTroil CTOPOHBI JAJS KaXKJOTO MCIBITAHUS HMeeT
MecTo paBeHCTBO p + g = 1 1
n
(p+aq) =1.
W3 cpaBHeHMs JIeBbIX 4acTeil [BYX BbIllle HAIMCAHHBIX PaBEHCTB
HaXo/JUM, 4TO

n
(p+q) =3 B, (m)= 3 Clp"g"™ (4.2)

m=0 m=0

MbI TIOJTyYn/IM YaCTHBINA cirydait popmyJibl 6uroma Hoetomona.
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Paccy:xnenus Hacrosmero naparpada, Kak MOT 3aMeTHTb BHIMA-
TeJIbHBIN YHUTATENb, 10 CYIIECTBY He CBSI3aHbl C KJIACCHYECKUM
orpe/ie/leHUeM BEPOSITHOCTU. PaccMaTpuBaloTCst HCIbITAHUS C JABYMSI
B3aMMOUCKJIIOYAIONMMI UCXOJIaMH, MMEIONMMHU BEPOSITHOCTH P,
0<p<gq,uq=1-p,He obsg3arebHO paBHbIe IpyT Apyry. laske
B caydae p = g = 1,/2 mbr ¢ nomombio (opmyas beprymmm
IIPUXO/IM K UCIIBITAHUSM C 3JIeMeHTapHbIMU cobpiTusiMu Ey, ..., E, |
KOTOPBIM COOTBETCTBYIOT pasJiidHbie BepositHoctn P, (m)=C)'2™" .
Takum 06pa3oM, BepOSTHOCTBIO OT/EJIBHOTO 3JIEMEHTAPHOTO COObI-
TUST MOXKeT OBbITb JI060€ HEeOTPUIATEeJbHOE YUCJI0, He GoJbiiee 1,
KOTOPOE YIOBJICTBOPSIET TPEOOBAHUSM, BbIJICJIEHHbIM HaMU B §2 TJ1.
3 B KauecTBe OCHOBHBIX CBOICTB BEPOSTHOCTH. B JaHHBIX 37eCh
MpUMepax MBI y>Ke He MOKeM HaXOJWThb BEPOSITHOCTH IO coobpaske-
HUSIM CHMMETPUHU, & JIOJDKHBI MpHOeratb K UX CTaTHCTHYECKOMY
onpenenennio (cm. TJ1.2).

HccnenyeM Terepdb BeposatHocTs P, (1) kak GpyHKIMIO Ieaodnc-
JieHHOTO aprymenTa m. [Ipumepsi B §5, 6 ri1.1 u B qanHOM maparpade
HABOJAT HA MBICJb, YTO CHAayaJa MPH BO3PACTAHUM apryMeHTa m
dbynkuna P, (m) Bospacraer, 3aueM OCTHTaeT MaKCHMAJbHOTO
3HAYEeHUs] U TI0CJe HTOrO HaumHaer yObiBaTh. J[oKaxeM, 4TO 3TO
JeficTBUTeNbHO TakK. C 3TOM 1eJbI0 PACCMOTPUM OTHOIIEHUE

Pn (m + 1) _ n! m+1_n-m-1 . n! pmqn—m —
Py(m) — (m+1)l(n—m—1) ml(n—m)!
=P (43)
m+1 ¢

OueBnHO, YTO BEpPOSTHOCTH P, (m+ 1) 6ynet 60JbIe, paBHA
un Menblre sepositHocti B, (m) B 3aBucumoctn ot TOro, GyAer am

n-m
oTHOMIEHUE —— -2 Gonpume, pasro it menpire 1. B wactroctH,
m q
P, (m+1) Gyner 6osbie, uem P, (m), ecau
n—m
- . B >1 ,
m+1 q

T.e. ecoim m < np — q. Takum o6pasom, P, (m) Bospacrtaer npu
yBesmaernn m ot 0 [0 1meJiolt yacTu 4ncia np — q.
Ecun
n—-m p _
m+1 q
T.€. ecsim m = np — ¢ (310 PABEHCTBO BO3MOKHO TOJIBKO TOT/IA, KOT/A
np — ¢ eCcTb 1eJIoe HEOTPUIATEIBHOE YUCI0), TO

P, (m)= B, (m+1).

1

)
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Haxkonen, P,(m)> P,(m+1), ecim

n—m p
— =<1, 1.e. eccm m > np — q.
m+1 q
Tenepn noBesenue GyHKImu P, (1) Mbl BBIACHUIN TOJHOCTHIO:
OHa BO3PACTaeT, IOKA 7 OCTAETCS MEHBIIUM 1P — ¢, 3aTeM JJOCTUIaeT
MaKcUMyMa ¥ JUIs m, 6OJIbIINX np — ¢, yopiBaer. Ecim 0603HAYHUTD
yepe3 m’ 3HAUEHHE M, COOTBETCTBYIOIIEE MAKCHMAJIbHOW BEPOSTHO-
cti, To Oy/ZIeT BEPHO HEPABEHCTBO

np-qg<m <np+p.

[ocKoJbKy uncaa np — g u np + p oramyarores Ha 1, To m6o m’*
PaBHO €MHCTBEHHOMY 1I€JIOMY YUCJY, 3aK/JII04eHHOMY B IIpejeJax

np—qg<m <np+p,
JMGO UMEIOTCS [IBa TeJIbIX YHCaa 7 W M, TaKhe, 4To
* _ 3# _
mi=np—gq, m=np+p.

Takum o6pasoMm, ecim BeJIMYMHA NP — ¢ SIBJSIETCS 1IEJIO0H, TO
UMEIOTCST [[BA MAKCUMAJIbHBIX 3HAYEHWS BEPOSITHOCTH, UMEHHO,
P,(np—q)=P,(np+p). Ecim xe np — g — Heles0oe YHUCIIO, TO
HMeeTCsl e[MHCTBEHHOe MaKcHMasbHoe 3Hadenue P, (m) mpu m,
PABHOM 1IeJIOMY 4uCTy m° , GOJbIIEMY np — ¢ M MEHbIIEMY np + p.

Ipumep 5. BepositHocth cobbituss A paBHa 3,/5. Haiiaure
HanboJsiee BEpOSITHOE YWCJIO TOSIBJIEHWH COOBITHS A, ecam dYmcJo
ucnplTanuii pasuo 19, 21.

IIpu n = 19 naxoaum

np—q=19~§—2=11.
S5 5
Takum 06pasoM, MaKCUMAJIbHAsI BEPOSITHOCTD JIOCTUTAETCS JIJIST IBYX
3HaueHuit m, paBHbIX 11 n 12. JTa BepoATHOCTH paBHA

Py (11) = Py (12) = 0,1797 .

HpI/I n = 21 MakcuMaJibHasI BEPOATHOCTDb JOCTUTAETCA TOJDBKO /1JIA

3 2 2
OJHOTO 3HAYEHUS M, IOCKOJbKY np—q =21 375" 12 + 3 He

SBJIgEeTCS 1esbIiM yncaoM. CaMoe BEpPOSTHOe 3HaueHne m paBHo 13.
BeposiTHOCTD €ro MosgBJICHUST paBHA

Py, (13) =0,1742 .
Yunpaxxuenus

1. Bocmosb30BaBIINCh PACCYXACHUSIMH, ITPOBEICHHBIMI IIPH BBIBOJE
dopmyabl Bephysum, paokaxkute dopmyay 6unoma Hpiotona (@ 20 u
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b=0):
n 1 n-
(a+b) =a"+Cua" b+...+b".

2. B ypue 9 6espix u 1 kpacHbrii map. KakoBa BeposSiTHOCTD TOTO, UTO IPH
10 nsBnevenusx (c Bo3BpalleHNeM KasKI0TO BBIHYTOTO 1apa) Gy/IeT u3BJe-
yeH XOTsT Obl pa3 Kpacubrii map? CKOJbKO pa3 HYyKHO TPOU3BOAUTH
U3BJI€YEHUE, YTOGBI BEPOSITHOCTD MOJYYHUTD XOTSI GbI Pa3 KPAcHbIi map Oblia
He MenbIre 0,97

10
Omeem: 1— 9 =~ 0,6513; 1g0,1 =22.
10 1g0,9
3. Tlosb3ysch BEPOATHOCTHBIME COOOPaKeHUAMHU, JOKaxuTe (popMy.Iy
Ck — Cn—k
n ~— ~n :

4. Bbruucaute BEpOSITHOCTU BbINAJEHUSI «OpJiay MPU 4yuc/ie OpOCcCaHuii
MoHeTbl n = 5, 10, 15. IlocTtpoiite coorBercTByMOINE IpadKu, OTIOKUB
m/n (m — 4mcjao BBIMafeHWH «opaa») 1o ocu Ox, a mo ocu — Oy —
BEPOSITHOCTH COOTBETCTBYIOIINX 3HAYEHUN 7. UTO MOXKHO CKa3aTh O TOM, KaK
MEHSIIOTCST BEPOSITHOCTH TIPU YBEJUYEHUH 727

Omeem: cM. pucyHok 20.

PA
0,31

0,24

0,11

—_ 4

302 1.3 4
10 5 2 5 5
eposIMHOCell 6bINAOCHUS <OPI0G> NPU HUcLe OPOCAnUll

|»A1
—~ 4

0

23y

1
151
Puc.20. Tpaghux
n=235,10, 15

@ <@
1

§2. Teopema BepHynnu

Mbr MoxeM Tenepb cOpPMYyJIMPOBATH M JIOKA3aTh

O/IHy M3 BXHEHIINX TEOPeM TEOPHUU BEpPOSTHOCTEH, BBIBEJECHHYIO

SA.Bepuynnm n omy6aMKoBaHHYIO B cOunHeHNN «VcKyccTBO mpero-
JIOSKEHUIT» yoKe TocJie ero KOHYnHbI, B 1713 romy.

3ajaua, KOTopas IpuBesa K TeopeMe, MOJy4YnBIIell HANMEHOBA-

HHUe 3aKoHa OOJIBIIIMX YHUCEJ, OYEHb €CTECTBEHHA M MOXKET ObITb

OIMCaHa TaK.
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B kax/J0oM 13 n He3aBUCUMBIX UCHbITaHUl bepHy/an ¢ ogHOI u
TOII JKe BEPOSTHOCTBIO P MOKET HOSIBUTBCS HEKOTOpoe cobbitie A. B
npeabiayieM maparpade Mbl YCTAHOBUJIM, YTO HanboJiee BEPOSITHOE
YHCJIO TTOSIBJIEHUH COObITUST A B 12 UCTIBITAHUAX 6JIM3KO K np. Hesbast
JIN BBICKA3aThb HECKOJBKO 60Jiee OmpeieieHHOe CYK/IEeHUe OTHOCH-
TeJTbHO YNCJIa TIOSIBIeHUH A BO Bceil COBOKYITHOCTH 3TUX MCITBITAHUT ?
OxasbiBaercst, MoskHO. O6G03HAYNM C 3TOH IEJbIO Yepe3 [, YHCJIO
MOSIBJIEHUH CcOObITHS A BO BCEX N WCHBITAHUSX W PACCMOTPHM
PasHOCTb [/ —p Mex[Iy Yactoroil L/n coGbiTHs A U ero BeposiT-
HOCTbIO p. BesmynmHa 2TOil PasHOCTH, €CTECTBEHHO, 3aBUCUT OT
cJydas, TIOCKOJIBKY [L MOXKET TPUHATH JI0O60e IeJOUnCIeHHOe
suauenne oT 0 10 n. OgHAKO, KaK MbI YBUAUM, 4eM OOJIbIIE 7, TEeM
peske 3Ta Pa3HOCTb CMOKET 3HAUYUTEIBHO OTKJOHUTBCS OT HYJIS.
Bouee Toro, kakoe 661 MaJjIo€e MOJIOKUTEIBHOE YUCJIO € MbI HU B3SIJIH,
narnpumep, 0,0001 wmum 0,000001, mpm mocTaTodHO GOJBIIOM 72
PasHOCTb |1/ — p TO aGCOJIOTHON BeJMYMHE OKaXKeTcs ¢ GOIbIIoi
BEPOSITHOCTBHIO MEHbIIIE, YeM € .

Cam 4.Bepuyiu cBoell TeopeMoit (unu 2iagvim npedioxenu-
em, KaKk OH ee Ha3blBasl) OTBEYAJ Ha BOIPOC, KAKOBO JIOJKHO OBITh
YIICJIO MICTIBITAHNUI, YTOOBI OTHOIIEHYE YHCJIa YAAYHBIX OTHOCUTEIBHO
co6BITHST A WCHBITAaHWH K YWCJY BCEX WCIBITAHWH Jekano Obl B
3aJJAaHHBIX TPEJEeNax C BEPOATHOCTBIO B JaHHOEe 4mcyao ¢ pas (¢ =
=1000, 10000, 100000) npeBocxoasAmIEll BEPOATHOCTH MPOTHBOIIO-
JIo3kHOTO cobbiTust. JlokazatenbcTBo BepHy 1 BO3SHUKIIO U3 HAGJIIO-
JICHUI 32 MPOCTEUIINME CBOWCTBAMU GUHOMUAIBHBIX KO3 UIIeH-
TOB ¥ OCHOBAHO HAa CPaBHEHUN CYMM OMHOMMAJIbHBIX BEPOSITHOCTEM,
COOTBETCTBYIONINX /IBYM BBINIEYKA3aHHBIM ITPOTHBOIOJOKHBIM CO-
OBITUAM.

Jlagum Tenepb cOBpeMeHHYI0 (DOPMYJUPOBKY 3TOTO YTBEPIKIE-
HHUA U €ro JI0Ka3aTeIbCTBO.

3akon Gonpmmux yucesa (reopema Bepuyanm). Eciu Bepost-
HOCTD HACTYTIJIEHUST HEKOTOPOTO CIYYaifHOTO COOBITHS A B TTOCJIE/10-
BATEJbHOCTH 72 HE3aBUCUMBIX NCIIBITAHUI TIOCTOSIHHA U PaBHA P, TO,
KaKOBO Obl HU GbLIO TIOJIOKUTEJbHOE YHCJIO €, C BEPOSTHOCTHIO,
CKOJIb yroaHo GJu3Koi K 1, mpu A0CTaTOYHO GOJBIIOM 7 PAa3HOCTD
W/n—p 1o aGCOMIOTHOI BeJMYMHE OKAXKETCS MEHbIIE, YeM € .

ITO yTBEPIKAEHNE MOKHO 3aIMCATD CJIELYIONIM 00Pa3oM: KaKo-
BbI 661 HU 6bii € > 0 u M > 0, 1npu JOCTaTOYHO GOJIBIIOM 72 IMEET
MECTO HepaBEeHCTBO

Plu/n—p|<e}=21-n. (4.4)

B nauase nokasaTtesbcTBa TEOPEMbI BepHy]UII/I BbIYNCJINM CJIENY-
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omue CyMMbI:

n n n
2
2 B(m) X mP,(m), ¥ m'P,(m).
m=0 m=0 m=0
3HaveHNe IMEePBOIl CyMMBbl yKe ObLIO BBIYMCJIEHO B IPEbIAYIIEM
naparpage. Okaszanoch, 4yTo

z B, (m)=1. (4.5)
m=0
Tenepn
mP, (m)= Y mP,(m)= Y m————p"q" ™" =
P z ST
< n! m_n-m < (7’1—1)' m-1_n—-m
=Q M P T =NpY) M———————=p ] =
,"2:‘1 (m—=1)!(n—m)! m% (m—=1)!(n—m)!

— npz 11pm 1qn m npz P q

m=1

(n—1)-k =np

TocJie/iHEE PABEHCTBO HAIMMCAHO HAa OCHOBaHUN paBeHcTBa (4.5),
rje 3HaveHue n 3ameneHo Ha n — 1. Mrak,

Z mP, (m)=np . (4.6)
m=0

Jlanee,

Zm (m) = Zm(m—1+1) > (m) =

m=0 m=1

= zn:mpn(m)+ ﬁ(m_1)Pn(m).

m=0 m=0

IlepBasg cymma npaBoii yactu Ham ussectHa (paserctso (4.6)),
03TOMY

n n
2 m_n-m
m°b, (m) = np + M=) """ =
r;) ”% (n m)’
— np_'_im(m_ n' pmqn m _
m=2 m'(n m)Y
n | .
= np+ n(n _ 1),02 z (n 2) pm—zqn—m _

(m=2)!(n—m)!

m=2

= n—-1 S ( _2)Y k _n-2-k _
= np+n(n )pz 5 k),Pq =

= n;0+n(n—1)p2 =n’p® +np(1-p)=n’p* +npq .
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31echb paBeHCTBO
i (n-2)! pkqn k=2 _ ¢
k=0 k! ( -2- k)Y
HaIMCaHo Ha ocHoBaHuM Gopmy.bl (4.2) mig n — 2 BMecto n. Takum
o6pasom,
n
D m*P, (m) = n’p* + npq . 4.7)
m=0
3aMeTuM Terepb, YTo CIyyYaiiHble COObITUS o pl<emn L plze
MIPOTUBOMIONIOKHBI, & TIOTOMY " "
P{“—p 2£}=1—P{u—p <s}.
n n

B cuy Teopembl CJIOKeHHs BepoaTHOCTell
P{E—p Ze}zzpn(m),
n

rjle cyMMa paclpoCTpaHeHa Ha Te 3HAdeHust m, [JJIs1 KOTOPBIX

E—p > ¢ . Ho pna stux 3HadeHuit m
n 2
n_P
>1
2

1 TI03TOMY 2

n [%_pl

PU——p 25)32 =P, (m),
n €

rae CyMMa IO-IIPpEKHEMY DPACIIpOCTpaH€Ha Ha T€ m, A4 KOTOPbIX

P =€ O‘{eBI/I[[HO 4TO 3Ta CyMMa MOJKET OBITH TOJIBKO yBeJimie-

H_

n

Ha, eClIM ee paclpoCTPaHUTh Ha Bce 3HadeHus m or 0 7o n
CJueproBaTenibHO, UCHob3ys paBercTsa (4.5), (4.6), (4.7), nonyya-

€M 2
E_P
I Gl PR 3 (=) By () -

P{‘H -p|2 8}
n =0 €
n n
{z m*P, (m)-2np Y, mP, (m)+n*p* > P, (m):| =
n 8 m=0 m=0 m=0
[npq+n2p2 —2n2p +np ]=%
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Tenepnb

Pq
>2ep<1-—
} el (4.8)

oA
n n

OTCIO[[a BU/HO, 4YTO /AJId JI060TO TIOJIO;KUTEIBHOIO € MBI MOYKEM

cZienaTb BePOSITHOCTD P{‘E— p‘ < 8} CKOJIb yrosno 6su3Koii k 1.
n
Teopema bepuynmu mokasana.

Csolo teopemy f.BepHyin conpoBolI YNCIEHHBIMU HJLIIOCT-
panusiMu. PaccMOTpUM O/IMH U3 €r0 IPUMEPOB.

Ilpumep 1. 3agava Bepuysmm. B ypre nepemenianbr 6esbie 1
yepHble mapbl. /{0y 6eJbIX MapoB B ypHE paBHA 3 /S, A0/ YEPHBIX
— 2/5, Tak YTO BEPOSITHOCTb BBIHYTb M3 YPHBI OeJiblil 1Iap paBHA
3/5, a yepwubrii map — 2 /5. [Ipou3BOASATCS UCTIBITAHKS, COCTOSIIIIE
B BbIOOpe IIapa M3 YPHbBI, NPUYEM KaK/IbIl Pa3 BbIHYTBIH Iap
BO3Bpalaercs Haza/l B ypHy. O603HAUNM BEPOSITHOCTD COOBITHS

oz
n

vyepe3 P mpu BeIGpanubix p = 3/5 n € =1/50 m L — 4ymce BBIHYTHIX
Gebix 1mapoB. ITo 3aganHoMy ynciy ¢ BepHyJLIu ompesesisier Takoe
7, IPA KOTOPOM

P
>c,
1-P
W
P>1—L,
c+1

CorsnacHo BbruncjieHusiM bepnysmm ang 3navenuit ¢ = 1000,
10000, 100000 momydyaroTcs ciefyiolue 3HAYCHUS HEOOXOIIMOTO
yrcsa ucnblTagmii n: 25550, 31258, 39966. IlosyuyeHHbIe OIEHKH
YIcJIa 1 CUJIBHO 3aBblllieHbl. Bostee y/10BIeTBOPUTEIbHOE TPUOIHIKE-
HUe [JIsl 4KCJa WUCIBITAHWH B 9TOH 3a/laue MOKHO MHOJYYUTH C
OMOIIbI0 MpUGIIKeHHOH hopmyabr Myaspa—Jlamtaca (em. § 5).

IIpumep 2. B npumepe 3 npebiayriero naparpada Mbl BbIYICJIS-
JII BEPOSITHOCTDb Toro, 4to cpean 400 poamBmmmxcs jereil 4ncso
POAMBIINXCS] MAJTbYNKOB OTKJIOHUTCS OT HanboJsiee BEPOSITHOTO CBO-
ero 3Hauenus np = 200 He Gosiee yeM Ha 20. ITa BEPOSATHOCTD OBLIA
Ipe/icTaB/IeHa B Buje CyMMbl. Terepb Mbl MOXEM OIIEHUTb 3Ty
cymmy. JleiictButesbHO, mockoabKy n = 400, p = 0,5, TO

20 1) 1
P=Piu- 20(=P —r=P4=- —r.
=l <20} { ) n} ﬂn p<20}

E‘p
n
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Coruaco nepaseHctBy (4.8),

a1 13
ne 4-400-(1/20) 4 4

Ecsim uwucno poxaenunit n = 10000, To BepOATHOCTL TOTO, YTO

YICJI0 POJMBIINXCST MAJTbYMKOB OTKJIOHUTCS OoT np = 5000 He Gouiee

yeM Ha 10%, corsacuo HepasenctBy (4.8) Gymer GoJiblue, ueMm

0,99.

Yupaxxnenus

1. Iloscuute rpacduxu ympaxuenus 4 x §1 ¢ mosumuil Teopembl
Bepnymnn.

2. Benuka sm BeposTHOCTB TOro, 4to Tipu 6000 6GpocaHusX UrpasbHO
KOCTH <IecTepkas Bbirajer He 6osee 500 pas3? [lajite oleHKy cBepXy 9TOil
BEPOSITHOCTH.

500
Omeem: —— Chioo 30 < (1/6)2'(5/6) =L.
60000 = (1/12)° - 6000 300
3. Ilpum kakux p u ¢ OleHKa, HCHOJb3yeMas IIPH [JOKa3aTeJbCTBE
TeopeMbl BepHyJLIH, TIpU JaHHBIX 72 U € OyAeT camoil jajexoi ot 17?

Omeem: ipu p = q = 0,5.
§3. Teopema lNyaccoHa

B atom u caenyionue maparpadax Mbl mepeiiieM K
JIOKA3aTeJIbCTBY TIPE/IETbHBIX TEOPEM [IJIsl OMHOMHUAJIbHBIX BEPOSITHO-
cTeil, B KOTOPBIX BBIBOASTCS TPUOJIIKEHHbIE BAPUAHTBI (POPMY.JIbI
Bepuymmi pu n — oo . ITH UPUGINKEHHbIE COOTHOILIEHHST OYyT
paccMaTpuBaThCS Kak yaoOHbIE (hOPMYJIbI /7SI BBIYMCIEHS BEPOSIT-
nocreit P, (m) mpu GoJbIINX 3HAUEHHAX 7, OJHAKO MX POJIb B
TEOPUU BEPOSITHOCTEH 3TUM JAIEKO HE UCUEPITBIBAETCSI.

PaccmoTpuM cHavasa TOT caIydaii, Korjia 3HadeHue p 6Jmu3Ko K 0,
3HAYEHHE ¢ COOTBETCTBEHHO Gim3ko K 1, a n Bequko (cayyail p,
6sm3K0r0 K 1, paccMaTpuBaeTcs: aHaJIOrHYHbIM 06pazom). OTBieKa-
scp or BoiBoga P, (m)=C,'p"q"™ B dopmyre Deprywm xax
BEPOSITHOCTH M y/lad B N UCIBITAHUSAX DEpHYJLIN, TPEANONIOKUM,
4TO p MeHseTCs B 3aBUCHMOCTH OT 1 TaK, uto p = p(n) crpemurcs k
0 mpu n—oo, a n-p(n) cTpeMUTCS K HEKOTOPOMY KOHEUHOMY
JIeRCTBUTENBHOMY YnCay A > 0 . B aTuX ycjaoBusx BepHa cieayoniast
TeopeMa, KoTopasi Oblia J0Ka3aHa M OMyGInKOBaHa (DPAHITy3CKUM
matematukoM C.Ilyaccornom B 1873 romy.

Teopema Ilyaccoma. Ecau p(n)—>0 npu n—oe, a
n~p(n)%7u, 20e N > 0, mo 0251 1106020 M NPU N —> oo

m
C;npmqum _ e—}» % ]
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[TpoBeseM oKa3aTEIbCTBO TEOPEMBI, COCPEAOTOYNB BHIMAHNE HA
MPUHINITHAIBHBIX MOMEHTAaX W He CTPeMsACh K WCYepIbIBafoliei
CTPOTOCTH B MaTeMaTHYECKUX BBIKJIAJKAX.

PacemorpuM 17151 GUKCUPOBAHHBIX 3HAYEHUN 72 U 1 OTHOIIIEHUE
P, (m+1)

P (m) u BocrpoussegeM dopmyay (4.3):

Pn(m+1)_n—m.£

P, (m) il g 4.9

OueBusiHo, yTo /s J060ro pukcupoBantoro k, 1<k <n,

P(k) P(k) P(k-1) P2 P(1) P (m+1).
P,l<0>‘a(k—m'a(k—z)'““Pn(o'Pn(ofmﬂo P, (m)
(4.10)

anecs P, (0)=q".
Nnmeem u3 (4.9)

YO Gt G O
Bi(m)  (m+1)(1=p) (m+1)(1-p)
BosbMeMm A =np, otkyma p=A/n u

m

Pm+t) A Ty
P, (m) Cm+1 1_&'
n

@urcupyeM )\ u Gy/[eM CUHTATh, YTO P MAJO, a 1 BeJUKO (CKaxeM,
p=0,01, =100, x =1). Torga MOKHO 3amucarh TPUOIIKEHHOE
PABEHCTBO MPU 1 —> o0

P, (m+1) A
Py(m) e “an
u
n A ' =y
RO)=(1-pf =(1-7] e “12)
(mocaemuss npubamskenHas (pOpMyJIa €CTb CJAEACTBUE M3BECTHOTO
3aMeyaTebHOrO MPE/IebHOT0 COOTHOMeHus lim 1+% =e’.
n—reo
Bosspammascs k popmye (4.10), nmonyuaem, ucnonbsys (4.11),
P, (k) ﬁ Ak
P,(0) ,om+1 (k+1)!
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u, ucnosnsys, (4.12) ,
A
P, (k) ~e KF' (4.13)
®opmyaa (4.13) nasbiBaercss npubamskenuoi gopmyaoi Iyac-
cona 1t GUHOMUAJIBHON BEPOSITHOCTH.

Jlns BbIYMC/AEHHS BEPOATHOCTE ¢ momombio dpopmyabl (4.13)
MOJKHO I10J1b30BaThcsl Tabmuieil GpyHkimm e* win tabauneit sora-
pudmMoB (pakTOpHAIOB.

IIpumep 1. PaccmorpnMm cxemy ncnbitannii bepayam ¢ n = 100,
p =0,01, m = 5. Torna

10g,4 Cio (0,01)° (0,99)” = -2,5380

ITockosbky A =1, uMeeM

g
logm(e 151)= -2,5135

'L 20,0031
5!

Ilpumep 2. 3agavya o auax poxzaeHusi. HaiizeM BepoATHOCTH
TOTO, 4TO B IpyIiie mKoJbHIKOB n3 500 yesoBeK POBHO R POIUINCDH
B OJINH OIpe/ieIeHHbIN /leHb, ckakeM, 1 utons. Ecau cuutath, 4TO
Kaxabii 13 500 MKOJbHUKOB BbIOPAH CAyYaiiHO, a B Tomy 365 mHeil,
TO MOKHO HCIIOJIb30BaTh cXeMy HchbITaHuil Bepuynmm ¢ n = 500 u
p = 1,/365. Torna mckoMasi BEPOSITHOCTb OYZIET OIPEeJsITbCS 110
¢opmyne Bepryam:

1 k 364 500-%
Psoo(k) = C§00 (%) (%) )

a COOTBETCTBYIOIIEE HpHéJII/I}KeHI/Ie 110 TeopeMe HyaCCOHaI

k

_ oM

IM(k)=e I

npu A =55/365 =1,3699 . BunoMuaibHbIe BEPOITHOCTH U COOTBET-
CTBYIOIITE TTPHOJIVKEHNS IS PA3HbIX R TIPUBE/ICHDI [T CPAaBHEHTIS

B CJIeIyIollell TabInuKe:

k 0 1 2 3 4 ) 6

P(k)0,2537(0,3484|0,2388|0,1089 [ 0,0372|0,0101| 0,0023
(k) |0,2541(0,3481(0,2385]0,1089|0,0373]0,0102| 0,0023
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YupasxkHeHus

1. /lokaxkute HepaBeHCTBO

k k n—k k n
i
k! n n k! n

n!

(n—k)

(n—k+1)" < AF <n*.

Vxasanue: ncnomnb3yiite OLEHKY I A:f =

2. Jloxaxnre, ato orHomerne P, (k)/T1(k) mpn nsmenernnn k cHavama
pacTeT, JOCTHTaeT MAKCHMAJILHOTO 3HA4eHMs, KOT[a R ecTb HamGoibluee

M
LeJI0e, He IpeBocxosuee A +1, a arem yObisaer |I1(k) =e 9‘?

3. Kuura o6bemom 500 crpanuiy copepxkur 500 omneuarok. Cunras, 4ro
mobasi 6ykBa MoXKeT ObITb HaOpaHa HENPaBUJIBHO C OJHOH W TOW ke
BEPOSITHOCTBIO, HAii/INTe BEPOSTHOCTb TOTO, YTO HA 34/aHHON CTPAHUIE HE
6oJiee IByX OIEYATOK.

2
1
| —
Omeem: e kg_()k! =0,12.

§4. MpubnunxxeHHble hopmynbl AN BeposTHOCTEN
B CllydaiHOM Gny>kgaHuM Ha npsimon

B srom maparpacde MBI BbBIBeeM NTPHOIIKEHHYIO
opmyty 11 GUHOMUAIBHOM BEPOSITHOCTH
P, (m)=CJl (4.14)
2
Kotopas B (hopMyJie BepHyJIIH COOTBETCTBYET CJIyyaio, KOriaa p = ¢
= 1/2; cxemy ucnbitanuii Bepuaysm ¢ p = g = 1,/2 Mb1 6ynem
Ha3bIBaTh cumMempuunol. BcrnoMuuM, uto BeposTHOCTb (4.14)
BIIepBble TIOSIBUJIAch B §5 Tu.1 1pu MareMaTHYeCcKOM OIMCAHUHN
MOJIE/TA CAYYAHOTO Oy KIaHUS Ha MPSIMOI KaK BEPOSTHOCTH Clie-
JIaTh 71 IIAroB 3a epBble 7 MOMeHTOB BpeMenn (em. popmyay (1.5)).
Tam ske GblJIO OIMCAHO YCTPOHCTBO ocKH ['anbprona — Gusmyeckoro
npu6opa, B KOTOPOM OCYIIECTBJISIETCS CJydaiiHoe OJy:KIaHUE Ha
MPSIMOIA, a cTasI0 ObITh, U CUMMETPUYHAS CXeMa UCTibITanuii bepnyi-
s, TeopernueckrM HCTOYHUKOM JIJIsI JIOCKM [ajibToHA CIIysKHUT
apudmernyeckuit TpeyroapHuK [lackamis: okuzaeMoe YUCI0 Miapu-
KOB B KaXK/IOW CEKIIUM JJOCKH ['aIbTOHA MTPeICKa3bIBAETCS C OMOIIIBIO
YrcesI CS, C}l, .., C ..., C, COCTABIAIONINX 7-if PAJ TPEYTOJIbHUKA
[Mackassa, Wy 5Ke IPU IEJIEHUH KaKI0TO YMCJIa Ha nX cymmy 2" ¢
IIOMOII[bI0 OUHOMHUAIBHBIX BepositHocteil P, (m) = C,'2™" . Haiinem
IS 910l curyanuu NpubsmKenHsle Qopmysbl. [ ypo6erBa
OICTUM 3[IeCh MHJIEKC n y BepostHoctu: P (m)= P, (m).
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PacemorpuM  coyuaii, Korja 3HaueHme m’, COOTBETCTBYIOIIEE
MaKCHUMaJbHOl BepoaTHocTH P, (m) , enunctsennoe. IIpeanonoxum
[T 9TOTO, 4TO 7 YEeTHOE, T.€. 4To 7y = n/2 — mesoe uucio. Torma

m* =n; u P(n) — MakcuMasbHasi BEPOSITHOCTb.

Honoxum m =ny +1 u uccresyeM, Kak MEHSETCs OTHOLIEHNE
P(n +1)
“p(ny ¢ Poctom ny. C 9TOil 1O NPEACTABIM HTO OTHOIIEHIe
|

npu (GUKCUPOBaHHBIX [ W 7, B BuAe npousBeeHus (Kak 3To
Jesanoch mpu BeiBoge gopmy.nt ITyaccona B §3):

P(n+1)  P(n+I) P(n+1-1) P(n+2) P(n+1)
P(n) P(n+l+l-1) P(n+1-2) " P(n+1) P(n)
ﬁ P(n +k+1)
ko P(m+k)
ITepeiiileM B 9TOM paBEHCTB K HATYPAJbHBIM Jorapudmam:
Py +1) lmP(n1 +kh+1)
P(n) i P(m+k)
Jlast yno6eTBa mOCTEAYIONUX BBIKJAAJOK BBejeM (QYHKIHIO
f(k)=InP(n +k) u o6osnaunm Af, = f(k+1)—f (k). Torna pa-

BeHcTBO (4.15) MOKHO 3amucaTb Tak:

In (4.15)

I-1
F()=1(0)= Y Afy. (4.16)
) #=0 P(n +k+1)
Jlna sorumcienuss Af, Haiinem ornomenme —————— . U3
dopmybr (4.3) P(n +k)
P(l+1)= n—lB
P I+1 ¢

apu n=2n,p=q=1/2, l =n +k mosydaem
P(m+k+1)  n—k
P(n+k)  mt+k+1’

Af, =1n(1-ﬁ]—1n(1-k”]
m )
Pacemorpum nasee napsmy c ¢yuxmuein [ (k) dynkmmio

h(k) = —k2/n1 U IIyCTb S(k) = Af, — Ahy, . Vimeem

Ay = h(k+1)=h(k) = 2K+1
m

Torna
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Bosspammasics k pasenctBy (4.16), nosyyaem
I-1 I-1 -1
[D)=f(0)=Y A= Ay + Y 3(k).
k=0 k=0 k=0

OueBUHO, YTO

I-1 12
ZAhk =h(l)-h(0)=-—
k=0 ]
n
12 -1
f(l)-f(0)=—n—1+25(k) :
=0 P(n +1)
TakuM 06pa3oM, II0JIyYaeM A/ OTHONIEHHST W dopmy.Ty
n
2
I () B R(l),
P(n) n1
um ,
“Lirq
P(n+1)=P(n)e ™ , (4.17)
rae

R(l)=i§)8(k),

8(k) = |:1n(1 —£J+ 5] —[1n[1 + k+d J— k+ 1:| .
n n n n
Axxyparnag onenka R(I) tpeGyer npuB/edeHus IOIOIHUTE/b-

HBIX CBeJCHUI 13 aHaau3a. JIJIg TOro 4To6bl He OCIOKHATD U3JI0Ke-
HEE, YKaXKeM 3/1eCh JIHIIb TO, YTO |R (l)| — 0 npu n — o Tak, yTO

C
ROy = npu [ <n/2, tne C — HEKOTOPaAsi MOCTOSIHHAS.

Haiinennas namu gopmyna
2

P<"1+l>~P(n1>e7(1+%)

MIOKA3bIBAET, KaK C y/laJeHIeM OT HanboJiee BEPOSITHOTO 3HAUECHUS 7
y6bIBaIOT GUHOMUAJIBHbIE BEPOATHOCTH B cpasHennu ¢ P (n;) . Ana-
normuHas (opmyaa monyuaercsa aasa P(n —m).

U3 dopmyast Crupaunra (em. §9 r1.1) npu Goabiux n = 2m

ToJjay4aemM
" 1 2 1
P (7’l1) = C2n1 E -

Ty
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12

| - C
Pny+l)~—e "|[1+—|.
(o +1) -7 ( ﬁ]

Urak, ans mo6oro 0 <m<n, |m—nf2|<n /4

2
T 1) e

P, (m) ~ e 1+ . (4.18)
 (m) NG Jn/2

Paccmorpum Terepb byHKIIUIO

o(x)= =P

\2n
Ita (PYHKIWS ollpesiesieHa MPH BCeX JAeHCTBUTENbHBIX X; SIBJSETCS
vetHoit: @(x)=@(-x); gocTHraeT MaKCHMAJIbHOTO 3HAYEHUS TIPH
x =0, paBHOTO 1/«/% ; U ee 3HaUeHUs crpeMsTes K 0 npu x — —oo
U X — oo

Ucnonbsys ¢ynkimio Q(X), MOXKHO Mepenucarb cOOTHOITEHHE
(4.18) B BUOE

m— n/2 C

B, (m)~ F Nz 1+%. (4.19)

[ocneanee npuG/IMKeHHOE PABEHCTBO O3HAYAET, YTO, €CJU Ha
rpadure P, (m), nzo6paskaiouem Bepositiocts P, (m) = C' 27" kak
byHKIMIO M, npeobpasoBaTh lKamy Ha ocn OX Tak, 4To Kaskaas

. n fn
touka m, m = 0, ..., n, nepeiijier B TOUKy x; =(m—§)/ e T

opaunarsl P, (m) mupeoGpasyiorcst B 3HadeHus, GIM3KHE K

ﬁ@(xm) , IPUYEM DPACCTOAHNA MEXKAY COCEJHMMU TOYKaMU X,

6yIyT paBHBI 1/ Jn/4 . [eiictBurenbho,
= m+1-n/2 m-n/2| 1

m \/77/_4 - \/77/_4 - n/4-

[ns pocku TambroHa 3TOT BBIBOJ OYy/eT HMMeETb CJeylolee
MPAKTUYECKOE 3HAUEHHE: €CJIU YUCJI0 PSIZIOB UTOJIOK, KOTOPBIE TIPe/i-
CTOMUT IPEO/I0JIETh MIAPHKAM, OY€Hb BEJHMKO, a PACCTOSHUS MEX/LY
CEeKIMSIMU SIIUYKOB, KyJa IMOMAJaloT MIAPDUKH, MAj0, TO BEPXHSIS
rpaHUIla YPOBHSI MIAPUKOB B SAMUYKAX XOPOIIO OTIUCHIBAETCST KPUBOIL
¢(x) . UnmocTpaimio 3Toro (heHoMeHa cM. Ha pPHCyHKe 9 i pucyHKe
20. Ecsm ma pucynke 9 mpoBecTH KpuBBIE, OTHMOAONNE TpauKh
P, (m) cBepxy, TO MbI OMy4nM TIPUGHKEHHO TpadpuKn yKasaHHOL
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(QYHKINH, TIPUYEM C POCTOM 1 TIPUOIIKEHNE CTAaHOBUTCSA Jyutie. Ha
pucynke 21 mano TpocTpaHCTBEHHOE W300pa’keHue Ui 3HAUYCHWH
n =4, 6, ..., 40 rpaduxos 6MHOMHATbHBIX BepoaTHocteit P, (m),
KOTOpble OTHeceHbl K Toukam 7, +m, T.e. P, (n +m). Takoe
pacmpeiesieHne MOXKHO Ha3BaTh <«IEHTPUPOBAHHBIMY» OUHOMUAJb-
HBIM PacipeieJIeHUeM, TIOCKOIbKY IIEHTPOM Paclpe/iesieHUs SIBJISIeT-

%,
9
{9
%
/'
%
0,3 %
b
0,2 5
» 'I (/
9
0,1 2K o2 253
0 SR, ",
Setestelestote e te e,
—0,1 '::::::; ,"c,:,::,:o/l KL R0,
SIS
38 SISSEIL

Puc.22. IIpocmpancmeenioe u3obpaxenue niomHocmu HOPpMAIbHOZ0 PAc-
npedeenus
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csl TOYKA <«HYJb». V3o6pakeHHe 3TOTO pacrpe/esieHus HpH 7,

Bo3pacraomieM oT 4 m0 40, HaJJeXUT CPAaBHUTH C AHAJOTUIHO

MOCTPOEHHBIM Ha PUCYHKe 22 POCTPAaHCTBEHHBIM T'papuKoM (PyHK-
2

X

mu Q(x) = Te 2 (IIOTHOCTBIO HOPMAJIBHOTO PACIIPE/IENEHIS —
2n
cM. c. 83).

B 3akiioyeHre BepHEMCS K PACCYXACHUIO O XapaKTePHCTUKAX
caydailHOTO OGJIY>KJAHUSI YacCTUIbl HA MPSIMOi, NOMENIeHHOMY B
koHie §5 ri.l. Tam peub maer o XapakTepUCTHKAX OJIYKIAHUS:
cpe/HeM 3HaYeHNu Ipo0era u cpelHeM KBaIpaTHYeCKOM OTKJIOHEHUH
or cpexnero npoGera. Ilepsas M3 HHUX coBmajzaer ¢ Haubosee

BEPOSITHBIM 3HAYEHUEM 72,/ 2, a BTOpAsi CO 3HAUCHUEM +/n/4 ; 00e aTH

XapaKTEePUCTHKK BXOJAT B TIOJNy4EHHYIO HAMHU TIPHOIKEHHYT0 (hop-
myay (4.19).

§5. Teopema Myaspa-Jlannaca

[Tpubmrxennas hopMy.Ia /I CHMMETPUYHOTO OHHO-
mMuanbHoro pacupeaenetus (¢ p =1,/2)

n 3
2lm-—
i
(m)=Cy2™" ~—=e " 1pU N —> oo (4.20)
nn/2
6bla JoKa3aHa aHTIniickuM MatematukoM A.Myaspom B 1730 rory.
Ecim n ¢ukcumpoBaHo, TO CIpaBa B NPUBEJEHHON (POpMyJe CTOST

P

n

2

sHavenuss pyukuuu ge \ ¢ /) (a, b, ¢ — MOCTOSIHHBIE) B TOYKAX X =
= m. OCHOBHBIM CPE/ICTBOM JIOKa3aTeIbCTBA IIPUOJIIKEHHOH (hopMy-
abt (4.20) Gbuia dopmyaa Crupsudra, Kotopyio MyaBp I0Kasal
HesaBucumo. Kak ycranosieno, B paGorax MyaBpa roJiydeHa Takxe
npubmmkennas dopmyaa g P, (m) u B obmenm cayuae. B mocae-
nywoueM (dpannysckum marematukom I1.C.Jlammacom (1812 r.)
6bL1a cTpPOro JoKasaHa st obmiero caydas 0 < p < 1 dgopmya

_ (m—np)2
Pn (m) — C;npm (1 _ p)ﬂ*m _ 1 e 2np(1-p) ,

\2mnp (1= p)

Koropas npu p = 1,/2 Brjouaer B cebs bopmy.y (4.20).

m-—n
Ecmn nmosoxkure x, = P

m T <
o N (1=p)

1 e—x2/2

@(x)zﬁ :

1 BHOBb PAaCCMOTPETDH (l)yHK-
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TO TIoceIHss opMyTa MpruobpeTaeT BU/

1
\/m(P(xm) .

Hanum tenepb cTporyio (GopMyIHPOBKY.
Teopema Myaspa—Jlananaca. [Tycmo 0 <p <1, g=1—-pu

P, (m) -

<A i 0

nycmy m maxoso, umo [m—np| < A, , 20e npu n — oo ( )2/3 —0.
n

Toz0a pasnomepro 015 6cex MAKUX M Pq

(mfnp)2

1 2npq
—¢ oo, 4.21
21'671]%] npu n — ( )

JlOKa3aTeIbCTBO TEOPEMBI IJIABHBIM 06Pa3oM OCHOBAHO Ha (hop-
myJsie CTUPJIMHTA, ¢ OMOIIBIO KOTOPOU BBIBOJSATCS TPUGIHKEHHbIE
dopmyast gust CF (em. dopmyary (1.14))

Ay (n,m) £ C)' < Ayy(n,m),
R S b
12m 12(n—m)’ 12n

(nym) = n n"
v 2nm(n—m) m™ (n—m)"™" "

C momopio 310l hopMyIbI TIOyyaeM HepaBeHncTsa s P, (m) :

() (725) <o _
<tz (o) (725

PaCCMOTpI/IM BbIpasK€HHNE

ez

=—(np+ 8)1n[1+%]—(nq +8)1n(1—%]y

Pn(m)~

In A, =

rie d=m-np .

[lasnbHelilee OKA3aTeIbCTBO OCHOBAHO HAa BO3MOKHOCTH TIPU-
6mkennoro npezcrasienus Gyuxmuii In(1+¢) B Buge MuOroUMIE-
HOB 110 CTENeHsM ¢ npu 1enbix » > 0 gt [¢] < 1:

In(1+¢t) ~ ay +at +at* +...+ at".
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OTH TIpe/ICTaBJICHNS BO3HUKAIOT NP BBITIOJHEHUN YCJIOBUH Teo-
peMbl U3 TaK Ha3bIBAEMBIX psfoB Teilsopa a/sg yKa3aHHBIX (DYHK-
Ui, JTy YUCTO AHAJUTUYECKYIO YaCTh /I0KA3aTeJbCTBA MBI 3/1€Ch
COKPATUM, TaK KaK OHA YBeJET HAC B CTOPOHY OT OCHOBHOI IeJin
HACTOSIIEN TJIaBbl.

OrpaHnymBasich B PassoKeHUN JOrapu@MOB 3HAUEHUEM 7 = 3,
noyyaem ipu |8 < np u |8 <ng

(1 1) & (1 1

Feo-lat—+—|5-—
2n\p q) 6n°\p* ¢ ,
2 :
uF~- IPH §, MAJIOM 110 CpaBHeHuo ¢ 7> (T — 0 npn
2npq n
n — o). Takum o6pasoM, mpu n —e InA ~1, InAd,~1,

n 1
2mm (n—m) \2mnpq t HAKOHEt,

62

In

2"”" ,The 0=m—np .
B (m) - 1/2Tmp P

Wcnoabsysa (4.21), MOXKHO HOMYYUTb IPHOIMKEHHE IS CyMMbI
my

GUHOMMAJIbHBIX BEPOSITHOCTEN BUA Z P, (m), KOTOPast BbIPaXkaeT

BEPOSITHOCTh TOTO, YTO WHCHO yiad B n WUCHBITAHHSX Bepryim
HAaXOJUTCS B Tipefiesiax ny u my (my <m,). IT0 MpuOIMKEHNe
YCTaHABJINBAET TAK HA3BIBAEMAS UHMEZPANbHAS NPpedesbHds meope-
ma M yaepa—ﬂanﬂaca'
K oL my — np my —np
2P(m~—_[ dx , b= . (4.22)
m=m, N1pq N1pq
PasHoCTD MesK 1y JI€BOiT M MpaBoi yacTsamMu B cooTHommennn (4.22)
CTPEMHUTCSI TIPH 7 —> o0 K HYJIIO PABHOMEPHO OTHOCUTEJIBHO @ 1 b IpH
noctossHHOM 3Havenuun 0 < p < 1.
Jlnst Toro 4to6bl yoeanTbest B crpaBeauBocty hopmyint (4.22),
IPOBEJIEM CJIEAYIONIIE TPABIOIOOGHbIE PACCY KIAEHNSI.
OcnosbiBasch Ha dpopmyae Myaspa—Jlamnaca (4.21), samumem

npUOIKEHHOE COOTHOIIEHUE /:um CyMMbI'
my

p 2npq
2 ) ( Z \/W . (4.23)

m=my m=my

(m—np)2

1 _2
Beeziem B pacemotpente dynkimio Q(x) =——e " 2 4 o60amave-

HUE X, = % . Torga npasyio yactb (4.23) MOKHO IPEJCTABUTH
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m,
B BU/IE€ CyMMBI z \/_ . 3HaveHusaM my, my +1, my+2,

m=my
.., my—1, my GyIyT COOTBETCTBOBATb TOYKU d = X, , Kpatr oo

coy ¥my-1, b =x,, , IPH 5TOM PACCTOSIHHE MEXKY COCG[[HI/IMI/I TOYKA-
MU X,, OyJeT OJMHAKOBBLIM JUIS BCEX 7M.

e o +1-np m- np _
" Jnpq Jnpq w/n;o
C yuerom storo dopmy.a (4.23) mosyuuT HOBbIH BU

224 Pn (Wl) - z(p(xm)Axm ) (4.24)

m=my

Ax,, =x

x+1

rje CyMMa B IpaBoil 4yactu Oepercst 110 TOYKaM X,, pa3OueHus
untepsaia (@, b]. Iockoabky Ax, — 0 HPH 1 — e, TO CyMMa B
(4.24) moxeT GbITH MHTEPIPETUPOBAHA KAK MHTErPAJbHAsT CyMMa
unterpana ot byukmun ¢(x) [a, b]:

3 p,(m)- fcp(x)dx (4.25)

m=my

(OTMmernm, UTO 3/16CH MBI HE 3aTParuBaeM PoGJIeMy CyIeCTBOBAHMST
MHTErpaja Kak KOHEYHOrO IIPe/Ie/ia HHTErPAJIbHBIX CYMM, HE 3aBUCS-
IYIO OT pasOueHmus.)

OnpezeieHnblil nHTerpan B npapoii yactu (4.25), Kak 0ObIYHO,
BBIpJKAeT ILIOmaab (Urypbl, OrpaHu4eHHoil cHuzy ocbio Oux,
ceepxy rpadukom Gpynkimu @(X), a cieBa n cipaBa BepTHKaIbHbI-
MU OPAMBIME X = @ 1 X = b coorBerctBeHHO (puc.23).

|
[}
|
|
[}
|
[}
[}
|
[}
E
1

2 3 x
Puc.23. T'padux niommnocmu nopmaiviozo pacnpedeienus @(X)=
= Leﬂ 2 3 0 jj[ x)dx
W awmpuxosanuas niowads uucienno pasua | @(x

a
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UHTerpas, BXOAANMIT B IPABYIO 4aCTh IPHOTMKEHHBIX (hOPMY.T,
IIPHHATO BBIPAXKaTh Yepes (yHKIIIIO
oo 1 Foo 5
D(t)= J o(x)dx = — _[ e Pdx
b Vor 2,
KOTOpasi YMCJEHHO paBHa ruiomajn (Gurypsl moj kpusoi @(x) na
nomynpsimoit (—ee, t]. Ouesnzno, ato

b
Jo(x)dx =@ (b)-2(a).

[oxpo6ubie Tabmmipr dynknun P (£) nmerorcs BO MHOTHX
y4eOHUKAX ¥ CIIPABOYHHMKAX 110 TEOPHU BEPOSITHOCTEH M MaTeMaTH-
yeckoii craructuke. Oynknus P (¢) nenpepbibHa, ee 3HAYCHUS MIPH
t — —oo JIOBOJIbHO ObIcTpo mpubamxkaioTes K 0, a mpu ¢ — o
npubamskaiorest k 1. 3navenns P (t) pna snwavenuii aprymenta ¢ u
—t cpasanbl pasenctsom @ (t)+ P (-t)=1.

I[IpuBeseM 3/ech HeCKOJIbKO 3Hauennit dpynximn P (t):

t 0 0.5 1,0 1,5 2,0 2,5 3,0
®(¢)] 0,500 0,691 0,841) 0,933 0,977 | 0,994 | 0,999

(Yurareab MOXKET UCIOJAb30BATH 3Ty TAGIUYKY /IS BbIYHCJICHUS
MpHUOIIKEHHBIX 3HAYeHUH BEPOSTHOCTEH B yIPAKHEHUSAX 2 §2 171.4
u4,5§211.6.) Dynkiusa Q(X) HaszbIBAETCS NAOMHOCIBIO HOPMALL-
nozo pacnpedenenus, a ®(x) — pynxyueii nopmaivnozo pacnpede-
aenus (eM. 06 atom B 3aksmoueHun Ha ¢. 163).

Ipumep 1. C nomoIbio uHTErpatbHOi Gopmy.nt (4.25) MOKHO
OI[EHUTD BEPOSITHOCTD 33/IAHHOTO OTKJIOHEHHSI YaCTOTDI yIauH M,/ N B
7 UCIIBITAHUSAX DepHyJuM OT BEpOSTHOCTH p:

P{m g}: S P, (m) (4.26)

—-P
m
——p‘ss
n

n

m:

JUISL TIPOM3BOJIBHOTO TOJOKATEBHOTO YUCAA € ; CyMMHUPOBAHWE B
npasoit wactu (4.25) OCYUIECTBJSETCS MO BCEM M, I KOTOPBIX
m

— =P

m—np n
< € wmm, uTo TO XKe camoe, [ ——| < €,|— . Ilo unTerpamn-

n \NIpq pPq
HOIl TpesenbHol Teopeme Myaspa—Jlamnaca npasast yactb (4.26)

npu GOJIBIIUX 72 TIPUGIMKEHHO PaBHA MHTETPATY

1 L - 2/2 n
— | e /%dx, t=¢ /— .
N2m pq
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Orciofa, B 4YacTHOCTH, BBITEKaeT OCHOBHOWH pe3yJbTaT TeopeMbl
Bepaym. ITockoabky

p{m
n

—=p

Se}~<l>(t)—<l>(—t), (4.27)

n .
at,=¢|— npu n— o, T0 B cuIy cBoiicTB pynriuu D ()

-
n

Ecnn nepenucats dopmyy (4.27) B Buze

Pﬂﬁ—p
n

TO MOKHO CJieJIaThb BBIBOJI O TOM, YTO, KaK MPABUJIO, OTKJIOHEHUS
YaCTOTBI y/Ia4¥ OT BEPOSITHOCTH Y/Ia4l B CXeMe UCHbITaHnit bepHymiu
UMEIOT IOPAI0K 1/\/2 .
B 1i1. 2 66121 pacecmotpen npumep ¢ 6pocannem MoneTbl 100 pas:
npun=100up=qg=1,/2
P(35<m<65)=0,99822

Se}—ﬂ.

<t %}~®(t)—q)(—t), (4.28)

nin

pP ﬁ—p
n

< 0,15)= 0,99822 .

IMoabsysch dopmyoit (4.28), mnosydyaeM u3 paBeHCTBA
(I)(t) — (I)(—t) =0,99822  yro P (t) =0,99911 | u u3 TabauIn dyn-
ki P (t), uro t = 3,125, u moaToMy

P{ < 0,1563} ~0,99822

Ilpumep 2. Bepuemcs k 3amaye BepHyiu, moOCTaBIeHHON B
npumepe 1 §2. OrBeruM Ha BOIPOC, CKOJIBKO HY’KHO ITPOBECTH
UCHbITaHui, 4TOGBI ¢ BepositHOCThIO 0,999 uactora yjaaum orsmya-
Jack ot p = 3,/5 MeHee uem Ha 1,/50.

[Ipumenum teopemy Myaspa—Jlannaca u Bocmosbadyemcst ¢op-
myoit (4.28) wus upumepa 1. Iomoxum €=1/50 wu
O(t)-@(-t)=0,999 . TIlockoapry @(t)+P(-t)=1, To
20(t)-1=10,999 n @(t)=0,9995. W3 tabmipl sHaueHnit O (t)
mosrydaeM 3HaueHue t = 3,29, otkyma n > 6494.

XoTs1 oJIy4eHHbIN Pe3yJIbTAT U SIBJISIETCS TPUOJIKEHHDBIM, O/THA-
KO 3/IECh 1 TI0 TIOPSIZIKY 3HAUUTETHHO MEHbIIE TOrO 3HaveHus 25 550,
KOTOPOE MOJIy4eHO C IIOMOIIBIO TeopeMbl Bepry.mu (cM. npumep 1 B
§2). Cuexyer, 0JHAKO, TPEACTaBJAATH ceGe, UTO MOTPEIIHOCTb B
uHTerpasbHON Teopeme Myaspa—Jlamaca umeeT MopsiioK 1/ n .

m
—-p
n



MABA 5

CUMMETPUYHOE CNTYYANHOE
BNY>XAAHUE

§1. OnucaHmne cny4yariHoro GnyxaaHus

B sroit ry1aBe MbI 601€€ TTOPOGHO PACCMOTPHM 33/1a-
Y, KOTOPbIE BOZHUKAIOT B CXeMe cayvaiiHoro Ourysxaanus. Kak yske
661710 otMedero B 1. 1 (eM. ¢. 16—21), aTa MaTeMaTH4IecKast MOJEIb
NOJICKa3aHa M onpasjaHa (PU3NYECKUMHU TIPUJIOKEHUSIMU — OHa
CJTY>KHT JIJIS TPOCTEHIIEro, MpuOIMKEHHOTO ONMCAHNS OJTHOMEPHOTO
¢usnyeckoro mporecca 6pPOYHOBCKOTO IBUKEHUS U quddysun Mare-
PHAJIbHON YaCTHUIIbI, KOTOpPasl COBEPIIAET CJIydaiiHble MepeMerieHust
moJ JeficTBueM OOJBIIOTO YHCJIa CTOJKHOBEHHH C MOJIEKYJIaMH.
DusndecKuii CMBICJ UMeET JIUMIb MPEeIeIbHBIH CIydail — HelpephiB-
HOe JIBMKEHHE, OJIHAKO JMCKPETHASI CXeMa CJY4YaiHOTro OJIysKIaHHs
IPUBOJUT K PE3yJIbTaTaM, KOTOPble OCTAIOTCS CIIPAaBe/JIMBbIMU U B
CBOEi TIpesiesibHON hopMe.

[IpescraBuM cebe, uTo HeKoTOpast yacTui@a (MOABUAKHASI TOUKA)
mepeMeniaeTcss B ANCKPETHbIe MOMEHTBI BPEMEHN TI0 TIEeJbIM TOYKaM
YIICJIOBOH TIPSAMOI, PACIONIOXKEHHONW BePTUKATIbHO. byseM cumurTarth,
YTO B HA4yaJbHBI MOMEHT BpeMeHM n = ( yacTHIa HAaXOAUTCS B
HayaJje OTcueTa, a B KaK/IbIil cJaeyIolnii MOMEHT BpeMeHu n = 1, 2,
3, ... OHa cOBepIIaeT IlepeMelleHNe Ha €MHUIy BBEpX WJIN Ha
efnHMIly BHU3. Tak, HampuMep, B MOMEHT n = | 4acTHIIa OKa3bIBa-
eTca B Toykax +1 mym —1; ecam B MOMEHT BpeMEHH 7 YacTHIIA
3aHMMaJIa TOJI0XKEeHne ¥, TO B CJIeIYIONTII MOMEHT BpeMeHN 12 + 1 oHa
OKAa3bIBAETCST B TOUKAX ¢ KoopAuHartamu y + 1 uan y — 1 He3aBUCUMO
OT TOTO, KaK OCYIIEeCTBJISLIIOCH ee JBIKEHME 10 MoMeHTa n. IIpesaro-
JIOXKUM, YTO JBIDKEHHE 4YacTHIbI BBEPX M BHU3 HA OJWH IIar
PaBHOBO3MOJKHO, T.€. IIPOUCXOJUT C BeposiTHOcTsIMH 1,2 Kaxzoe.
Torma roBopAT, YTO YacTHIIA COBEPIIAeT IPOCTOE CHMMETPUYHOE
caydaitHoe O6syskanne Ha npsiMoii. PaccMorpum rpaduk ciayvaiino-
ro GJIy>KJaHUsI B IIPOCTPAHCTBEHHO-BPEMEHHOI cHCTeMe KOOP/MHAT,
r/ie och abCIMCC BBICTYTIAET B POJIM OCH BPEMEHH, a OCb OPAMHAT I10-
MPEXXHEMY CJYKUT /IS YKa3aHUS IMOJIOXKeHUsT dacTuipl. OTMeTnM
TOYKH, COOTBETCTBYIOIIIE TOJIOKEHUIO YACTUIbI B KK/l MOMEHT
BpeMeHH, CoeInHIM GJIMKANIINe TOUKH TPSIMOJIMHERHBIME OTPe3Ka-
mu. Torga 0601 BO3MOKHDIN UCXO/T TOC/IEI0OBATEIbHBIX ITEPEMeIIle-
Huil yactuilpl 6yneT rpadpudecku n306pakaTbCsi JJOMAHOW C BEPIIIH-
HaMH B ToyKaX ¢ abcumccamu 1, 2, 3, ... U IEJOYUCTEHHBIMUA
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opaunaramu. [losydeHHBIl TpadyK U ecTb TPAEKTOPHS JIBHXKEHHUS
vyactunbl. Ha pucynke 24 nso6paxkeHa TPaeKTOPUS IBIDKEHUS dac-
THUIIBI, 3aHUMaroNIell 3a BpeMs n = 41 mocjegoBaTeIbHbIE TTOJIOXKe-
nus: 0,1, 2,3,2,1,2,3,2,3,4,3,2,1,0, -1, 0, -1, =2, -1,
=2,-3,-4,-5,-4,-3,-4,-3,-2,-1,0,1,2,1,2,3,4,5,6, 7,

Puc.24. Tpaexmopus Osuxenus 4acmuijbl

6, 7. Ilpu ¢uKCHPOBAaHHOM BpeMeHHM HAOJIOJEHUS] 7 B KauecTBe
MHO3KECTBA BO3MOKHBIX COGBITHI (MCXOI0B) €CTECTBEHHO BBIGPATH
MHOKECTBO BCEX TPAEKTOPHI [JIMHBI 72, HAYMHAIONUIMXCSI B HavaJe
koopauHat. Tak Kak ux oOlree YKUCa0 paBHO 2" U BCe OHH PABHOBO3-
MOJKHBI, TO KQKIO0H TPaeKTOPUH MPUITICBIBAETCS BEPOSTHOCTD 27" .
Takum 06pa3oM, B CUMMETPUYHOM CJIy4allHOM OJIy>KIaHUU JI060e
co6bITHE, COCTOSIIEee B JOCTMKEHUH YACTUIIEH HEKOTOPOTO MHO’Ke-
CTBAa TOYEK HA IIPSIMOM, MMEET BEPOSITHOCTD, IIPOINOPIIMOHAJIbHYIO
YICJIy TPAeKTOPHUIl, 3aKaHUYNBAIONIMXCST B TOUKAX 3TOTO MHOXKECTBA.
[TosToMy mpu To/icUeTe BEpOSTHOCTEH TeX MJIM MHBIX COOBITHII MBI
Gy/ieM MOJIb30BaThCsl KOMOGUHAaTOpHBbIME (hopmymamu §5 T, 1.

B »a10ii riaBe OyayT paccMOTPEHbI 3a/layM, TUIUYHbBIE JIJISI
CAyJaiiHbIX GJyKIaHuil, — 3a/la4a MepPBOTO JOCTUXKEHUS YacTHUIlei
HEKOTOPOTO YPOBHsI, 3a/1a4a BO3BPAIIEHNS YaCTHIIbI B HAYAJIO KOOP-
JIMHAT, 33/laua O BPeMeHH NPeObIBAHMS YaCTHIIBI HA TOJI0KUTETbHON
yacty TpsMoi U T.1. Ha mpuMepe CHMMeTPUYHOTO OJJHOMEPHOTO
caydaitHoro 6ayskjanust OyAyT NPOAEMOHCTPUPOBAHBI COBEPIIEHHO
HEOXXUAHHDbIe, TIPOTHBOpEYAIlNe, Ha IEPBBIH B3IV, 3PaBOMY
CMBICJTy CBOWCTBA CIAyYailHBIX OJIyKIaHW. DTH 3aKOHOMEPHOCTH
CJIydailHbIX OJTy»K/IaHWil Ha NPSIMOI MMEIT YMCTO KOMOMHATOPHYIO
IPUPOJTY M OCTAIOTCS CIIPABEJIMBBIMU JUJIST CTyYalHbIX OJIy>KIaHui
ropaszio 6oJsiee O6IIErO BU/A.

§2. KoMOUHaTOpHbIe OCHOBbI

TpaexTopust 4acTuIlbl TpadmuecKn IMpeaCTaBIAeTCS
JIOMAHOM ¢ BEpITUHAME B TOUKAX C TIeJIOUYNCIEHHBIMUA KOOPAMHATAMH,
IIPH 3TOM KOOPJMHATAMH CBOUX BEPIINH KaXXJas TPAEKTOPUS OIpe-
JlesisieTcss OfiHOo3HAUHO. Takue TpaekTopuu Mbl OyjJeM Ha3bIBaTbh
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nymsamy U3 HaYaJa KOOPJAWHAT, W B 9TOM maparpade OyneM 3aHU-
MaTbCs IIOJCYETOM 4YHCJIa IyTell, O0IaJaloNnuX Olpe/e/eHHbIMU
cBoiicBamu. OG6o3HaumM L(x,y) 4YUCJIO BceX IyTell, BeAyIIUX U3
Havyaja KOOPAMHAT B TOUKY (x,y). OueBHIHO, B COOTBETCTBHH C
BBIUKMCJIEHUSIME B §3 T71.1, B ciydae, KOT/Ia X U ¥ UMEIOT O/INHAKOBYIO
YETHOCTb U y < x,

L(x,y)=Cl*? (5.1)

(B apyrux coaygasx mosaraeM npocto L(x,y)=0). OueBniaHo
Takske, uTo uncao myreit us Touku (xy,y,) B Touky (X,y), rme
O<xy<x, yp<ap, Y<SX, Xy +y, ux + y 4eTHBI, PABHO YUCIY
myTeil M3 Hayama KOOPJAMHAT B TOUKY (X — Xy, ¥ — Y), T.€. PABHO
L(x—x0,y=1).

Bce noacuersl B 9T0M Traparpade u BbIYHCJIEHIE BEPOATHOCTEN B
crenyonmx naparpagax 6y yT OCHOBaHbI Ha OJJHOM 3aMevaTeIbHOM
M YPE3BBIYANHO TIPOCTOM PE3YJIbTaTe, HOCSIIEM Ha3BaHMe <«IIPHHITH-
a OTPayKEHUST> .

Ipunmun orpaxenud. Ilycmv A u B — mouxu ¢ ueaouucaenmwl-
mu koopdunamamu (X, o) u (%, y), 0<xy<x, yo >0,y >0,
u A" = mouxa (xo,—¥y), cummempuunas mouxe A omHocumevHo
ocu abeyucc. Tozda wucao mex nymei u3 A 6 B, komopuie kacaromcst
UAU nepecexainm ocb abCuuce, PAGHO YUCLY 6cex nymell, 6e0yuux
u3 mouxu A’ 6 mouxy B.

[oxa3zateabctBo. CoroctaBuM KaxkoMy nytu u3 A B B, KOTO-
PBIil KacaeTcss WM TepecekaeT och abcmuce, myth u3 A B B

Y

Puc.25. Hpunyun ompaxenus

caenyiomum o6pasom (puc.25): eciu 1yTh U3 A B B nionajaer Ha oCb
a6cumcc Brepsbie B Touke C, 10 yaactok A’C mytn A’B moctponm
0 CUMMETPHUHU KaK OTpaskeHme ydacTka AC OTHOCHTENBHO oOcCH
a6eiuce (Ha pECYHKe HOBBIN YYACTOK IyTH M300PaskeH ITPUXOM) 1
coxpanuM st myth A’B Ge3 uaMenenusi yuactok CB. OueBuHo,
YTO YKa3aHHOE COOTBETCTBUE MEX/Y MyTsIMU U3 A B B, nomagaony-
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MU Ha 0Ch aGCINCC, W OTpaskeHHBIMU myTsamu u3 A° B B B3auMHO
OTHO3HAYHO, YTO W JOKA3BIBAET JIEMMY.

ITO yTBEPKAEHWE BHAYUTENHHO OGJETUAET BHIUUCJIEHUE UYHMCJIA
myTeil, 06JIaJatonX HEKOTOPbIMU HYKHBIMH CBolicTBamMu. Bynem
HAa3bIBATh MY TH IIOJOKUTEIbHBIMU, €CJU UX BEPIIUHbI JIEKAT CTPOTO
BbIIe OCU aGCIMCC, U HEOTPUIATENbHBIME, €CJH WX BEPIIMHBI He
OITyCKAIOTCST HUKE OCH aGCIMCC. AHAJIOTHYHO ONPE/IENSIOTCS OTPH-
HaTeTbHbIE W HETOJIOKUTENbHBIE TTYTH.

3agava 1. Haiigure 4ncsio MOJIOKUTENbHBIX TyTel W3 Havasa
KoopanHat B Touky (¥,y), 0<y<x.

Hycrs L(x,y) — uncao seex myteit us (0,0) B (x, y). Bee
IIOJTOKUTEJIbHBIE TyTH MpoXoasaT depes Touky (1, 1) (puc.26). Ilo-

B(x,y)

- —_—————
sY

0
Jf A'(+1,-1)

Puc.26. ITodcuem wucia noioxumensvHolx mpaexmoputi

5TOMY HCKOMOE YHCJIO COBIAJIAeT C YHCJIOM TIOJI0KHUTENbHBIX MyTeit
us (1,1) B (¥, ¥), a 370 UMCI0 PABHO PAZHOCTH MEK/LY UMCIIOM BCEX
nyreit us Touku (1, 1) B (%, ¥) u umcnom myreit us (1,1) B (%, ¥),
KacalouXcsl UM TePeceKalolnX 0ch abCIMCC, TH PA3HOCTH MEKLY
upcioM Beex myTeit uz (1,1) B (%, ¥) u umenaom Beex myredt us (1,—1)
B (v,y), r.e. pasno L(x—1,y—-1)—L(x—1, y+1). Tenepn serxo
IPOBEPHUTD, YTO

L(x=1,y—1)=L(x—1,y+1) =l _cleo)f2 _
— P (XY X2V Y o2 SV g ()
* 2x 2x x " x e
ITo cumMeTpuy 3aKJI0YaeM, YTO YUCJIO OTPUIATEIBHBIX TTyTEl B
touky (%,—y), y > 0, Takke paBHO %L(X, v).

IIpumep 1. 3amava 1 u3BecTHA KaK «TeopeMa O 6ATIOTHPOBKE»
B KOMOUHATOPHOM aHam3e. VcTopudecku epBoe ee NCIOIb30BaHUe
cBsA3aHO ¢ uMeHamu Yaiitopra (1878 r.) u Beprpana (1881 1.),
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PENMBIINX TaK HA3bIBaeMylo Ga/lJIOTHPOBOYHYIO 3a1ady. Ecim nBa
Kauguaata R u S 1mosyuniu Ha BoIGOPaxX COOTBETCTBEHHO 7 U S, ¥ >
> §, TOJIOCOB, TO KAKOBBI IIAHCHI, YTO KaHAWIAT R B TedeHne BCeX
BBIOOPOB ObLJI TI0 KOJIMYECTBY TOJIOCOB Briepean S? OveBuaHO, YTO
[OCTAHOBKA 3a/a4i TIPEANOJIATAET BBIIOJIHEHHON CJIEAYIONyIo He-
CKOJIBKO HAWBHYIO TIPOIIEAYPY IIOJCYETA TOJOCOB: KaXKIbIH BBIGOD-
MK OTIA€T CBOU TroJIOC MM KaHauAaTy R, mim .S ¢ BeposITHOCTHIO
1,/2; moc/ieI0BaTeIbHO OMPAITHBAIOTCS BCe BHIGOPIINKY U HA KaK-
JIOM 1Iare MOJCYMTBIBAETCS PA3HOCTD TOJIOCOB, MOJAHHBIX 3a R 1 3a
S; mocJie onpoca (7 + §) -Tro BHIGOPIIMKA 5Ta Pa3HOCTh J0JIKHA GbITh
paBHa r — s. Takum 06pa3oM, pedb UET O IMOJICUETE YNCIIA TOJIOIKH-
teapibix nyteit us (0,0) B Touky (r+s,7—s). B coorsercrsun ¢

r—s
OTBeTOM B 33jiade 1 aTO YMCJIO PAaBHO mL(T+S, T—S). Torga

MIaHCBI Ha YCTOHUYMBLIN IepeBec KaHamaata R Hag S B TeueHme
BBIGOPOB U3MEPSIOTCS OTHONIEHHeM 9Toro uncaa k L(7 +5,7 - ), 1.
r—s

€. BeJIMYMHON .
r+s

Ipumep 2. Ta xe 3agaua, HO ¢ 6oJiee TOHSITHBIM HAM CIOKETOM,
3BYUYHT Tak. /[Ba MmaxMarncra, mMes paBHbIE MIAHCHI HA yCIETTHBIN
pe3yabTaT B Kax/0it naptun (HUYBM HE 3aCYUTBIBAIOTCS), UIPAIOT
Mmaty u3 10 mapruii. Maty 3akaHuuBaercs 1mMo6e0il ONpeIeIeHHOTO
UrpoKa co cuetoM 6:4. KakoBbl MIaHCh! HA TO, YTO TIOOEIUTETD MATYA
HOCJIe KayK/[0i MapTuu ObLT BIIEPEH 0 YUCTy 04KOB? OueBHIHBIM
06pa3oM, UCTIOIb3Ys 3a7a9y 1 1 paccyskIeHIs MTPeIbIAYINeTo TIpUMe-

=0,2.
4

pa, noJjydaem, 4TO BEPOATHOCTb 3TOI'O CcOObITHS PaBHa

Ham nonaio6urcst elie 0J(MH BasKHbIN Pe3YJIbTAT, MPECTABJISIO-
muil co6oil yTBep:K/ieH1e, JBOMCTBEHHOEe YTBEPXKIAEeHUIo 3aaaun 1.
Bynem paccmarpusatb Bee mytn u3 (0, 0) B (x, y), o61ajaioniue teM
CBOJICTBOM, YTO OPANHATHI BCEX IIPOMEKYTOUHDBIX BEPIINH MEHBIIIE ¥,
u OyJieM HasbIBaTh TaKue IIyTU NYymsaMu, enepevie 00Cmuzauumi
yposenv (noaoxenue) y ¢ momewm x (UM nymsamu nepeozo
docmusxkenus y).

3agava 2. /[okaxxuTe, YTO YUCJO MTyTel, BBIXOASINX U3 HaYaIa
KOOPJIMHAT U BIIEPBbIE JOCTUTAIONINX YPOBEHDb ¥, i > (), B MOMEHT X,

paBHO gL(x, y).
x

PaccmorpuM Bce myTH, YOBJIETBOPSIOIINE YCJOBHIO, U OyneM
MPOXOJUTD KKIBIH Takoil TyTb B 0oO6paTHOM HampaBJjeHuu. [lis
3TOTO BBIGEPEM HOBYIO CHCTEMY KOOPJIUHAT C HAYAJIOM B TOUKE (x, y)
1 OCSIMHU, KOTOPBIEe TTapaJsiieJlbHbl W TTPOTHBOIMOJIOKHO HAITPABJIEHbI
COOTBETCTBYIOIMIMM OCSIM MCXOIHON CUCTEMBI KoopauHaT. OueBuIHO,
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4TO «OGpaleHHblii» MyTh yIOBJIETBOPSET YCJIOBHIO 3agadn 1, T.e.
ABJISIETCS TIOJIOKUTEJIBHBIM MyTEM W3 HOBOTO Hadala B TOUKY C
KoopauHatamu (X, y) B HOBoil cucreme (cM. puc.26). Tem cambiM
YCTaHOBJIEHO B3aMMHO O/IHO3HAYHOE COOTBETCTBUEC MEK/AY [ABYMA
TunaMu myTeil. VcIoap3ys pesyabTar 3aga4u 1, IoJydaeM yTBEpK-
nerne. 1o cMMMeTpHH, 9UCJIO TIyTeil, BIEPBble JOCTUTAIONINX yYPO-

BeHb —y, y > 0, paBHO gL(JC, Y).

JlokaxkeMm B 3aKJHoqe]§me OJTHO TIPOCTOE CJIE/ICTBUE <ITPUHITUTIA
OTpakKeHHs», KOTopoe Gy/eT IMOJe3HO B TOCTEIYIONNX PaCCysKie-
HUSIX.

3anmaua 3. HaiiuTe 4nc/o MOJOKUTETBHBIX MyTeH, BEIXOASIIINX
13 HayaJa KOOPJMHAT U 3aKAHYMBAIONINXCS B TOUKAX € aGCIUCCOI
x> 1.

Mbl JOJKHBI HAlTH 4UCJ0 BCeX IIyTeil, BeAyIUX U3 (0, O) B
MHOKeCTBO M Touek (x, y), MMEIONINX OJMHAKOBYIO aGCIUCCy X 1
opaunatel y > 0. Bee takue 1myTn Heo6X0ANMO IPOXO/IAT YEPE3 TOUKY

(1,1). Yncno myreii us (1,1) B M pasno Y, L(x -1,y —1), auncao
X2 Y=Y
nyreit n3 (1,-1) B M pasno Y, L(x—1,y+1), tae y, =2 npn x

Y=Y
YETHOM U =1 apux HEYETHOM. Tor,z:[a II0 «IIPUHIIUITY OTPAXKECHUI»
0

apcsio myteii us (0,0) B Toukn MHOKeCTBa M paBHO

i Lx-1,y-1)- JfL(x—1,y+1):

Y=Y Y=Y
x x=2
= Llx-1yy-1)+ > Lx-ty-1)- > L(x-1y+1)-
Y=yo+2 Y=Y
Cfﬁ, X 4eTHO,
— L(x -1,y - 1) = (-1)/2 (5.2)
C X HEYETHO.

x—1 ’

Kak credcmeue ToJjgy4daeM, 4TO 0611_166 YUCJI0 NOJIOKUMENOHBIX U
ompuuameslbHouLX nymed, ebzxoaﬂuqux u3 Haydia KOOpaqum u
3AKAHYUBANOULUXCA 6 MOUKAX C 6166@41/[66071 X, pasHo

2C3,_ =C}, npu x =2n + 1, (5.3)
2C3, npu x =2n + 1.
YupaxxHenus
1. Ilokaxure, YTO YHMCJIO TOJOKUTEJbHBIX IyTell 13 (0, O) B (2n, 0)
paBHO 1C2",;12 .
n
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2. IlokaxxuTe, 4YTO YHUCJIO HEOTPUIATEIbHDBIX ITyTeil U3 (0, O) B (2n, 0)
1 o
apuo —— Cy,, .
P n+1 "

3. IokaxuTe, 4TO YNMCJIO HEOTPUIIATENBHBIX ITyTedl IMHBI 21 paBHO Cj, .

4. JlokaxkuTte, 4TO YHUCJIO TyTell TEPBOrO TOCTIKEHUSI TOYKU § B MOMEHT
2n — y PaBHO PA3HOCTH MEXK/Y YUCJOM IyTeil u3 (0, 0) B (2n—y, y) u
yaBoeHHbM uncaom myteit u3 (0,0) B 2n—-y -1, y+1).

5. Jlokakure, 4TO YUCJO MyTeHd W3 (O, 0) B TOYKY (x, yo), Yo >0,
KOTOpBIE JIeKAT Bble HpsMoil ¥ = -y, y; >0, pasHO L(x, yo)—
- L(x, yo +2yy).

Vkaszanue: ucnosb3yiite TPUHINAI OTPAYKEHUS] IPUMEHUTENBHO K TIpPSsi-
MO ¥ = —Y .

6. /loxaxxure, 4TO YMCJIO TMyTeil U3 (0, O) B TOYKY (x, yo), Y >0,

KOTOpblE JIEXKAT HIKE HPIMOH ¥ =¥y, ¥y >y, pasuo L(x, yy)-

= L(x, 2y, = yp) -
Vkasanue: ucnonbayiite 3azauy 5.

§3. 3apaya 0 BO3BpaLLEHUN YacTULLbI
B Hayano KoopguHat

JrtoT u nocJenyonme maparpadbl MOCBSIIEHbI CO6-
CTBEHHO CHUMMETPHYHOMY CJAyYalHOMY OJIy>KJAHUI0 Ha IPSMOI.
OCHOBBIBasICh TOJBKO Ha KOMOMHATOPHBIX CBOICTBAX myTell (TOMbKO
Ha TPUHIMIE OTPAXKEHHsI), MBI TOJYyYUM HEKOTOpbIE TayGOKHe u
HEOKUJIAHHBIE 3AKOHOMEPHOCTHU TTOBe/IeH st Gy KAAtolell YacTUIIbI.
Hammwm npejckasadus, B IEPBYIO odepeib, OyAyT OTHOCHTHCSA K
BO3BPAIIEHUIO YACTHIBl B UCXO/HOE IIOJOKEHUE U JOCTHKEHUIO €l0
HEKOTOPOro ypoBHsi. IIpu pemeHun 3asaum o Bo3BpaleHun GyaeMm
pacecMaTpuBaTh MyTH, COCAUHSIONINE HAYAJIO0 KOOPAUHAT C TOYKAMU
(x,0), roe x = 2n, Tak Kak BO3BAIIEHIE YACTHIIBI B HYyJb MOXKET
HPOUCXOUTD TOJBKO B UeTHbie MOMeHTbI Bpemeru. CobbiTue, cocTo-
sliee B TOM, YTO BO3BpAllleHUE B HyJIb [POUS3OILIO HA 27-M LIare,
CBSI3aHO JIMIIb C IIEPBBIMU 27 TEPEMEIeHUsAMU YacTuilbl. B cuiy
cuMMerpun 2" BO3MOXKHbIE TPAeKTOPUM JIIHHBI 272 OKa3bIBAIOTCS
PABHOBO3MOKHBIME. [109TOMY BEPOSATHOCTH BO3BPALICHUST BHIYUCJISI-
IOTCSL TIOJICYETOM COOTBETCTBYIONIMX IMyTell Ha orpeske ot 0 10 27.
IlycTh Uy, — BEPOSITHOCTH BO3BPAIEHHS YacTUIBI B 0 B MOMEHT
2n. Tax kak unciao myreit, coeaunsonmx Toukn (0,0) u (2n,0),

pasuo L(2n, 0) = Cy, (cm. dopmyay (5.1)), to
uZn = an2—2n . (54)

Ilyctp f,, — BEpOATHOCTH IIEPBOTO BO3BpAIECHUS B HYyJb B
MoMeHT 2n. [lns oupepeneHus f,, Mbl HaiiieM COOTHOIIEHYE,
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CBSI3BIBAIONIEE [, C BEPOSITHOCTBIO Uy, : TIPH p > 1
f2n =Uyp_g — Uy, - (55)
IIyctp coGeitie Ay, COCTOMT B TOM, YTO IIyTh JO MOMEHTa 21
BKJIIOUUTEJIbHO HUTZE He obpaiaercs B HyJb. ITo sagade 3 B §2
P(Ay,) =uy, . Ilyctb cobbiTie B COCTOMT B TOM, YTO B MOMEHT 27

IMeeT MeCTO Bo3BpalleHue B Hyuab. Torpa cobbitue A,, , (B
03HaYaeT, 4YTO IIepBoe BO3BpallleHHe B HyJ/b IIPOM3OLLIO B MOMEHT

Bpemenn 2n, u noaromy P(A,, , N B)=f,,. OdeBuano, uro
(A2n—2 N B) U (AZn—Z N E) = A2n—2 ’

rie B — ponomnenue co6pitug B. Tak Kak coObITHS, CTOAIHE B
CKOOKAaX, HECOBMECTHBI, I Ay, » 1B =A,, , T0

P(An—2nB)+P(A2n):P(A2n—2)7

yro u npuBoguT K coortHomenuto (5.5). Iloxacrasaas B (5.5)
Boipakerue (5.4) s u,, , HOJyYaeM, 4to npu n > 1

1 _
on = mcgn%Z 2t (56)

1
(I/UH/I on =S U2 )

Coortrorerue (5.5) MOKHO TaKKe JOKA3aTh KaK IPOCTOE KOMGH-
HATOPHOE TOXKJECTBO, €CJU BEPOATHOCTH fy, B Buge (5.6) BbIumc-
JIUTh, HETIOCPEACTBEHHO MpUMeHsist 3aauy 1 B §2 (cM. ynpaskHeHuHe
1).

Hcnoabsysa ¢opmyay (5.6), HETPYHO IIPOBEPUTD, YTO BEPOSIT-
HOCTH TIePBOTO BO3BpAllleHUs B HyJb, Halpumep, Ha 2-M, 4-M, 6-M
I1arax, paBHbl COOTBETCTBEHHO

f,=0,5 f =0125 f =0,0625.

Boruncienne f,, A5 He60JIBbIINX 3HAYCHUI 72 YJOOGHO TPOU3BOINTD,
UCIOMb3YsT TAabJINUKy 3HaYeHNI BepOSTHOCTEH s,

n 1 2 3 4 5
Uy, | 0,5 | 0,375 (0,3125]|0,2734 | 0,2461
n 6 7 8 9 10
Uy, | 0,2265]0,2095(0,1964]0,1855| 0,1762

[L7ist 6OTbIINX 3HAYEHUT 72 MOSKHO BBIYUCTSATD [, TPUOJIIKEHHO,
nosb3ysich Tabmuiamu jgorapudmos (cM. c. 24) unm (opmynoii
Crupmunra. ITo ¢opmyne Crupsunra (cM. c¢. 25) npu GoJbLIUX 7
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n!~n"e"\2mn , otkyna
. 1
no_ 22n

2n .

T
ITostomy

1 "t 1
Uy ~ = W Jon = 5=
" nn 2Tl

VHTepecHo y3HaTh, KAKOBBI IIAHCHI HA BO3BpAIlEHNE YACTHIIBI B
HyJb 32 HEKOTOpOoe KOHeyHoe BpeMs. Hampumep, BeposSITHOCTD
BEpHYTbCS B HyJb 3a 2 mara pasHa [, =0,5, 3a 4 mara
fo+ 1 =0,626, 3a 6 maroB f, + f; + [z = 0,6875 u 1.1. OueBumHoO,
YTO BEPOSITHOCTH BO3BPAIIEHUS YACTHIBI B HYJIb 32 BPEMS 21 PaBHA
fh+fi+...+f,. o dopmyne (5.5) nomyyaem, uro

f2 +...+f2n =(1—UQ)+...+(U2”_2 —U2n)= 1—7/!2,[ , (57)

T.€. Uy, — BEPOSTHOCTb IPOTHBONOJOXHOIO coObIThA. Ilosb3ysach
npUGINKEHHBIM 3HAYEHUEM Uy, TIPU OOJIbIINX 72, MOKHO BbIUKC-
JINTDb, HAIIPUMeEP, BepOsATHOCTb Bo3BpamieHus 3a 100 maros — 0,9202,
3a 1000 maros — 0,9748, 3a 10000 maros — 0,9920. 3ameTHo, 4YTO C

n

POCTOM 7 BEPOATHOCTU U5, CTPEMATCA K 0, a BEPOATHOCTH ngk
k=1

BO3pacraioT 1 npubJkaTcs K 1. Kakosa ske BEpOsITHOCTD TOTO, YTO

YaCTHUIA KOT/Ia-T160 BEPHETCS B HAUaJI0 KoopauHat? /[0 ciX 1op Mbl
paccMaTpHUBAIKA BEPOSTHOCTH B KOHEYHOM MHOXKECTBE BO3MOXKHBIX
COOBITHI, a [JI KOPPEKTHOTO OIpeJeseHns WHTepecyloleil Hac
BEPOSITHOCTH HEOGXOAUMO PACCMATPUBATD GECKOHEYHOE MHOKECTBO
Tpaektopuii. /Iy Toro uTOoOBI HE BBIXOAWTH 32 PAMKU KOHEYHOM
CX€eMbI, MbI YIIPOCTHM pellleHue 3a/1a41 U NPEII0JI0XKHIM, YTO COObI-
THE, 3aKJII0YA0IIeecs: B TOM, YTO YACTUIA PAHO WJIU TTO3/[HO BEPHETCS
B HYJIb, IMEET OIIPE/ICTIEHHYIO BEPOSITHOCTD, KOTOPYIO MbI 0603HAYNM
yepes f. Torga

f=h+fi+..+f,+.. (5.8)

Tenepb Mbl MOXeM [JOKa3aTb 3aMeYaTeJbHBIH pe3yJbTaT O BO3-
BPATHOCTU CHUMMETPUYHOTO CJIy4ailHOTO GJIYKJAHUSI HA TIPSIMON.

Bosepauwenue uacmuupt 6 Hy1b BPOUCXOOU C 6ePOSIMHOCTN®IO .

Hokazareabctso. 13 dpopmya (5.6), (5.5) u (5.8) umeem
f=0—uy)+(uy —ug)+ (us —ug)+...=1.

Taxum 06pa3oM, BO3BPANIEHUE YACTHIIBI B HYJIb ABIACTCS COObI-

tHeM ¢ BepositHocTbio 1. OxasbpIBaeTcsi, OJHAKO, YTO MOMEHTA
BO3BpAIleHUs TPUXOAUTCS JKJATh CJAUIIKOM J0JT0. [[Jis1 TOrO 4TOGbI
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B 9TOM y6equThCs, HaiileM cpeHee 3HAYeHNe TepHo/ia BpeMeHH 10
BO3BpAIleHNs YaCTHUIBI B HYJb. Tak Kak KaKIOMYy 3HAYEHUIO 21
BpEMEHU OKUJAHUSI COOTBETCTBYET BEPOSTHOCTb [, , TO Cpe/Hee
BpeMsI OJKH/IAHUST BO3BPAIIEHNS YACTUIIBI, €CJIM BpeMst HAGJIIOIeHUST
He MPEeBOCXOJUT HEKOTOporo MomMeHTa 2N, paBHO

N
Y 2nfy, + 2Nuyy . (5.9

n=1
IMocnennee ciaraemMoe B 3TOH CyMMe COOTBETCTBYET CJIydalo,
Korjga 3a BpeMs 2N dacTHIla HU pasy He BepHETCA B HYJIb

N

( Zon +uyy =1, em. (5.5)). OueBugHO, 9TO GONBIIUM 3HAYEHUSAM
n=1

N COOTBETCTBYIOT JIOBOJILHO GOJIbINKE 3HaYeHns Bhipaskenus (5.9).

OnuenuM 3HaYeHUE BBIPAKEHUA Z2nf2n. Tak Kak mpum n — oo
n=1

fon ~W u 2nf,, ~ﬁ, TO psft 2211]‘2,1 pacxoxurcsi! u,

n=1
CJe10BaTeJIibHO, CpeaHee 3HaYeHHe BPEMEHHN BO3BpalllCHUA 6ecKo-

HEYHO.

Wrak, vactuna o6s13aTeIbHO BEPHETCS B HAYAJI0 KOOPAUHAT H,
crajo GbITh, MOOBIBAeT TaM GECKOHeYHoe uucjo pas, Ho (cpexnee)
BpeMs OKHJIaHUs TasKe TIEPBOTO BO3BpalleHns 6eCKOHeYHO. MOKHO
JIU yTBEpKJaTh, YTO HAdaJO KOODAWHAT — eJMHCTBEHHAS TOUYKA,
KoTopasi o0jiasaeT TakuM cBoicTBoM? OTBeT HAa MOCTABJIEHHBIH
BOIIPOC JIA€T PeNIeHre 337a9h O TIEPBOM JOCTIKEHUH HEKOTOPOTO
YPOBHSI.

ITo 3amaue 2 B §2 BepoOsAITHOCTD TOTO, UTO TOUKA C OPJAIMHATON Y >
0 6yner BIepBBIE TOCTUTHYTA MpH abclucce X, paBHA
g¥ =Ll g (5.10)

x

X

0 <y <x.Tak Kak x + y 4eTHO, TOJIOKUM X + § = 2n U TIepenuiineM
(5.10), BbIpasus x uepes 2n:

(v) _ Y n —2n+3
g2n—y —mczn_y 2 Y . (511)
1 n —zn
IMonoxum B (5.11) y = 1 1 HoMy4YnU™M 951,,)_1 = ﬁCZ,H Lt
n—
BEPOSITHOCTD MEPBOTO JIOCTIKEHUsT NPsAMOii y = 1 B MoMeHT 21 — 1.

! Psin pacxogutest (cyMMa GeCKOHEUHA), eCJIM PACXOANTCS MOCJe/0Ba-
TEJILHOCTb KOHEUHBIX YACTHYHBIX CYMM.
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Kaxk caeayer us dopmyibi (2)
2n 1= f2n (512)

OTO COOTBETCTBHE MEXKIY BEPOSITHOCTSIMH IE€PBOTO JAOCTUKEHUS
TOYKW C OopAWHATON | W TepBOTO BO3BpAIIEHUS B HYJb MTO3BOJSET
IIPUMEHNTD IOKA3aHHOE YTBEPsKAEHNE K PEIICHUIO 3314l O <II€PBOM
JIOCTUKEHUU» .

C sepossmnocmuto 1 wacmuua docmuzaem ypoeus 1.

[To cumMeTpun, TOT 3Ke BBIBO/] CIIPABE/IJINB B OTHONIEHUY ITEPBOTO
JloCTUXKeHus ypoBHS —1.

Tenepb MHTYHIUST TOJCKA3bIBAET, YTO MOJAOGHOE YTBEPIKIAEHHE
MOKeT ObITh C(hOPMYIUPOBAHO JJIs1 JTI0OOTO YPOBHS ¥; IJIAH TOYHOTO
JIOKa3aTeIbCTBA CM. B 3ajadax o5 u 6.

O6mmmii uror naparpada TakoB: ¢ BepoITHOCTbIO 1 GuryKaatomas
yacTuila GeCKOHEYHOEe YHCJIO pa3 IepeceKaer JoO0H TTOCTOSHHBIN
YPOBEHb, B YaCTHOCTH, GECKOHEYHOE YHCJIO pa3 BO3BpAIaeTCsS B
HCXOHOE TIOJIOJKEHHE, HO CPEHEe BPEMST OKUIAHMS 3THX COOBITHI
GeCKOHEYHO.

Yupaxxnenus

1. Vcnoab3ys 3amauy 1 B §2 asa mojcuera 4ucjaa MOJOKUTENbHBIX 1
oTpHIaTeabHBIX TmyTell, coemmmstomux toukn (0,0) u (2n, 0), maitaute
BEPOSATHOCTD [y, .

2. B c6eperare/ibHbiii 6aHK CTOST B ouepeu 2n yeoBek. Kaxapiii u3 Hux
¢ BeposTHOCTBIO 1,2 BHOCHUT 10 py6uieii niu ¢ BepostHOCTEIO 1 /2 Gepet 10
pyOneii. B mauanpHblii MOMEHT BpeMeHu B Oanke maener ner. Haiigure
BEPOSITHOCTD TOTO, YTO HU OJIMH U3 TE€X, KTO XOUYeT B3STb JEHbIU, He Gyner
KAaTh. JJOKaskuTe, 4TO 9Ta BEPOATHOCTb PaBHA Uy, , M HAllUTe ee TOUHbIE
" PUO/IIDKEHHbIe 3HAUEHNsT 1711 1 = 4, 5, 6.

3. Onmpasicp Ha ynpaskHeHue 2 u3 §2, HaiiauTe, 4TO

ggyn)—y = 2n 2_2n+j an—_i/—1 '2—2n+y+1 . (513)

4. ITokaskute, 9TO BEPOSITHOCTD TOCTUIKEHUST TOUKU (2n -m, m) , paBHas

Cy - 272" \ojkeT GbITh MpeCTABCHA B BHUJE CyMMBI

Y g, (5.14)

y=m
3. Hoxaxure dopmy.ty

1 n—
ggff()w) 2 2k ﬂz” 21 (515

CBA3bIBAIOIYI0 BEPOATHOCTU II€PBOr0 JOCTUIKEHUA ypOBHCfI yny + 1.
6.B CJIEICTBUI M3 OCHOBHOM TE€OPEMDI /IOKa3aHO, YTO g z ) n 1=

ﬂOKa}KI/ITB, YTO YaCTHulla C BEPOATHOCTbHIO 1 JOCTUTHET 1106010 ypOBHH Yy, T.€.
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I/ Y
41O g(j ) = Z ggf,)_y =1. (JlokazaTesqbCTBO MPOBEANTE METOMOM MaTeMaTH-
n=y

YecKoil MHIYKINU, ucroab3yst dopmyay (5.12) u dopmysry usMeHeHwst

o nel e o
nopsaaKa cymMuposatus Y, X, =2, X, -)

n=y+lv=y ov=yn-v=1

7. TlokaxkuTe, YTO YACTHUIA, HAYMHAIONAS OJyXKAaHNe N3 JI060H TOUKN
C OPJMHATOW ¥, C BEPOATHOCTDIO 1 TOIaZeT B HYJIb.

8. Ilyctp B coayuaiiHoM 6JIy>K/IaHUH Ha TIPSIMON YYACTBYIOT /IB€ YaCTHUIIHI,
KOTOpbIEe ITIepeMenIaloTcs He3aBHCHMO APYT OT Jpyra M B OJHH U Te Ke
MOMEHTBI BpeMeHu. VICIo/b3ys BbIBOZA O TOM, YTO YACTUIA C BEPOSITHOCTHIO
1 mocturaer mo60TO MOJOXKEHHST HA MPSMOH, JOKaKUTE, YTO BEPOSTHOCTH
BCTPEYN YacTHIl paBHa 1, ec/m HavaIbHOE PACCTOSHUE MEXIYy HUMHU YEeTHO,
u pasna 0, ecau HauaJAbHOE PACCTOSIHHEE HEYETHO.

§4. 3apayva o ymcne BO3BpaLLEeHUN
B Hayano KoopauHat

MBI JI0Ka3aIu, YT0 CUMMETPHYHOE CIydaiiHoe GJIy:xK-
Janue GeCKOHEYHOE YMC/IO0 Pa3 BO3BPAIIAECTCS B UCXOAHOE IMOJIOKE-
nue. Iloc/ie TOro Kak MpOM30IILIO IIEPBOE BO3BPAIIEHUE, MbI IIPOBO-
JUM BpPEMs B OKWJAHUM BTOPOTO BO3BPAIIEHUS, M, XOTS OHO
JIOCTOBEPHO, 5K1aTh HAM IIPUXOANTCSI B CPEHEM CTOJIb YK€ JI0JIT0, KaK
W TEpBOTO BO3BpalleHuss. B sToM maparpade MbI OTBETHM Ha
BOIIPOCHI O TOM, KaK C yBEJIMYEHUEM ITPOOJKUTEIHOCTH Hab o 1e-
HMS PACTET YKCJIO BO3BPALICHUI U KAK «TSHETCS» BPEMs OKH/IAHHS
M-TO BO3BPAIEHUSI.
JlokaxkeM yTBepKIeHUE. Beposmuocmy mozo, 4mo ¢ MoMeHm 2n
UMeem Mecmo m-e 8036pawEHUE 6 HYAb, PAEHA
2(’;”) — ﬁ an—m . 2—2n+m . (5 16)
Cpasnenne (5.16) ¢ dopmysoir (5.11) 103BONSET BbHICKA3ATH
YTBEP)KJACHUE HHAYe: BEPOSTHOCTb M-TO BO3BPAIIEHUS B HA4aJo
KOOD/IMHAT Ha 27-M Ilare paBHa BEPOSITHOCTU MEPBOTO JOCTUKEHHSI
TOYKM ¢ opAnHaToil m na (2n —m)-M mare, T.e.

f(m) _ g(m) (5.17)

2n T I22n-m”

ITO yTBEPIKIECHNE CIPABE/IIMBO BO BCIKOM carydae mpu m =1 (cMm.
(5.12)). HoBast GopMyMpOBKa MOACKA3bIBAET CIOCOO JOKA3aTe/lb
CTBa.

YcraHOBUM B3aMMHO OJTHO3HAUYHOE COOTBETCTBUE MEXK/Y ITyTSIMU,
BIIEpBble /IOCTUTAIONIMMHU TOYKH 7 B MOMEHT 27 — M, U BCEMHU
HEIOJIOKUTEIbHBIME My TSAMH, /11 KOTOpbIX Touka (27, 0) asasercs
TOYKOM MOCJIeIHETO M-TO BO3BPallleH!us B HyJIb. J[JIg 3TOTO paccMoT-
PHM IIPOU3BOJIBHBIH MyTh [IEPBOTO JIOCTIKEHHS 11 ¥ ITPOBEJIEM Yepe3
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TOYKH IIE€PBOTO JOCTIIKEHUS YPOBHEH 1, 2, ..., m IpsIMble C YIJIOBBIM
koadduimentom —1 10 nepecedenus ¢ ocbio abenuce (puc.27).
[Toyuennsle m Touek Ha ocH abcipce OyayT BepIInHaMU HEKOTOPOTo

Puc.27. B3aumno o0HO3HAUHOE COOMBEMCMEUE MeKAY NYMIMU NePeozo
00CUKEHUS, MOUKU T 6 MOMEHM 2N — M U NYMAMU C M-6036PAUECHUEM 6
HYAb 8 MOMEHM 21

HETIOJIOXKUTEJNBHOTO TYTH JJIUHBI 27 ¥ OYAYT yKa3bIBaTb MOMEHTBI
BO3BpAIIEHNUS 3TOTO ITyTH B HadaJo KoopanHaT. C moMoIibio o6paTt-
HOTO TIOCTPOEHUS JII060i HETIOJI0KUTENbHBINA MyTh AJIUHBI 272, TMEIO-
Uil POBHO M BEPIINH HA OcK alCIMCC U TIOCJEHIO B TOUKe 27,
peoGpasyeTcsi B HEKOTOPDIN MyTh, BIIEPBbIE JJOCTUTAIONIUI TOUKH
B MOMEHT 2n — m. VI3 cOOTBETCTBUS IBYX MHOXKECTB IIyTel cJenyer,
YTO YUCJIO HEMOJOKUTEIbHBIX MyTell C 7-M BO3BpAIllEHHEM B HYJIb B
MOMEHT 277 PaBHO

m n 2n-m _(m)
C2n—m =2 Don-m (20? 0) .
2n—m
Kax1p1it Tako# Iy Th TOYKAMU BO3BPAIIEHUS JIEJTUTCS HA 72 YUYACTKOB.
Oro6paskasi IPOU3BOJIbHBIM 06PA30M 3TH YYACTKH OTHOCUTEIHHO OCH
abcIuce, Mbl MMOJIYYUM BCE TIYTH C 7 BEPIIMHAMU HA OCHU aBCIIHCC.

Yucsm ux 6yaer, oueBuaHO, B 2" pas GoJIbIIe YnCIa HEMOIOKNTE b
(m)

y 2
HBIX IIyTeil u moatomy Gyzer pasuo 27" gy’ . Pasjie B 910 4HCIO

Ha 22" — o6miee uncio myTeil AIMHBL 272, — TOIYYNM BEPOATHOCTD
(5.16).

Hafizem Temepb BepOATHOCTb 7 BO3BpAllleHUI B TeueHUE BCETO
npoMexkyTka BpeMenu ot 0 10 2n. PaccMoTpuM Bee 1y TH AJMHBI 272,
KOTOpPBIE M pa3 BO3BpAIIAioTCcs B HyJib. CyIIeCTBYIOT [B€ BO3MOKHO-
CTH: TIOCJIeTHEE 11-€ BO3BPAIlleHIe TPOUCXOINT UJIN B MOMEHT 21, TJTH
B HEKOTOPBIH MOMEHT 20 < 2m. Bo BTOpoM ciydae KaXAbBIH TTyTb
TOUYKOH 20 TIOCJIETHETO M-TO BO3BPAIIEHUS JeJUTCS Ha JIBA yUacTKa,
puYeM Ha ydacTke oT 20 /10 2n Bo3BpallleHuii B HyJib HeT. 1o 3amaue
3 B §2 (cM. caeacTBUE) YUaCTOK MyTH OT 20 10 21 MOYKHO BBIGpATh
YHCJIOM CIIOCOG0B, PABHBIM YHCJIY BCEX IyTel, COeIUHSIONNX TOUYKN
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(20,0) u (2n,0). ITostoMy BCe YYacTKM OT MOMEHTA IOCJEIHEro
BO3BpallleHus MOKHO 6e3 yiiepba 3aMeHUTb YYacTKaM#, KOTOPbIe
UMeIOT BO3BpallleHNe B HyJb IO KpaifHell Mepe B MOMEHT 2n.
CrenoBatesbHO, YUCJAO TIyTell JJUHBI 21, WUMEIOMIUX POBHO M
BO3BpallleHuil, PABHO YHCJIY IIyTeil, KOTOPbIe UMEIOT CaMOe MeHblIlee
M BO3BpallleHUil B HyJIb 1 TTOCJIe/{Hee — B MOMEHT 2n. Taxkum o6pas3oM,
MBI CBEJIN 33/1a4y K IO/CYETy OOIIero 4mcja IyTel, NMEeoNX m,
m + 1, ..., n Bo3BpamieHN#l B HyJb B MOMeHT 2n. Ilepexoms x
BEPOATHOCTSIM, MOJIy4aeM, YTO BEPOSATHOCTD 72 BO3BPAICHUI paBHA

hzm f(m fz(:lnﬂ) R fz(:) )
hZ(’:) = gg:’;lzm + gg:};jzy)”.po + i + g7(l”) y

T/le cJaraeMble CIpaBa — 3TO BEPOSITHOCTU TIEPBOTO JOCTHKEHUS
Touek m, m + 1, ..., n B MOMeHTbI 2n — m, 2n —m — 1, ..., n
coorBercTBeHHO. Tak Kak ipu R =m, m+ 1, ..., n — 1

(k) _ m —2n+k n —2n+k+1
Jon—r = C2n—k -2 — Y2n-k-1 -2

njin

o =y
(cMm. ympasxuenne 3 §3), 10
hzm) C2 2—2n+m ,

m.e. /’1,2(;:2) paena eepoamuocmu docmuskenuss MouKu m 6 MOMEHM

2n = m (cen. ynpaxnenue 4 §3). Hmax, BeposTHOCTb TOTO, YTO 3a BPeMs
2n TpOM30iileT POBHO M BO3BPAIICHNI B HyJIb, PaBHA

hzm) Czn . 2—(212—711) ) (518)

3amernm, uto B (5.16) u (5.18) <«HOBBIX» BEPOATHOCTEH He
HOABUJIOCD; HallJIeHHbIE BEPOSTHOCTH COBIAIM CO 3HAYEHUAMHU BEPO-
ATHOCTEH, MOMYYeHHBIX B IMPEAbLAYINX Haparpadax.

IIpocToii IPOBEPKOIi JOKa3bIBAETCS CJAEAYIOIIEE CIE/ICTBUE.

IIpum =0 um=1 eeposmnocmu th) PAGHBL Uy, ; npu m > 1

6epOAMHOCTIU hz(n) cmpozo y6bzearom.

w0 = nh) > > (5.19)

n
[lns nposepku  (HOPMy.JIbI (5.19) JIOCTATOYHO TIOKa3aTh, YTO
A (m) h(m 1) > 1
o0 Ipu m .
HepaBeHCTBa (5.19) HEONPOBEPKUMO CBHAETEIBCTBYIOT, UTO
KakoBO Obl HU ObLIO BpeMsl CjydailHOro OJy:kiaHus, HauboJiee
BEPOATHO IGO0 OTCYTCTBHE BO3BPALIEHUI, TGO POBHO OAHO BO3BPa-
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eHne, 4eM Jo6oe Jpyroe nx uncyao. O6bIYHO 0KUIAETCS, YTO YNCTIO
BO3BpallleHNIl NPONOPIHUOHAJIBHO BpeMeHu Omyxpanusi. Ho 310
Ipe/iCTaB/IeHIEe OIIpOBepraeTcs HabMI0ACHHEeM U PAacueToOM — YUCJIO
BO3BpAIIEHUN PACTET ¢ POCTOM 27 KaK 2n . IIytu Bo3Bpamaiorcs B
HAyaJo0 KOOPJMHAT OYEHb PE/IKO, M 4YeM IPOJOJIKUTEJbHEee BpeMst
6JIy>KJJaHNSI, TEM PeXke BO3BPAIIAETCs YacTHIA B NCXO/IHOE TIOJI0XKe-
Hie. YToO6bI B 3TOM y6eJUThCST, BBIYUCIUM CPe/Hee YNCI0 BO3Bpallle-
HUIT 32 (PUKCHpPOBAaHHOE BpeMs 2n:

u= th m)
I/ICHOHbSyEM COOTHOIIIEHU A
S =1 (- m)f) = Z R

m=0
HpOBeI[eM BbIKJIQ/IKU 110 BBIYMCJIEHUIO Ll:

nen= 3 romp) = S

m=0 m=0 2
2n +1% (m 2n+1 0y 1
z gnﬂ) Z(m+1 +1) 2 (1_15(71))_5}1
m=0 m 0
Orciona

_2n+1
2
Tak Kak 1pu GOJIBIINX 3HAYEHUSX 1

u2n_1-

TO

N2
N

TaxkuM 06pa3oM, ¢ yBeJTHMYCHUEM MPOAOLKUTEILHOCTH OJIYKIAHUS
OTHOCHUTEJIbHOE YKCJO BO3Bpalienuii yObIBaeT, a Mephobl MeX/Iy
BO3BpAIIEHUSIMI BO3PACTAIOT 1O JuHe. Tak, HanpuMep, 3a 10000
IaroB YacTuila mo6bIBaeT B HyJIe B cpeineM 0koJio 40 pas, 3a 1000000
maroB — okoJsio 400 pa3z, a 3a 100000000 maros — oxosio 4000 pas.
COOTBETCTBEHHO, CpefHee BpeMs MeXKAy BO3BpallleHusSMH OyaeT
MeHATbes oT 250 k 2500 u ganee 1o 25000. Mol y>Ke TOBOPUJIN O TOM,
YTO POCT CPEIHETO BPEMEH! MEXKIY COCETHVMH BO3BPAICHUSIMH He
3aBUCHUT OT HOMepa Bo3BpaleHus. Temnepb, UCIOIb3YS TO, UTO THCIO
BO3BpAIEeHUll pacTeT B CpeTHEM KaK Jn |, MOXHO czieiath BBIBOJL O
TOM, YTO Cpe/iHee BpeMsI OT HavaJia 6Ty KAaHNS 0 7 TO BO3BPAIIeHNUS
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B HAYA/I0 KOOPMHAT PACTET KaK M’ . DTO 3aKMOYEHHE MOXKET ObITh
yTOuHEHO B (popMe <«IIpede/ibHOl» TeopeMbl (CM. yrpaskHenue 2).

Tax kak npu6IM3UTENTBHO B TIOJIOBHHE MOMEHTOB BO3BPAIllEHNS B
HyJIb YacTHUI[a TIEPEXO/UT ¢ OJJHOI Ha JPYTYIO MOJOBUHY IPSIMOI, TO
HOJIyYeHHbIe 3/IeCh BBIBO/bI HEIOCPEICTBEHHO KacalOTCS MPOJI0JIKU-
TEJIbHOCTH BpeMEHM IIpeObIBAHUS YACTHIIBI Ha IOJIOKUTEIbHOH 1
OTpHIIATEJbHOH cTOpoHax HpsMoil. K TouHoit (opMynupoBke pe-
3yJbTaTa MBI TIEPEXO/INM B CJEAYIONEM maparpade.

Yunpaxuenust

1. TTokaxkure, 4To

- (2) (n)
u2n_f2n+f2n +"'+f2n .
2. MCHOJTBSyﬂ ACUMIITOTHYECKHNE COOTHOIIECHMA

InCj, ~ —zlni—(k—mnuﬂn
k k

(k1)
P

mpu [ > u k—1— e (310 cencrsue dpopmyasi Crupaunra, cM. §9
) u

1n(1+(x)~oc—%

npn |of <1 (mepBbie ABa wieHa pasnoxkenns GyHKnmu B psax Teiimopa),
JIOKAXKITE, UTO IIPH 72 —> oo

) _ \E M afew
2n - (271 _ m).3/2 .

m+N
m o
Torma BeposITHOCTD f: (m) TOTO, YTO 77 BO3BpAIlleHHI B Ha4YaJI0 KOOpANHAT
2n
o n=m
[pou3oizeT 3a BpeMst OT 2m 10 2m + 2N, MOXHO IpeICTaBUTb Kak
MHTETPAJTbHYIO0 CYMMY /I MHTerpaja Pumana ot GyHKIMN

1 g
v (y) = 5! g2y

2
B nipeziesiax ot 0 g0 2N / m”. OTCl01a MOXKHO 3aKJIIOUUTD, YTO BEPOSITHOCTD
. 2
TOTO, 4YTO Mm-€ BO3BpallleHHe Ipomsoizer g0 Momenta o (o > 0 —
MPOU3BOJIBHOE JEHCTBUTEIBHOE YUCJI0), CTPEMUTCS TIPH BO3PACTaHUU M K

o
MHTETpay J\y(y) dy , T.e. BpeMs /10 m-TO BO3BPAIIECHUS PACTET C POCTOM M

0
2
KaK m~ . (ZIJTSI BbIUUCJIEHUA TIOCJIEJHETO UHTETpaJia y1106H0 HCIIOJIb30BAaTh

paBeHCTBO
T 1
v(y)dy = 2[1—<I>(j] :
0 Vo
1 —u2[2 .
TaK KaK 3HauYeHUs Hriuu @ (¢) = — | e “/“du MosxHo HaliTH B 1I060M

—oco
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y4eOHUKE MO TeOpUH BeposiTHOCTeil B Tabumiax (YHKIMH HOPMAJIbHOTO
pacIpeieleHns; ¢M. Takxke § 5 rir.4.)

§5. 3aKkoH apkcnHyca

Mpbl yCcTaHOBUJIM BaskHelilee CBOWCTBO CUMMETpPUY-
HOTO CJIy4aiiHOTO GJIY3KIAHUST — IEPUO/IbI MEXK/TY TTOCIE0BATETbHDI-
MU BO3BpAIleHUSIMH YaCTUIBI B HYJb OKAa3bIBAIOTCS HEOOBIYATHO
JUTMHHBIME. MbI yOeUINCh B 3TOM, MCIOJIb3YsI PA3JIMYHbIE MOIX0-
JIbI, U TETlepb HaM IPEICTOUT OTBETUTH HAa BOIIPOC O TOM, KaK J0JITO
yacruia OyJer B TedeHrne GJYKIaHUS HAXOAUTHCS BBIIE UM HIDKE
ocu abcrmce. EctecTBeHHOE, ¢ TOYKU 3PEHUST 3/IPABOTO CMBICJTA,
MIPEATIOJIOKEHNE O TOM, YTO OTHOCUTETHHOE BPEMSI, KOTOPOE YacTuIla
MPOBOIUT BhINIEe ocu abcuuce, 6Ju3Ko K 1,2, He TIOATBEPKIAETCS
skcriepuMerToM. OKa3bIBAETCST, UTO [IJIST 9TOU JIOJIN BPEMEHNU 3Have-
Hus, 6amskue K 1,2, HauMenee BepOSTHDBI, I 3HAYNTEIbHYIO YacThb
BPEMEHU YaCTHIA MTPOBOJUT B KAKOH-IMG0 OJHON MOJYIJIOCKOCTH.
OTH TapaJioKCcaIbHble 32AKOHOMEPHOCTH ME€PEX0/Ia YACTHIIBI C MOJIO-
JKUTEJbHOW CTOPOHBI TIPSIMON HA OTPHUIIATEJIbHYI0 U HA060POT pac-
KPBIBAIOTCS TEOPEMOIA, TTOTyYNBITIE Ha3BaHNE «3aKOHA aPKCIHYCa .
JlokaskeM TIpe/IBAPUTEIBHO CJIE/IY O TPOCTON PE3yJIbTaT: MIPU
n=>1

Uy, = ZkaUZn—Zk . (5.20)
k=1

[l71st foKa3aTeIbCTBA PACCMOTPHUM BCE My TH JJHHON 272, KOTOPbIE
BO3BpAIIAIOTCA B MOMEHT 21 B HyJab. @opmyJsa (5.20) asisercs
BapuaHToM (opMyJIbl T0JHOI BepositHocTH (cM. ¢. 538). B camom
aeste, mycTb cobbitne A,, coorsercrByer JoGomy mytu u3 (0, 0) B
(2n,0), a cobpiTie By, — IMyTH ¢ IepBbIM BO3BpAIICHIEM B HYJIb B

MoMeHT 2k, k =1, ..., n; nupu aTOM CcOObITHS B,, HECOBMECTHbBI U
n
Ay, U B,; . Torna
k=t
n n
P(A2n):ZP(BZk)P(Azn/sz):zP(BZk)P(A2n-2k)
k=1 k=1

B cunty Toro, uto P(Ay,/By,) = P(Ay, o). Tak kak P (A, ) =u,, ,

P (By) = fo,, momyuaem (5.20).

OGosznaunm 4epe3 Py, BEPOSITHOCTD TOTO, YTO B TEYCHHE
BpeMenn or 0 10 2n MmyTh 4YacTHUIBI HEOTpHUIATEJEeH 2k eIUHUIL
BpeMEHU W HeNOoJIoKuTeneH 2n — 2R eJuHUI] BpeMeHH. Y 10GHO
TOBOPHUTB, YTO YACTUIIA TPOBOAUT HA MOJOKUTETHHON CTOPOHE BPEMsT
oT n 10 n+ 1, ecyii COOTBETCTBYIOININI OTPE30K IYTHU JIEXKUT BbIIIIE OCH
x. [lokaxeM Tenepb OCHOBHOE yTBEPIK/IEHUE:
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npu n21u 0<k<n
Pokon = UpplUoy g . (5.21)

IIycte Apps, — coGbITHE, COCTOsIIEE B TOM, YTO YACTHIA 32
nepuoj Bpemenu ot 0 o 2n npoBoauT 2k equHUI] BpeMeHH Ha
MOJIOKUTEIBHOI CTOpOHE U 21 — 2k — Ha OTPUIATEBHOI CTOPOHE.
Iycte B, u B, — co6bITUsl, COCTOAIIME B TOM, YTO YACTHIIA
BIIEPBbIE BO3BPAIIAETCS B HYJb B MOMEHT 27, OCTaBasICh [0 3TOTO
COOTBETCTBEHHO HA TIOJIOJKUTEIbHOI WM OTPHUIIATETHHON CTOPOHE.

OueBUIHO, YTO P(AZk,Zn) = Popon U P(B;,) = P(Bz_r) =1/2f, . Ilo
dopmyie TOTHOI BEpOSITHOCTU

P(Ag) = ;P(B;r)P<A2k,2n/B;r)+§,p<B§r)P(A2k,2n/Bz_r);

TaK KaK

P(AZk,Zn/B;r) = P(A2k—27,2n—2r) ’

P(AZk,Zn/B;r) = P(AZk,2n—2r) ’

TO
1 k 1n—k

Poron = Ez}[erZk—Zr,Zn—Zr + 5 z forPoron-ar . (5.22)
r=1 r=1

B caywae, korga k = 0 wmm k = n, paenctso (5.21) TpuBHaIbHO,
TaK KaK MCKOMas BEPOATHOCTDb PaBHA Uy, . IlosyueHnoe TOXIecTBO
pacemarpuBaetcs nipu Beex n u 0 < k < n — 1. Bosegem (5.21) us
(5.22) MeTo10M MaTeMaTHYECKOH MHIYKIMY 110 72. JIErKO BUIETD, YTO
npu n = 1 cooTHOIeHe TPUBHATBHO. [IpearnmonokmM, 4To Ipu Beex
m<n-1

Pokom = Uoplom-2¢
1, B 4YaCTHOCTH,

p2k—2r,2n—2r = Uy opUnp-2r
Pokon—r = Ul dp—2y . (5.23)

Torpa us (5.22) u (5.23) nomyyaem
1 I3 1 n—k
Poran = §u2n—2l32f2ru2n—2r + 5”2132 fortton-sp-2r .
r=1 r=1
IMonbaysich Gopmyaoit (5.20), HaXOAUM OKOHYATENbHO

1 1
Pokon = 5“212—2/@”2/@ + Eu2ku2n—2k = Upplyy-p, .
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Cootrnomenne (5.21) onpeaensier yAuBUTENIbHOE CBOICTBO, IIPH-
cytiee GJIyXKJIAHUIO Y4acTUIbl. VIHTYUIIMST TO/ACKA3bIBAET, UTO J[OJIN

k 0 1 2 3 4 )
Paron | 0,1762] 0,0927 | 0,0736 | 0,0655 | 0,0617 | 0,0606
k 10 9 8 7 6 )

BpeMeHHU, IIPOBO/IMMbIE YACTHUIIEN BbIIIE U HUXKE OcH abciuce,
MPUMEPHO OJMHAKOBBI U 6113k K 1,/2. [l mpoBepKu pousBe/ieM
nojcuersl ¢ 1omompio Gopmyabl (5.21) gag cayuas n = 10.
BeposiTHOCTH Pop 9, JAHDI B CIEAYIONIEN TabIUIe:

[laske aTH JaHHbIE TOKA3BIBAIOT, YTO 3HAYeHUsIM R = 0 u k = n
COOTBETCTBYIOT HanGOJIbIIIE BEPOSTHOCTH U, HA000POT, MeHee BCETro
BEPOSITHO, UTO ZI0JIs1 BpeMeHu k,/n 6iauska k 1,/2. B nanHoM ciaydae
BaXKHbI He aGCOJIIOTHbIE BEJMYUHBI BEPOSITHOCTEH, a Xapakrep nX
U3MEHEHUsI B 3aBUCHMOCTH OT k. B ofIieM ciyyae aTu BepOSITHOCTH
061aal0T CJAEAYIOMUMHI CBOMCTBAMU: Pop oy = Pon-2k2n ; TPH

k < (n+1)/2 BepositiocTn Pay, yObiBator, ipu k = (n+1)/2 Bos-
PAacTaloT; IPU 7 YETHOM MUHHU-

Por,2n MaJIbHOe 3HaueHue Py, NOCTHU-
A raercst B Touke k = n/2, upu n
HEYETHOM — B [JByX TOYKax

1 k=(n-1)/2 n k=(n+1)/2.
I'paduueckas 3aBUCUMOCTD Pag 2y
or k ykazana miust n = 10 Ha
pucynke 28. Bosee BbIpa3uTesib-
HO COOTHOIIEHUE BEPOSITHOCTE!
Pok2n ST GOJBIINX 3HAYEHUIT 71.
Bocrosibayemcst 711 cpaBHEHUS
IpUGJIKEHHBIM 3HAYEHUEM Uy,
o ¢opmyae CrupJmuara:

1
Po2n = Ponon = Uy ~ 77—
n n,zn n ‘\/%7
p u S
2k2n = Uaplop 2k ~ .
mJk(n—k)
B wactHoCTH, eciiM n YeTHO, TO
_ MUHUMaJIbHOe 3HadYeHne MpuOn-
0 2 4 6 8 1'k SKEHHO PaBHO
10 10 10 10 5
Pnon = Uy ~ — .
Puc.28. 3axon apxcunyca n
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Pesyabrarel nogcuera agas n = 100, 1000, 10000, 100000 ceegenst B
TabIUILY

2n p0,2n p2,2n pn,2n

100 0,07979 | 0,04030 | 0,01273
1000 0,02523 | 0,01263 | 0,00127
10000 | 0,00798 | 0,00399 | 0,00013

100000 | 0,00252 | 0,00126 | 0,00001

Ornomtenre MaKCUMaJIbHOH BEPOATHOCTH K MUHUMATBHOU C
POCTOM 7 CTPEMUTCS K 6ECKOHEUHOCTH:

pO,Zn + pZn,Zn _ 2/‘/7.5_" — \/E > oo

Pn,2n 2/Tl'.n

1
Bsesniem B paccmotrpenue GpyHKIuo f(x) = ————, onpejie/aeH-
myjx(1-x)
Hyto st 0 < x < 1. 9ta Qynkuus umeer U-o6pasHyio dopmy,
CIMMETPUYHA OTHOCUTEJbHO IpsAMoi x = 1 /2 u nMeeT MUHIMYM B
touke x = 1,/2, pasubiii 2/ (cM. puc.28). Jlerko y6eautbess B ToM,
qTO 2

f(x) :%(%arcsin\/}), i ]:f(y)dy = Zaresinx

T

[Tonb3ysch Toabko GopmyJioit CTUPIMHTA, MOKHO YTBEPIKAATH, 9TO

pu GOJIBIIUX 7
1.(k
Pakpon ~ —f(—)
n' \n

C XOPOIIUM TIPUGJIIIKEHUEM, €CJIN TOJIBKO R He OueHb 0113K0 K O niiu
n. 3aJjaiuMcs HEKOTOPbIM 0O, () < oL < 1, ¥ CPAaBHUM J[B€ BEJUMYNHDI

D Pakzn wom Tf(x)dx
0

k/n
O6osnaunm x, = k/n u Ax, = x;, — x,_ = 1/n, Torma

N pron ~ X, Axyf (x1) .

kfn<o xp<ou

2 JInst 9TOTO JOCTATOYHO BCIOMHUTD, YTO TIPOU3BO/IHAS CJIOKHON (DYHK-
i Y = f[q> (x)] HaxoJuTcs 1o dopmyte y' = f'[(p (x)] ¢'(x) , @ IPOU3BOJL-
nag Gynximu y =1/f (x) — mo dopmy.e

, 1

= (x).
[F(x)]

Y
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ITpaBag yacTb Ipu 1 — o wm npu Ax;, — 0 cTpeMHTCS K BesndnHe
mromau (GUryphl, OrpaHIueHHoON ochlo X, Kpusoil [ (X) u Bepru-
KaJbHBIMU IPAMBIMU X = 0 1 x = ol . ITa IJIOLIA/Ab 110 OIIPe/IeIeHNI0
BBIPAYKAETCS] WHTETPAJTIOM

If(x)dx :%arcsinx/a )

TaxuM 06pa3oM, Mbl TIPUILIN K TEOPEME, KOTOPAS IHPOKO H3BECTHA
KaK <«3aKOH apKCHIycas.
3akoH apkcuHyca. Beposmuocms mozo, umo 001 épemenu,
nPo8ooOUMOZ0 UACMUUEH HA NOJOKUMENLHOU UACTU, HE NPeEoCcXo-
dum o, 0 < o < 1, cmpemumes x (2/m)arcsino, npu n — oo .
[o/1b3ysich TaGIMIIAMU CHHYCA, MOXKHO BBIYHCJIUTD, HAIIPHMED,

z p2k,2n = 0?05 ’

k/n<0,0062
Y, Pakon =01,
k/n<0,0245
z Pokon = 0’25 -
k/n<0,1464

Tax, nampumep, 3a Bpems n = 1000 wactuiia ¢ BepositHocThio 0,1
ocraercst Ha OJHOW cTopoHe 6osiee yeM 993 MOMeHTa BPEMEHU U C
BeposTHOCTBIO 0,2 — Gouibiite ueM 975 MOMEHTOB BPEMEHH.

IIpumep. IlpeacraBum cebe, 4TO JBa YeJOBEKA MIPAIOT B «OpJia
1 PeliKy», T00YePeHO 1M016paCchIBas IPaBUJIbHYI0 MOHETY U BBINT-
pbIBast BCSIKUI pa3 MpH BblNajieHnn «opJas. IlocenoBaTesbHOCTD
Pe3yJIbTaTOB OT/AEbHbIX HTapThil (110C/Ie0BaTEIbHOCTD BHIUIPHILIELt
U TIPOMIPBINIEii) TeoMeTpruYecK Oy/eT MPEACTABAATHCA TPpaduKOM
CHUMMETPHUYHOTO cary4aitHoro 6uyskaanus. [losoxenne rpadguka Boiie
ocu abCICC COOTBETCTBYET CUTYAIMU, IIPU KOTOPOI OJMH M3 UI'PO-
KOB JIIUPYET: JOCTUXKeHne TpaduKoM ocn abCICC MHTePIPETHPY-
eTcs KaK CyMMapHBIN HUYEHHBIN pe3y bTar u T.1. Pe3ynbrate! §4 u
> TIPUMEHWTEJbHO K OMWCAHHOH CHUTyallud TOBOPAT O TOM, YTO C
POCTOM YHCJIA CBITPAHHBIX MAPTHI «HIYbH» CTAHOBSTCS BCE peXKe U
peXe, COOTBETCTBEHHO YMEHDBIIAETCS OTHOCHTEJIbHOE YHICJIO CMeH
JINJIEPCTBA M, TAaKUM 06pa3oM, GOJIBbIIYIO YacThb BPEMEHU JIUIUPYeT
ofuH U3 WrpokoB. B wurpe, cocrosmeir u3 1000 napruii, cpeanee
YICJI0 HNYbUX PaBHO 12, 13 HUX IPUOJU3NUTEIbHO MOJOBHHA Oy/IeT
COOTBETCTBOBATD JIEHCTBUTENBLHON cMeHe JiniepcTBa. Kak mokasbiBa-
10T TIPEABIAYIIE pPacueThl, 10 3aKOHY apKCHHyca He peXe 4eM B
OJTHOM CJIy4asi U3 JIECSITH OJIMH UTPOK Oy/IeT 32 BCe BPEMsT HAXOUThCS
B BbIMTpbINIe Gosee ueM B 975 naptusx u3 1000.
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Ynpaxuenust

1. [lokaxkure, 4TO BEPOSITHOCTb TOTO, YTO MOCJE/IHee BO3BpallleHHe B
HYJIb [IJIS TPAEKTOPUN [IJIMHBI 21 TIPOU30iieT B MoMeHT 2R, k =0, 1, 2, ...
.., M, paBHA Uyily, o), .

2. Haiigure uncso myTeil U3 Havala KOOPAWHAT B TOUKY (Zn, 0) TaKuX,
yTo 2k BEPIIMH JIEKAT HE HUKE OCH X, a ocTajbHble — Hmxke (B =0, 1, ...

.., m). JIoKakuTe, 4TO 5TO YKCJIO HE 3aBUCHT OT k M paBHO ﬁcfn .

3. ToBopsiT, YTO TpaeKTOpus JJUHBbL . ¢ opauHaTamu Yy =0, ¥y, ..., ¥,
UMEET Nepeviil MAKCUMYM Y, B MOMEHT kR, eciu Y, > Yo, Yp > Yy,
s Yp S Yp g U Y 2 Ypyt s -y Yp 2 Y, . Jokaxure yTBepK/IeHNe, HOCSIIEE
Ha3BaHUe «BTOPOI 3aKOH apKCUHYCa»: BEPOSITHOCTb TOTO, YTO TPAEKTOPUS
JUIMHBI 27 ©MeeT MepBblii MakcuMyM B MoMeHTol 2k (k =0, 1, ..., n) nm
26k +1(k=0,1, ..., n— 1), paBHa Paron .

§6. O cMMMeTPUYHOM UTy4aliHOM GnyXaaHun
Ha NAOCKOCTU M B NPOCTPaHCTBE

B r1.1 61710 pacckaszaHo o caydyaitHoM 6JIyKIaHuu Ha
nsockocTu. Ilpeamosaranoch, 4To YacTHIAa BBIXOAUT U3 Havasa
koopaunar (0, 0) u nepemeniaercs Mo TOUKaM MIOCKOCTH C TeJTOUNC-
JIEHHbIME Koop/uHatamMu. [Ipy 3TOM 3a ofiMH 1Iar 4acTuiia rnepeme-
maetcst U3 Touku (X, ¥) ¢ BeposTHOCTAMU 1,/4 B OJIHY M3 YeThIPeX
emexupix Touek (¥ +1,y), (x=1,y), (v, y+1), (x, y —1) Hesanu-
CHMO OT TOTO, T/Ie HaXO/UIach YacTuia 10 Touku (X, ¥). Anasoruy-
HO MOJKHO OINpPENEJHUTb CHMMETPUYHOE OJIy>KAaHHE B TPEXMEPHOM
IPOCTPAHCTBE: YacTUIa MepeMelaercs us Toukn (¥, ¥, z) 3a oauH
urar B ony us mecru touek (¥ +1,y,2), (x—-1,9,2), (v, y+1,2),
(x,y-1,2), (x,y,2+1), (x, y,2—1) c BeposTHOCTAMEU 1 /6. B §3
MbI Pa3pPeIInIN BOIPOC O BO3BPATHOCTH CUMMETPUYHOTO Oy KIAHHS
Ha psiMoii. PaccMoTpuM 2Ty ke 3a/1a4y Ha TJIOCKOCTH U B IIPOCTPAH-
crBe. [TokaxkeM, 4To AByMepHOE ciydaiiHoe GJy’KAaHle BO3BPATHO,
a TpexMepHoe, BOOOIIe TOBOPsI, HEBO3BPATHO.

BBenem cHOBa BEpOATHOCTH Uy, U [, . Kak u panbine, u,,
BEPOSITHOCTH BO3BPAIEHMs YACTUIIBI B HMCXO/JHOE IMOJIOXKEHUE B
MOMEHT 27, & f,, — BEPOSTHOCTb NEPBOTO BO3BPAIEHHS B MOMEHT
2n. OxasbIBaeTcd, 4TO B CJIydae JBYX U TpPeX U3MEpeHuil ocraercs
CIIPABE/TUBBIM COOTHOIIEHHUE

n
Uy = X fogloyopr 21, (5.24)
s

MEKAY Uy, U [y, (3TO JETKO TPOBEPHUTD, UCHOMB3YS COOOPAKEHNUS
TIPH BBIBOZIE 3TON (POPMYJIBI B OXHOMEPHOM CJIydae).
Hamra 3aaua coCTOUT B TOM, 4TOOBI II0OKA3aThb, YTO HA ILJIOCKOCTH

Y fon =1, aB1pOCTpaHCTBE Y fon < 1. Benomunm, u4to B ogHOMED-
n=1 n=1
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HOM CJiy4ae B TO BpeMsA KaK pPAn 2f2n CXOUTCA K 1, pan Zu2n
n=1 n=1
pacxoaunuTcA. 910 ImoBeaeHne pA/JA0B €CTb IIPOABJICHNE 06HIEI/I 3aKOHO-

MEepPHOCTH, KoTopas OGy/eT fokasaHna B 1717 (cM. §2), 1 COCTOUT B TOM,

4To 2f2n =1 Torga m TOJBKO TOorZa, Koraa 2 Uy, = °° ; UHBIMU
n=1 n=0
CJIOBaMU, 6epPOAMHOCMbd 6036PAULEHUSL 6 HAYUAI0 KOOanHCZm paesna

1 wunu menvwe 1 6 3asucumocmu om moeo, pacxo@umc&z ujiu

cxodumcst psio Z uy, . Hanipumep, ecsiu psin 2 Uy, CXOMIUTCS, T.€.
n=0 n=0

Zuzn =§ <o, TO, CyMMHUPYs 06e yactu cootHomenus (5.24) mo

n=0
n>1, IoJjsiydaeM CJeBa

zuZn = zuZn_uo = 2”2;1_1,
n=0

n=1 n=0
Tak Kak u, =1, u crpasa

=

= n oo
2 f2ku27172k = 2 f2k 2 Uy .
| k

n=1Lk= =1 n=0
Takum o6pasom,

zuZn -1= ZﬁnZuZn )
n=0

n=1 n=0
= 1
Z][‘Zn =1- o . (525)
n=t 2 Uy
n=0

oo

- 1
[ToaTomy szn =1--<1. Ecm psx Z Uy, PACXOJUTCS, TO
s

- n=1 n=0
Zfzn =1. B srom Haparpacpe MbI TOJIBKO BOCIOJIb3yE€MCA 3TUM

n=1
YTBEPK/EHHUEM, a J0KA3aTeJbCTBO OTJIOKUM /10 §2 11.7. Uccnenyem

CXOAMMOCTDb pAdda z Uy, B JBYMEPHOM U TPEXMEPHOM CJy4dae U Ha

3TOM OCHOBE caenaé’ﬁosaKmoquHe 0 BO3BPATHOCTHU COOTBETCTBYIOIIIE-
ro GJIyKIaHus.

Haiinem w,, B nBymephom ciuydae. OOiiee 4ucjao nyrteid u3
HAaYaIa KOOP/MHAT ITHHBI 272 PaBHO 42" . JI71sl TOTO 4TOGBI B MOMEHT
2n yacTHila OKa3ajsach CHOBA B HaYasie KOOPANHAT, YUCJIO TIepeMeliie-
HUIi BBEPX JIOJKHO GBbITh PABHO YHCJIY MEPEMEIEHNI BHU3, 4 YUCJTIO
nepeMelennii BIipaBo — YKCJIy repeMeliennii Biaeso. [loatomy, eciu
k — uucJio iepeMelnienuii BBEPX, TO YUCJIO TIepeMelleHnil BHU3 PABHO
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k, a 4ncJio mepeMenieHuit BIPaBo, Tak e KaK M YHCJIO IepeMelleHuil
BJEeBO, paBHO n — k. Tak Kak IpH 3TOM IOCJEJOBATEJIbHOCTD
mepeMenieHnii BBepX, BHU3, BIPABO, BJIEBO NMPOU3BOJbHA, TO UCKO-
MO€ YHCJIO TTyTel paBHO

(2n)! )2
=cp,(Cr) . (5.26)
Rlkl(n=k)(n—k)l 2"\
HOCKO]Ibe k Moxer IIpUHUMaTb 3HAYE€HUA OT 0 o n, To oOI11ee YncIo
HyTefI, 3aKaHYMBAIOINXCA B MOMEHT 2n B HauaJe KOoOopAnHatT, paBHO

< (271)' c" < Ck 2
= : 5.27
,;‘)k!k!(n—k)!(n—k)! 2",;0( ') (5.2)

n

_ 2

Tak kak Z( ) =y ckcr* = ¢, | o a10 uncao pasmo (CZ",Z)
k=0 k=0

Takum 06pa30M

=472 (cz,l) . (5.28)

Emte pa3 Bocnosb3yemcs HpI/IéJII/DKeHHbIM IIpe/ICTaBJIeHUeM TIpU
60sbiux n no ¢opmyne Crupsunra. [lomyuaem

—2n24n i — i

)

mn mn

Usy ~ 4

OTKyJa CJIELYyeT, UTO Pl 2 u,, pacxoxutrcs. Iloatomy, ucrosbsys

n=0
COOépd)KeHI/IH oTHOCSIMECA K cooTHomenuio (5.25), 3akmodyaeM,

4TO 2]‘2,, =1, 1.e. 6ayKIaHNEe BO3BPATHO.
n=1
B TpexmepHOM ciiydae BepOSITHOCTb BO3BpAIIEHHS] B HAYAJO
KOODJMHAT B MOMEHT 27 paBHa mo anajoruu ¢ (5.26)—(5.28)

Uy, = 67" _____ () —
Ogiﬂ»snl!z!]!]!(n—z—])!(n—z—])!

2

|
=27 gn___ "
Z"OSHZ;SH in—i- )| (5.29)

n!
iljl(n—i-7j)!
B TaK HA3bIBAEMOM TPUHOMHAJIBHOM Pa3JI0sKEHHN

(a+b+c)' = Y C,(i,))ab’c" "

0<i+j<n

Boipaxkenust C, (i, ]') = SIBJISTIOTCS Koo dutmenTamMu

Ilonaras B aToM Pa3JIOKEHUU d = b=c= 1, IoJsy4aeM

3= Y C(ij),
0<i+j<n
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nJjin

1= 2 3_ncn (l’ ]) .

0<i+j<n
[Toaromy )
3 [5G 6N = max [37C.61)]
0<i+j<n Strsn
u
, <(27C3,) max [37C, (i,f)]. (5.30)

0<i+j<n
Bepositnoctn 37"C,, (i,7) A0CTHTrAIOT CBOETO MaKCHMAJILHOTO 3HaYe-
HuUA

IpH 1= j =—, €CIH 1 JeJNTcs Ha 3,

npu i=j = =5 ecan n — 1 mesutcs Ha 3,

S wl

.. n+1
npu i = J =T, ecau n + 1 menutcs Ha 3.
Bo Bcex Tpex cayvasx, ucnoib3ys dopmyry CTHPINHTA, TTOTydaeM,

4YTO IIpn OOJIBIIINX 7

- N1 ¢
max [3 "C, (z,])] ~— (¢ — mocTostHHas).
0<itj<n n

Tak xax 272"C}, ~ 1/\/Tcn , TO Uy, B (5.29) 1Mo MOPSAKY HE MpeBoC-
3/2

OTciofia ciaefyer, 4To Psij Zuzn CXOIUTCS K
n=0

XOJAUT 1/ n

KOHEYHOMY IIpe/ieny, U, cjaeaoBaTeibHoO, <1, T.e. cUMMeTpHY-
2n

HOE 6JIy}KI[aHI/Ie B TPEXMEPHOM IIPOCTPAHCTBE HEBO3BPATHO (BepOHT-

HOCTD [ = 2 f>, BBIUKCJEHA W OKa3ajach 6iuskoii k 0,35). Takum

n=1
06pa30M, 3aMedaTeJIbHOE CBOMCTBO BO3BPATHOCTH OJHOMEPHOI'O CUM-

METPUYHOTO CJIYYAiHOTO OJIYKJAHUS COXPAHSEeTCs] B JBYMEPHOM
cIy4yae U yTPAuuBaeTCs Mpu GOJIbIIEM YUCJE M3MEPEHUIl.



rMABA 6

CNYYAWHBIE BEJIMYMHDI,
PACNPELENIEHNAA BEPOSATHOCTEN

§1. MoHaTHe cny4YarHOW BeNUYUHbI

B 06bliieHHOl JKU3HU U B HAYYHBIX HCCJIEIOBAHUSIX
YaCTO MPUXOUTCS BCTPEUATHCS C TAKUMU CUTYAIUSIMU, KOTJa WHTe-
pecyiolas HaC BeJIMYWHA TTPUHUMAET PA3JUYHbIe 3HAYCHUS B 3aBU-
CHUMOCTH OT cJiydaiiHpix o6GcrositesbeTB. K mpumepy, Ha BoIpoc,
CKOJIBKO BBI30BOB TIOCTYIIUT B CIPABOYHYIO TeehOHHYIO CJIYKOY B
TeueHre OJMKANIIEr0 4Yaca, HeJb3s JaThb CTPOTO OIPEIEJIEHHOTO
OTBETa, TIOCKOJIbKY YMCJIO BHI30BOB 32 (PUKCUPOBAHHBII ITPOMEKYTOK
BPEMEHU MO/IBEP3KEHO CJIYYAWHBIM KOJIEOAHUSM OTO [HS KO [IHIO.
TovHo Tak ke HET BO3MOKHOCTH YKa3aTb 3apaHee YNCJO YJIUYHBIX
ITPOKCIIIECTBUII B T€UEHHE TIPEICTOSIIUX CYTOK B KAaKOM-JTHO0 Hace-
JIEHHOM MyHKTe. B MOMOOHBIX CHUTyalusX TOBOPST O CJIyYaWHBIX
BEJUYMHAX, UMes B BUAY WX 3HAUYEHUs, KOTOPbIE MOTYT ObITb
PaA3JIMYHBI B 3aBUCUMOCTH OT CJIy4as.

UTO HYKHO 3HATh O CJIy4allHOU BeJUYUMHE, YTOOBI MMETb O Heil
MCcUepIIbIBAOIINE CBefieHNs? B mepByfo odyepeab, O4eBUIHO, TIepe-
4YeHb TeX 3HaYeHHi, KOTOpble OHA MOKeT MpUuHUMaTh. OIHAKO 9TOTO
HEIOCTATOYHO, TOCKOJIbKY JIETKO TIPEJACTABUTD cebe BETMUUHBI, KOTO-
pble MPUHUMAIOT OJTHU ¥ Te K€ 3HAUEHUs, HO C PAa3HBIMHU BEPOSITHO-
cramu. Ilyctp ams npuMepa uMerorcs Ba crpeska A u B, Kotopbie
MOTYT IIPH KaXK/IOM BBICTpeJie o MutiieH BBIOUTD 0, 1 1 2 ouka. ITux
CBefIeHUH, KOHEYHO, HEeJOCTATOYHO, YTOOBI 0XapaKTepHU30BaTh MET-
KOCTh CTPesKOB. Eciu Ke COOOHIMTb BEPOSITHOCTH, C KOTOPBIMH
KasK/[blll M3 HUX BBIOMBAET TO MJIM MHOE YMCJA0 OYKOB (CM. Tab/mILy ),

Yucsio 0ukoB

0 1 2

Crpenox A | 0,01 | 0,19 | 0,80
Crpesok B | 0,05 | 0,25 | 0,70

TO TaKas XapaKTepHCTHKa y»Ke BO3MOKHA: BH/JHO, UTO CTpesok A
Jlydllle, IOCKOJIbKY OH dallle BbiOuBaeT HauGoJIblliee YUCJIO OUKOB U
pexke BbIOUBaeT MUHMMAaJbHOE YUCJIO0 OYKOB.

Takum o6pasoM, A1 3agaHus CJAy4ailHOW BeJUYMHBI HYKHO
3HaTh €e 3HAa4YeHUA U BEPOATHOCTH, C KOTOPBIMHM OSTH 3HAYCHUA
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npuaNMaloTcs. HasoBeM cayuatinoi eeauuunotl mo6yio YUCIOBYIO
(yHKITIIO, OTIpesiesIeHHyI0 Ha MHOXKECTBE MCXO/I0B HEKOTOPOTO CJTy-
yaiiHoro ucrpitanus. [lyctb Bce BO3MOKHbBIE aJieMeHTapHbIE COObI-
THA HCYepIbIBAIOTCA MHOXecTBOM Ei, E,, ..., E, . Torma mo6as
uncnosas dynxiua &(E) asngerca cayuaiinoii Bemmunnoit. Ilpu
TaKOM OIIpe/ieJIeHMH Ha CJydaiiHble BeJMYUHbBI PACIPOCTPAHAIOTCS
BCe IIpaBUJIa JIeHCTBUI C OOBIYHBIME (DYHKIUSAME: UX MOXKHO CKJa-
JIbIBATh, IEPEMHOXKATD W T.JI.

IIpumep 1. ITyctb MMeroTcs 1ecTb daeMeHTapHbIX coObITHil E;
i =1, 2, 3, 4, 5, 6, BepOSITHOCTU KOTOPBLIX PABHbI MEXIY COOOii.
Ornpeses M Ha 3TOM MHOXKECTBe CJielyIoliie caydaiiible BeJNYNHbIL:

a) §1(E1):1, §1(E2):2, &1(Ea)=3,

i (Ey)=4, &1(55):5, &1(56):6,

6) & (E) =1, &(E) =4, & (E;)=9,

Ga(Es)=4, & (Es)=25, & (Eq)=36,

B) &3(E)=1, &(E,)=0, & (E;)=1,

85(Es)=0, &(E5)=1, &(Es) =0,

r) & (E)=0, & (E,)=0, &4(E3):1,

&4(E4)=O, &4(E5)=Or &4(E6)=17

n & (E)=-1, &(Ey)=1, és(ES) =-1,

§5(E4)=1, és(Es):_L is(Es):1-
Cymma coyyaiiabix BenmunH & u &, maeT HOBYIO CJIydaiHYyIO
BEJIMUYNHY n, KOTOpasda OIIpeAe/IAETCA N3 PaBEHCTBa

N(E;) =& (E)+& (E).
CretoBaTe IbHO,
N(E)=2, n(ky)=6, n(E;)=12,
N(E;) =20, n(Es)=30, n(Es)=42.

W3 onpepesienus: ciydaifHOW BeJIMYUHBI, UCIOJIb3Ysl OCHOBHbIE
CBOICTBa BEPOSITHOCTEIl, MbI MOKEM HAWTH Te€ BEPOSITHOCTH, C
KOTOprMI/I CJIy‘IafIHaH BeJIMYMHaA HpI/IHI/IMaeT JIIOébIe M3 BO3MOJKXHDBIX
cBoux 3HaueHuit. Jlyist mo6oro 3HaUeHNs @ CJAy4ailHOIN BeJndnHbl &
0603HaunNM vepe3 B, coObITHe, COCTOsIIIEE U3 BCEX TEX dJIeMEHTap-
HbIX coObituii E; , ans kotopbix §(E;) npunuMaer snauenue a, T.e.

Ba = UEi ’
rzie cymmupylored te E; , pia kotopeix E; € B, . Toria BepossTHOCTD
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TOro, 4To & IIpUMET 3HaY€HHE d, OIpeae/AeTCA KakK

P{E=a}=P(B,)= ) P(E).
EeB,
B npumepax 1 B) 1 1 1) Mbl MOKEM 3aIlicaTh TAKHE PABEHCTBA:

P{E;=01=0,5; P{&;=10}=0,5

P{E, =0} =
a B npumepe 1 1):
P{gs=-1}=0,5; P{&=1}=0,5.

CoOBOKYNIHOCTb BCEX PA3JUYHBIX 3HAUCHWH, KOTOPbIE MOXKET
IIPUHUMATD CJy4aiiHas BesmunHa &, U BEPOSTHOCTEH, ¢ KOTOPbIMU
OHa WX IIPUHUMAET, HA3BIBAIOT pdcnpedeienuem 6eposmHocmetl
cayuainou eequvunnt & . B npumepax 1 a) u 1 6) pacupeeseHnst
BeposATHOCTEl onpeneenst cpasdy. [ia npumepos 1 B), 1 1) u 1 1)
pacripe/ieleHus TOJbKO YTO BBINUCAHBI.

IIpumep 2. Boigesmm oMH BaXKHbBII KJIACC CAYYAlHBIX BEJUYUH.
3ameruM cHavasa, uto B mpuMmepax 1 B) u 1 r) mpUBEJEHDI
caydaiinbie Benmunubl &3 u &, KOTOpbIe IMPHHUMAIOT TOJBKO [BA
sHavenuss 1 u 0. B ognom ciywae (mpumep 1 B)) 3Hauenuem 1
BbI/IEJIEHO COOBITHE «OCYIIECTBUJICS UCXO/L C HEYETHBIM HOMEPOM> , B
apyrom caydae (puMmep 1 1)) — COGBITHE <OCYIIECTBUICS MCXO/,
HoMep KoToporo paBeH 3». [IycTb Tenepb B — HekoTopoe cIydaiinoe
cobbitie. Onpenenum ciyuaiinyio senuuny Xp(E) mocpeactsom
paBeHCTBa

) P{§4=1}=

)

wlro
W~

1, ecm E;e B,

E)= —
X (E:) 0 ecmm E;eB.

ATy BeJUYMHY HA3bIBAIOT unduxamopom (WIN xapaxmepucmuyec-
Kol ynxyuel) coGbiTHsT B, MOCKOJbKY (DYHKIHS OJHO3HAYHO
OlIpe/ieIsIeT COOTBETCTBYIONIee COObITHE.

PaccMoTrpenne MHAMKATOpPA CJIy4allHOTO COOBITUSI IIOJIE3HO, B
YACTHOCTH, TEM, YTO OHO TI03BOJISIET CBECTH ONEPAIUK Ha/l COOBbITH-
SIMI K COOTBETCTBYIOIINM JIEWCTBUSIM HAJ| MHAMKATOPAMH COOBITHII.
Jlerko mposepuTh, uTo ciydaitnbie sesuwuunbl X4 (E) u xp(E)
YAOBJIETBOPSIOT CJIeAyIONUM CBOVCTBAM:

Xa(E) x5 (E)=xa5(E),
Xa (E)+ x5 (E)=Xap (E) = xaus (E),

1=%a (E)=XZ(E)-
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IIpumep 3. Paccmorpum skcriepuMenT, cocrosmmmii u3 10 6poca-
HUI «IIPABUJIBHOI» MOHETDI, U MPEAMOJIOKIM, YTO BCE MCXO/IbI 9TOTO
SKCIIEPHMEHTA PABHOBO3MOKHBI, 4 MOCKOIBKY uX Bcero 20 1o uM
MPUITUCAHBI BEPOSITHOCTH 1/ 2! Bmegem coryuaiinble BeJMUMHbI
X (E) — 4ucio «opsos mpu k-M 6pocaHuu MoHetbl, k = 1, 2,

, 10. OueBnziHO, YTO ), B 3aBUCUMOCTH OT MCX0/0B E; mpuHnMaer
TOJIbKO /iBa 3Havenuss 1 u 0, T.e. sIBJsIeTCS MHAMKATOPOM COGBITHSI
«opeJsi» TIipu k-M Gpocanuu MOHeTbI. PaccMOTpuM ciyyaiiHyio Besiu-
ynny &, onpejiesieHHy0 Ha MHOXKecTBe E; , 1 =1, ..., 210y PaBHYIO
YICJIy BBIIABIINX «OPJIOB» TIPHU JecATH OpocaHusiX MOHEThI. Kakue
3HAUEHNUS IPUHUMAET CIyvyaiiHasi BeInunHa & U ¢ KAKMMH BEPOSITHO-
CTSIMU?

W3 onpenesenns scHO, 4TO & MOKeT IPUHUMATD JIOObIE IIeJIble
sHavenus ot 0 1o 10 ¢ BepoATHOCTIAMH:

107

P&=w=%mpﬁ—@—
10 1

P{é_ }— 10’-"’ P{§_10}— :210'

O‘IE‘BI/ILIHO, 4YTO CYMMa OSTUX BepOHTHOCTeI/I PaBHa 1, TaK KaK
10

1
Cio

10
Y Cfi =2". Takoe pacrpenenerme yxe nosmasiocs B §1 .4 B

CBsIN C dopmyoit BepHyin B cxemMe He3aBUCUMbBIX HCIBITAHUI C
JABYMST MCXOJaMH W HOCHT HA3BaHUE OUHOMUALLHOZO pdcnpedesie-
HUst.

Hawm 371ecb BaXKHO OTMETUTD, UTO & MOJKHO TIPE/ICTABUTH B BH/IE
CYMMBI CJIy4ailHbIX BEJMYHH

E=x+x2t-+ o>

XOTSI 3TO OOCTOSITEIBCTBO U He 06JIerYaeT BbIYUCIEHIE BEPOSTHOCTE
P{&=m}.

[Mocsienuuit mprMep TOYYUTEJIEH ellle U TeM, YTO B HEM PacCMOT-
peHa cuTyarus, Korja OJHOBPEMEHHO 3a/laHa IesIasi COBOKYITHOCTD
CJTyYailHBIX BEJIMYHH 4, ..., 1o 1 MOKHO TOBOPUTb 06 UX COBMECT-
HOM paCIIpe/IeIEHII, a2 UIMEHHO 00 OCYIIECTBJIECHUN C BEPOSITHOCTHIO
Ply;=a,..., %y = @y} COOBITHsI, 3aKJIIOYAIONIETOCS B TOM, YTO
caydaiiHas BeJMYMHA 7Y, [PUHUMAET 3HAUeHWe ¢, CJydaiiHas
BEJIMYMHA ), — 3HAUeHWe d, W T.JI., CAy4ailHast BEJMYMHA Yo
3HAUYeHUEe ¢y, TAe a; paBHbI Jub6o 1, smbo 0.

/IBe caydaiiHble BeMMINHDBI & ¥ 1| HA3BIBAIOTCS HE3AEUCUMbIMIL,
ecan Ui JOOBIX 3HAYeHUd ¢ W b 9THX BEJIMYUH MMEIOT MECTO
paBeHCTBA

Pit=an=b}=P{t=a}-Pn=b}.
114



IIpumep 4. Ilycrp cayvaitnas BesmuuHa & paBHA YUCJIY OYKOB,
BBINABIIEMY [IPU NIEPBOM OPOCAHUM MIPAJIBHOM KOCTH, a T| — 4UCIy
OYKOB, BBINABIIEMY HpPHU BTOPOM ee Opocanuu. Jlokaxem, d4TO
caydyaiiHble BEJIMYUHBI & W T HE3aBUCHUMBI IIPU YCJIOBHUHU, UYTO BCE
UCXO/IbI JIBYX OPOCAHU KOCTH PABHOBO3MOSKHBI.

JleiicTBUTEIbHO, BCETO TP JIBYX OPOCAHUSX KOCTH BO3MOKHBI 36
ucxoznos. O6oznaunm ux vepes E;;, i, 7 =1, 2,3, 4,5, 6, tnei —
YHCJI0 OYKOB, BBINABIINX IIPH IEPBOM OPOCAHWU KOCTH, & j — IPH
BTOpoM. O4eBHHO, YTO &(Ei]-) =1 nupu Jo6oM J, a n(Ei]- =j mpu
qobom i. CoGbitme Ej; B HameM ciydae COBHAJAeT € COObITHEM
{&€=i,m =}, u Beposrnoctb ero pasna 1,36. Co6brrne {§ =i}
BKJIIOYaeT MIeCTb PaBHOBEPOSATHBIX MCX0A0B F;., j = 1, ..., 6.
[Toatomy BesamymHa & NPUHUMAET KaXk[J0e U3 CBOUX BO3MOXHBIX
3Havenuii 1, 2, 3, 4, 5, 6 ¢ BeposgrHocThio 1,/6. To Ke camoe MOKHO
ckaszarb 1 0 BesinunHe 1. Takum o6pasom, 1pu JO6OM i U J

. . . . 11 1
PE=in=/}=P{E=i}-Pn=jt=¢ o=
AHAJIOTHYHO OIPEeNseTcs He3dGUCUMOCTNb 6 COBOKYNHOCTU
cayuaitueix Bemmaut &, ..., &, (uam wHaue saummnas mesasucu-
MOCIID):

Pl =a,...8 =0a,}=P&=q}..P{E,=a,}

/17151 BceX HaGOPOB 3HAUeHuil ay, ..., @, CIyYaiiHbIX BenduH &y, ..., &, .
Mo:kHO IPOBEPHTD, YTO B IPUMepe 3 caryyaiiiple Benunsbl &, ..., &
B3aMMHO HE3aBUCHMBI.

B saxuiouenue naparpada otMetum, 4to cxemy BepHyim Hesa-
BHCHMbIX HCIIBITAHUI C BYMsI MCXOJaMH MOKHO PAaBHOCHJIBHBIM
06pa3oM OIpEIeIUTh KaK COBOKYIHOCTb B3aHMHO HE3aBHCHMBIX
CJIyYailHBIX BEJMYWH — HHANKATOPOB OJIHOTO M TOTO K€ COGBITHS B
IOCJIE0BATENBHBIX HCIBITAHUAX (MJLTIOCTPAINE]l CIYKUT TIPUMEp
3).

YupaxxHenus

1. CKOJIbKO BCETO CYIIECTBYeT PA3JIMYHBIX WHANKATOPOB [V JIAHHOTO
MHOXecTBa cobbituii Ey, E,, ..., E, ?

Omeem: 2" .

2. Ha mockoctn xOy 3amannt 100 Toyek ¢ 1e109iCIeHHBIMI KOOPINHA-
tamu oT 1 10 10. Mo>XHO /i1 ¢ TOMOIIBI0 KOMOMHAIIH OHNX JINITD (PYHKIINI
OT OziHOM nepeMeHHON (OT X WM ¥ OTJEJIBHO), ONPeIETeHHbIX B TOUKax 1,
2, ..., 10, 3aaTh UHAUKATOP TPOM3BOJHHOTO MHOKECTBA M3 ATHX TOYEK?

Omeem: MOKHO.

3. okaxure, 4TOo IpU ABYX GPOCAHUSIX MOHETBI C PABHOBO3MOKHBIMU
MCXOJAaMU CJy4aiiHasl BEJIMYMHA, PaBHAS UYNCJY BBIMAJEHWI «OpJay MpH
6pocaHuy B TIEPBBIiT pa3, He 3aBUCUT OT YKCJIA BBITTQJIEHHIT «OpJiay BO BTOPOit
pas.
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4. Jlokaxxure, 4TO CJaydaiiHble BEJMYNHDBI, DPAaBHbIE YNCJY OYKOB, BBITIAB-
mux 1pu 6POCAHUN UTPAJIBHON KOCTH B IIEPBBIN U TPETUil Pa3, HE3aBUCHMBI
[IPU yCJIOBUU PABHOBO3MOKHOCTH HCXO/OB TpeX GPOCAHUI.

5. YerbIpe CTaHKA PACIIOJIOKEHBI HA OJIHON TIPSIMOM, PACCTOSTHUST MEK/LY
KQK/JbIMHI [[ByMS COCEJHHMH CTaHKaMU OJMHAKOBBI U PaBHBI @. PaGoumii
00CJIYKUBAET 9TH CTAHKK U IEPEXOIUT OT TOTO CTAHKA, HA KOTOPOM UM Obliia
3aKOoHYeHa pabora, K JIO60MY M3 YEThIpeX C PABHBIMU BEPOSITHOCTSIMU.
CrpammBaercsi, Kakoe paclpejiesieHie HUMeeT JIJIMHA COBEPIIAEMOTO WM
KaXK/Iplil pa3 repexo/a?

Omeem: Py =1/4, P, =3/8, P, =1/4, P;, =1/8.

§2. MaTeMaTunyeckoe oXupaHue cny4yanHom
BeSINYUHBI

[Tonnag xapakTepuCTHKa CIydaifHON BeJIMYMHBI Jia-
eTcsl ee pacrpeziesieHneM BeposTHocTel. O/IHAKO HMCKJIIOUUTETbHO
MI0JIe3HBI HEKOTOPbIE MOCTOSHHBIE YNCJIOBBIE XapaKTEPUCTUKH CJIy-
YaifHOH BeJIMYIHBI, JaloMIne MpeCcTaBIeHne o ee cBoiicTBax. Cpean
TAKUX XapPaKTEPUCTUK OCOOEHHO GOJIBIIYIO POJIb MIPAET MaTeMaTH-
yeckoe oxxuzianne. OHO olpeiesisieTcs 10 paciipe/le/IeHNo Coryvaii-
HOH BesMuMHbI. HauHeM mM3J10KeHne co cJie/lyoliero npuMepa.

IIpumep 1. IIpeanosioxuM, 4To Ha Bedepe B HEKOTOPOI IITKOJIE
MPOBOAMTCS GECITPOUTPBIIITHAS JToTepest. Kask/ oMy YIacTHUKY, ITYCTh
ux yucao N, 1mpu BXOJie TPeAJaraior Jorepeinbiit 6uer. Opranu-
3aTOpbI JIOTEPEN TIPUTOTOBUJIM BBIMTPBININ CJAELYIONNM 00Pa3oM:
BBIUTPBINI I11eHOI0 ¢@; pyO6uaeil Bbimajgaer Ha N; OUJIETOB,
i=1..,5 N+ N, +...+ N, = N . KakoBa 1ieHa y4acTus B JoTepee
JUTST KaKJIOTO TOCTSI TTKOJIbHOTO Beuepa? Ilyctb @ — meHa Ouiera.
Torma oueBMAHO, YTO ST BBIYNACJCHUS @ HYXXHO JWCIIOJb30BATDH
cemyIolniee COOTHOIIEHNE, B KOTOPOM CJIeBa U CIIpaBa HAXOAUTCS
HOJIHAsE CyMMa JIeHeT, COOPAHHbIX OPraHU3aTOPaMH JIOTEPEN:

aN = d1N1 +d2N2 +...+aSNs.
Torna

SN v N
a—N;alNl—;al N

CrpaBa B IIOCJIE[IHEM PABEHCTBE CTOUT BEJIMYMHA CPEHETO BHIUTPBI-
ma, TOCKOJbKY p; = N;/N ecrecTBEHHO WHTEpPIPETHPOBATh Kak
BEPOSTHOCTDb BBITSHYTb OWJIET € BBIMIpBIIEM ;. IloHATHO, 4TO
BBIMTPBIINI B JIOTEPee eCTh CJAydailHasl BEJIMYMHA, a ¢; — 3HAUYEHUS
9TOIl cayvaitHoil Bennuutbl. Takum o6pasoM, 1eHa OUJIeTa J0JKHA
ObITb PaBHA CPEJHEMY BBIUTPBIIILY

S
a= zaipi ,
i=1
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T.€. CPEJHEMY 3HAUEHMIO CJIy4YailHOH BEJMYMHBI — BBIUTPBINIA B
JoTepee.

AHaJIOTHYHbBIE 33/Ia4M 1O TIOJCUeTy CPEJHET0 3HAYEHUS CJIydaii-
HOH BeJIMYMHBI BO3HUKAIOT B OUYEHb MHOTHX TEOPETHYECKUX W IPHU-
KJIQJIHBIX 33jla4yax.

[Tyctb cayvaitnast BemmunHa & MPUHUMAET 3HAUEHUST Xy, Xy, ..., X,
COOTBETCTBEHHO C BEPOATHOCTAMU Py, Py, -.vy Ppy » T-€. p; = P{E = x; }

CyMMa 3HA4YeHUI CJIyJailHON BEJWIWHDI, YMHOKEHHBIX Ha COOT-
BETCTBYIOIIHE BEPOATHOCTU, HA3bIBACTCS MAMEMAMUYECKUM 0KUOA-
HUuem WIN CPeOHUM 3HAUeHUeM CIYIaliHON BeJMINHBI 1 0003HAYAET-

cs1 cuMBosioM ME :
m

ME=Y xpy .
k=1

[Tonsarne MaTeMaTUIECKOTO OXKUAHUS BO3HUKJIO B TEOPUHU BEPO-
STHOCTEll I0BOJIBHO JIaBHO, BIiepBble B padorax I[lackass, Depma,
Toiirenca B cepenune XVII Beka. TepMun «MaTeMaTuuecKoe OxKu/ia-
HUE» CBsSI3aH, MO-BUAMMOMY, C IIPEJCTABJIEHHEM O CPEIHEM WU
HanboJiee OKWM/IaeMOM BBIMTPBINIE U €T0 MAaTEMAaTHYeCKOM BBbIpasKe-
HUU B TEOPWUU a3apTHBIX WTP.

IIpumep 2. BepositHOCTb TOsIBIE€HUS COOBITUSI A B MCIBITAHUU
paBua p =P(A). Crnpammsaercs, 4eMy paBHO MaTeMaTHYECKOE
OKUJIaHNe YucJja MOABJIEHNI COObITUA A B OJHOM WUCIbBITAHWUU ?

PaccMorpum nHANKATOp cOObITHS A — CIIy4ailHY0 BEJUUUHY ) 4 ,
paBuyto 1, ecm cobpitne A Hactynuio, u paBHyio 0, ecim oHO He
HacTynmio. BemmumHa 7y, Kak pa3 W paBHA YHCJIY HACTYILJICHHN
coObITHST A B OZTHOM HUCIIBITAHWUHU, TTPUYEM

Plpa=1t=p u P{x,=0=1-p=gq.
Tenepsb sicHO, YTO MaTeMaTHYECKOe OKUAHIE PABHO
My,=0-g+1-p=p=P(A).

IIpumep 3. [IpousBoauTcs n HE3aBUCUMBIX HCIBITAHUI, B KaXK-
JIOM U3 KOTOPBIX COObITHE A HOSBJISAETCS C BEPOATHOCTBIO p. Uemy
PABHO MaTEMATHYECKOE OKH/IAHNE YKCIA MOSIBJIEHUA COOBITUS A B 1
UCIIBITAHUSIX ?

B paccmarpuBaemoii cxeme bBepHysm o6o3HaumM yepes W,
YHCJIO TIOSIBJIEHWH co6bITHS A. JTa ciaydaifHas BeJMYWHA WMeeT
6MHOMUAJbHOE pacIpeiesieHue:

k n—k
Plu, =k}=C,p (1—p) , k=0,1,...,n

COFJIaCHO OHpe/IeJIeHI/HO MaTeMaTH'—IeCKoe O)KI/IZ[B.HI/IG Hn paBHO
k
Zk ok (1= py
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B §2 rn.4 mpu nokasaresbcTBe TeopeMbl BepHy s 661710 06HA-

PYJKEHO, UTO
Mu, =np.

B npumepe 5 MbI BbIBEIEM 3TO PABEHCTBO U3 OOIUX CBOWCTB
MaTeMAaTUIeCKUX OKUIAHWI.

IIpumep 4. CTanKu pacnoJIOKEHbDI IO KPYTY; PACCTOSTHIE MEXK/LY
COCeIHUMM CTAaHKAMU PAaBHO ¢, YUCJO CTAaHKOB paBHO n. Mactep
06CJIy?KUBAET CTAHKYU B MOPSI/IKE BOSHUKHOBEHHS TPCOOBAHUN, /BU-
rasich 1O YacOBOH CTpeJsiKe Mo KPYTy. BeposTHOCTD BO3HMKHOBEHUS
Tpe6oBanust 06 06CTYKUBAHUY JIJIsT KAJK/JIOTO CTAHKA O/IHA U Ta JKe U
pasna 1,/n. Halinure cpefnioro ARy MepexXojia, KOTOPBIH JOJKEeH
ciesiaTh Mactep. B HAYaNbHBII MOMEHT BPEMEHU MacTep HAXOIUTCS
y cTanka ¢ Homepoum 0.

Tpe6oBanue 06 06CHYKMBAaHUUA MOKET BO3HUKHYTb Ha JIOOOM
CTaHKe, MO3TOMY MacTepy IOTpebyeTcsl c/learb IyTb &, [anHA
KOTOpOTO MokeT paBHaATbes 0, @, 2a, ..., (n—1)a . Matematudyeckoe
O’KMJ/IaHUE [IJTUHBI 1Iepexo/ia PABHO

Me=S ka2 = C(no1)
k=0 no 2 .

Ilepeunc/uM IPOCTbIE CBOHCTBA MATEMATHUECKOTO OXKHJANMNS,
KOTOpbIE CJAELYIOT U3 ONPEe/IE]eHUs: IyCTh ¢ — HOCTOAHHAS BEJMYK-
Ha, TOTIa

Mc=c, Mct=cME, M(E+c)=ME+c.
IIpesocTaB/asgeM YUTATETIO BO3MOKHOCTD JI0KA3aTh 9TO B KayecTBe
YIpaKHEHHUS.

OueHb YACTO BO3HMKAET HEOGXOAMMOCTb BBIUICIATL CpeHee
3HAaUCHHE CYMMBI CJTyYaliHDBIX BEJIMUHH, KOTJa H3BECTHDI CpeIHue
3HAUCHUS] KAXK/OTO U3 CJIATAEMBIX.

Mamemamuueckoe 0KuUdAHUE CYMMbL PAGHO CYMME MAMEMAMU-
yeckux oxudanuii caazaemvix: M (E+m)=ME+ Mn .

JlelicTBUTEIIBHO, IYCTh X; M ¥; — 3HAYEHUS CIlyYailHbIX BETHUIH
& U M COOTBETCTBEHHO, TOT/A

ME+m=E X+ ) Pl=rin=y,}=
—ZZxP{i e =ybe R 3P = nn =)=
=Zi,xiZP{<i=xi,n=y]-}+2yj;P{§=xi,n=yf}=
] = ;xip{a = xi}]+;y]-P{n =y;}=ME+Mn,
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ITOT pe3yabTaT 06006IIaeTcss Ha CyMMY JI060TO KOHEYHOTO YHCJIa
cJlaraeMbiX:

M(E+8E+...+E,)=ME + M(E, + & +...+E,) =
= ME+ME +M(Ez+...+E,)=..

o= ME + MEy+ ME5 +...+ ME,, .

ITpumep 5. BepreMmcst K BBIYNCIEHIIO MATEMATHIECKOTO OXKUIA-
Hus B ipuMepe 3. Ilycrb y, 0603HauaeT 4ucsIo NOSIBJICHUN COOBITHS
A B k-m ucnbitanun. Torga o4eBHIHO, 4TO W, =Y+ o +..-+ X, H

Mu, =My, + My, +...+ My, .
Ho n3 mpumepa 2 MbI 3HaeM, 4TO My, = p , noaTOMY
Muﬂ = np *

Ilpumep 6. Ha nByX crosax TOJOMKEHBI IO JiBe KOPOOKU C
antamu. KopoOku BHemrHe aGcosioTHO ofMHaKoBbl. Ha mepBoM
CTOJIe B OJHOI KOpoOKe nmMeeTcst OfH (PaHT, a B APYTOit — 7 (HaHTOB.
Ha Bropom croJsie B 0/iHO#1 KOpoOKe nmerotcst 2 aHTa, a B [pyroi —
5 ¢anros. Pebenok cHavasa BIGUpPAET CTOJ, a 3aTeM Hay/Jady 6eper
KOpoOKy ¢ atoro crosia. Ilocsie Toro Kak kKopo6ka BbIOpaHa, Urpa
HAauyMHAeTCs CHavaJa M ToBTOpsiercs n pas. Kakoil cros Jyudrie
BBIOUPATD, YTOOBI B CPEIHEM 3a 7 MIP IIOJYYUTHb GOJIbIIEE YHCJIO
(panros?

IIycte &, — uncio ¢pantoB, KOTOPOE MOJYYUT PeGeHOK B k-if pas,
ecam OH GeperT KOPOOKY C NEPBOTO CTOJa, a M, — 4ucao (aHTtos,
KOTOPOE OH MOJIYYHUT, €CJIU BO3bMET KOPOOKY €O BTOporo croJa. Eciu
pe6eHoK 6y/IeT cucreMaTniecku 6path KOPOOKHU C TIEPBOTO CTOJIA, TO
o nosyunt & + &, +...+ &, daHTOB, a ecyM OH cTaHET KAXK/ABIN pa3
BBIGUPATh KOPOOKY CO BTOPOT'O CTOJIA, TO OH MOJIYYHT Ty + Ty + ...+ 1,

danTos. [logcuntaeM MareMaTHUeCKWe OXKHUIAHUS YUCJTA BBIHYTHIX
(amros. Tak kKak ME, =1%+7%=4,a Mn, =2-%+54%=3,5,
TO 32 7 Pa3 B cpeHEM PeOGEHOK C MEePBOTO CTOJIA TOJYUYHUT 41, a COo
BTOPOTO — TOJBKO 3,57 (aHTOB.

Bompoc, KOTOPBIit MBI pa3penmIn AT CyMMBI CTyYaiiHbIX BeJn-
YUH, BO3HUKAET U [IJIT TIPOU3BEIEHNI: MOXKHO JI BBIPA3UTh CpeHee
3HAUYEHUEe TTPOU3BE/IEHNUS [IBYX CAYUAWHBIX BEJWYUH Yepe3 Cpe/lHue
3HAUYeHUs COMHOXUTeeil? OKa3bIBAeTCs, YTO IPH JOTIOJHUTETHHOM
YCJIOBUY HE3aBUCHMOCTH COMHOKHTEJIEH MMEET MECTO CJIeMyIONast
npocras Teopema.

Mamemamuueckoe oxudanue npoudeedenus 08Yx He3AGUCU-
MULX CAYUATHBLX 8eauyun & u T pasHo npou3seoenuio Mamemamu-
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YECKUX OKUOAHUT COMHONKUMENCU:
MEn = ME- Mn .

Jling mokasatesbCTBA pacCMOTPUM HE3aBUCHMBbIE CIyvYaliHbIe Be-
JU4uHbL & M M CO 3HAYEHUSAMU X; U Y; COOTBETCTBEHHO. [l
KaXX/10 mapbl (xl-,y]-) BEPOSITHOCTb TOTO, 4TO OY/AyT BBIIIOJHEHBI
O/THOBPEMEHHO /iBa coObITHst {€ = &;} u {n = yj}, paBHA IPOM3Be/Ie-
HUIO BEPOSITHOCTEH KaKAOTO M3 3TUX COOBITHIL:

PlE=xn=y;}=P{E=x}-P{n=y,}.

OueBnaHO, UYTO MBI MOKEM HAIMCaTb CJEAYIONIYIO IIENOYKY
PaBeHCTB:

M§n=sziyfp{§=xiyn=y]}=zzxiyjP{§=xi}P{n=yf}=
i L

= | XaP{E=x} | XyP{n=y;} |= ME Mn.

IIpumep 7. Ilo npoBOJHUKY, CONPOTUBJIEHNE KOTOPOTO 3aBUCHUT
OT CJay4YalHbIX 06GCTOSITENbCTE (M3MEHEHNs TEIJIOBBIX YCJIOBHIA,
BJIAKHOCTH, COCTOSTHUSI OKPY3KAIOIIEN CPE/IbI U T.J[.), TEYET HNEKTPH-
YecKuil TOK, CHJIa KOTOPOTO TaKsKe 3aBUCHT OT carydasi. VI3BecTHO, 4TO
cpejiHee 3HaYeHUe CONPOTUBJEHUS R 1PoBOAHKUKA paBHO 25 OM, a
cpennstst cusa Toka I = 6 A. Tpebyercst ojicuuTaTh cpe/iHee 3HaUeHNne
3JIEKTPOIBIDKYIIEN cuiibl E, eci n3BeCTHO, YTO CONPOTHBJIEHHUE U
CHJIa TOKA HE3aBUCHMBI.

Coracao 3axkony Oma

E =RI.

Tak kak mo ycuaoBuio 3azaun MR = 25 Om, MI = 6 A, 10
ME =25-6=150 B.

Yunpaxxuenus

1. Iyers E;;,i=1,2,3,4,5,6,j=1, 2, 3,4, 5, 6 - ucxox 6pocanus
ABYX KOCTeH, MpmIeM P(Ei]-) =1/36. Mycrs &= é(Eij) — caydaitHas
BEJIMYKMHA, PABHAs YHCJTy OYKOB IIPU GpocaHny nepsoil koctu, a N = N(E;
— cJydaiiHas BeJIMYMHA, paBHAs YHCJIY OYKOB, BBIABIINX MPH OPOCAHUN
BTOpOiT Koctu. [Jlokaxnure, uto M&n = ME- Mn .

2. Bpocaercs uiu koctb ¢ 06bruabiMu yncaamu oukos (0, 1, 2, 4, 5, 6)
Ha TpaHsAX, MM KOCTh, Ha TPaHsAX KOTOPOii 0603HaueHbl yncta oukos (1, 1,
1, 4, 4, 4). Kakoil KOCTbIO JIydle WrpaTh, YTOGBI MPH TPeX GPOCAHUSAX
BEPOSITHOCTb HaOpaTb B CyMMe He MeHblle 9 0ukoB Oblia 6oJIbIIeii?

Vxasanue. Jlokaxure, 9to pacupezesienuss cymm S; u S, st mepBoit
U BTOPOil KOCTH CHMMETPUYHBI — OJHO OTHOCHUTEJBHO 9, Apyroe — OTHOCH-
TesbHo 7,5. Tloie3HO CpaBHUTD MaTeMATHYECKUE OXKUIAHUS.
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Omeem: 1epBoOil, IOCKOJbKY /I Hee P{S1 > 9} > 0,5, Torma Kak
P{S,29}<0,5.

3. IlycTb mpm urpe B CiopTsioTo <5 13 36» BbI 3apaHee 3HAETe, YTO NP
5, 4, 3 yrajanHbIX BaMH HOMePaX BbI II0JIy94aeTe BBIUTPBII COOTBETCTBEHHO
10000, 175, 8 py6. Ananoru4Ho myctb B croptioro «6 u3 49» BaM 3apaHee
u3BectHpl Bprpbimu: 10000, 2730, 42, 3 py6. Kakag ux astux wurp
OKasbIBaeTcst 0oJiee BBITOJHOI /ST UTPOKA, €CIM OH COOGMPAETCs WTPaThb
JIOCTATOYHO MHOTO pa3?

Omeem: «5 n3 36»; MaTreMaTH4eCKOe OKW/AHWE BBIUTPBINIA B 3TOM
cJIydae IIpH OJHOM urpe = 20 KOoIl., B criopTyIoTo «6 n3 49» 310 MateMaTHdec-
Koe oxkujanue = 14 xorir.

§3. Aucnepcnsi cnyyariHoW BeNUYMHbI

[l1s1 o611iero mpe/cTaBJIeHUsl O pacIlpe/leleHUn CJry-
4yaifHOIl BeJWYMHBI BAXXHO 3HATh HE TOJBKO ee MaTeMaTH4ecKoe
O’KMJIaHue, HO M Pa3bpoc BO3MOXKHBIX ee 3HAYeHUil OTHOCHUTEJIbHO
3TOTO CPEIHEro 3HayeHUsl. TUNWYHBIH IpPUMepP, KOTOPbIH MOXKET
IIPOSICHUTD TOJIOXKEHUE JIeJI, MpeJcTaB/sieT co6oil pacipe/eseHne
CIydaiiHbIX OIMOOK m3MepeHus. IlycTh ® — BesnunHa OMMNOKH,
JIONYIIEHHOI 11pY u3MepeHun. EcJu Mpu u3MepeHnn He IOy CKaioT-
¢4 cucreMarndeckue omnbKu, CBA3aHHbIEe ¢ 0COOEHHOCTAMU HAOIIIO-
JlaTesIsl 1 U3MEPUTEbHOTO IPU6oPa, TO MaTeMaTHYecKoe OXKHU/IaHie
(cpemnee sHaueHue) oGk nameperus pasHo 0. Pasenctso M =0
M03BOJISIET HAM YTBEP:K/IaTh, YTO OIIMOKN MOJIOKUTEIBHOTO U OTPHU-
I[ATEJIBHOTO 3HAKA B CPEJHEM yDPaBHOBEIIMBAIOT JAPYT JPyra, HO He
JIaeT OTBETA HA BAXKHDIH BOIIPOC: OYAYT JiK OITUOKN U3MEPEHMST MAJTbI
1o aGCOJIIOTHOI BeJIMYMHE U, CJIeJOBATEJNbHO, PE3YJbTaThl M3Mepe-
Huil 6yayT GJIM3KU K U3MePsSeMOi BEeJUUUHE W HA KK/l U3 HUX
MOXXHO YBEPEHHO PacCUMTBIBATb, WJM K€ JIOBOJIBHO 4acTo OYIyT
BCTpevaTbcst 6oJIbIme OMMOKN TOTO MJIM WHOTO 3HaKa?

B Teopun BeposiTHOCTe#l /11 M3MepeHHs1 pa3bpoca 3HAYEHUH
CJIy4aiHO# BeJMYNHBI OKOJIO CPEAHETO 3HAYEHHUS NCTIOIb3YIOT MTOHS-
Tue ducnepcuu (nucnepcusi B mepeBojie € JATHHCKOIO — <«pacces-
uue»). [lucnepcueit DE  cayyaiiHoit Besnuunbl & HasbiBaeTcs
MareMaTHYecKoe OXKU/IaHNe KBa/[paTa OTKJIOHEHUS CJIydaiiHO Besu-
YMHBI OT €e MaTeMaTHYecKoro oxupanus ME :

DE =M (- ME) .

K] onpeaeseHns CJaeAyoT HpOCTeﬁH.[He CBO¥ICTBa JAUCIIEpCNN (SJIer
C — TIIOCTOAHHAA BeJII/I‘H/IHa)Z

DE20, Dc =0, Dc&=c*DE, D(E+c)=DE.
[l omipeieienys IUCepCuy MOXKHO NCTIOJIb30BATD IPYTYIO GOpMY-
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Jy, a UMEHHO

DE= M (5~ MEY = M[&" - 26ME +(ME)' | =

= ME* - 2(ME) +(ME)’ = ME? — (MEY’.

Ilpumep 1. Boruncaum aucnepcuio CaydaiiHOd BEJMYUHBL ¥ 4 —
UHAUKATOpa caydaitioro coboitusi A. Ilyctb

Pixa=1=p, P{xa=0}=1-p=q.

Torpa, xak JokasaHo Bblille B ipumepe 2 §2, My 4 = p . Halinem
M;&1 . Jlerko BuzeTh, 4TO xi UMeeT TOYHO TaKoe JKe paclpejielie-
HUE, KaK W ) 4 :

Pii=1=p, P{{i=0}=¢
[Toatomy
2
Dy =My —(Mx%) =p-p*=pq.
[lns nampHeNIIero HaM BaXKHO cJIefyIoliee CBOWCTBO JAUCIEPCHH.

Aucnepcus cymmvl HE3ABUCUMBLY CAYUAUHBIX GEIUUUH PAEHA
cymme ux oucnepcuti:

D +&+...+E&,)=D + D&, +...+ D§,, .

JleficTBUTEIBHO,

[€1+& +... + &, — (ME + ME, +...+M<§n):|2 =

= [(& - M&) +..+ (&, - ME,)] =

2
= Y (& —ME) + D (E _Méi)(g.:j _M&j) )
k=1 i#]
Orciozia, BBIYNCTSAS MaTeMaTHIecKoe OKUIaHue s caMoll JIeBOH 1
caMoii ITpaBoil yactell paBeHCTBa, M0JIyYyaeM

D[gng= ngk +2M|:(§1 —Mf;i)(g], _Méj)]-

CJiaraembie BO BTOpOfI CyMMe€ IIpUBEAEM K [APYTIOMY BUIY:

M[(&i - M§g;)(&; —M?i]-)] =
= M[&i&j -&ME; —-§;ME; + ME; Méj] =

= MEE; - MEME; — ME;ME; + MEME; = ME; -§; - MEME;

(HPI/I BbIYMCJIEHNN MbI I10JIb30BaJIMCh HpOCTeI‘/JIH_[I/IMI/I CBOICTBAMU
MaTEeMATUYECKOrO OxKuanusi). Ho 1Mo mpeiiionoKeHuio mpu i # j
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BE€JIMYMHDBI E.ri n E,] HesaBucuMBI. [lo CBOﬁCTBy MaTEMAaTU4Y€CKOIO
OKN/laHUA TTPON3BEAECHNA HE3aBUCUMbIX C]Iy‘I'deHbIX BEJIMYNH

M‘t:iE.»j = M&iME;j )

[09TOMY BCe CJiaraemble BO BTopoﬁ cyMMe PaBHbBI HYJIIO U
DZ = ZDE.»k ,
past

4TO U TPeGOBAJIOCH /IOKA3ATh. SaMemM, YTO TIPU JJOKA3aTeIbCTBE
3TOTO CBOMCTBA WMCIIOJIb30BAJIACH JIMIIb IONApHAas HEe3aBHCHUMOCTD
CyqaiiHbIX BeqmunH &y, ..., &, , HO He B3aMMHAsI HE3aBUCHMOCTb.
IIpumep 2. HaiiguTe Aucniepcuio yuciaa W, IMOSBJICHUI COOBITHS
A B cxeMe n ucHbITanuii bepnyJiim.
MpbI 3HaeM, 4TO

P{u, =m}=Cp" (1-p)"™"u My, =np,

IIO3TOMY Aucnepcuda W, Mo ONPeACJCHUIO JOJIKHA OBITH 3allicaHa B
Bu/E

n
_ 2 ~m..m n—m
Dun_z(m_np) Cnp (1_p) .
m=0
OpaHaKo TOpasio MPOoIle BLIUYUCIUTD AUCIIEPCHIO C TIOMOIIHIO TOJBKO
4YTO JOKa3aHHOTO cBolictBa. B camom mese, W, =y +...+7, , TAe
cIydaiiHas BeJIMYMHA %X, €CTb YWCJIO TOsIBJeHNH coOpithst A B
HCIIBITAHUY C HOMEPOM &, T.€. ¥, — uHankarop A. Ho Dy, = pq (cm.
npumep 1). Takum o6pasoM,

D, =npq .

YupaxxHenus

1. Monera Gpocaercst Hayjgauy 5 pa3. Ilycrb & — 4mCJIO BbIajeHuit
«opma», a M — JUIMHA MaKCUMaJIbHOI ceprn (BBIABIINX TOAPS) «OPJOB».
Haiigure pacnpemenenus Bequaud u 1, a TakKe UX MaTeMaTHYECKUe
OKUJ/IQHUS U JAUCIIEPCUH.

Omeem:

i 0 1 2 3 4 )

P(E=1) | 1/32 | 5/32 [ 10/32] 10/32| 5/32 | 1/32
Pn=1) | 1/32 [ 12/32| 11/32| 5/32 | 2/32 | 1/32

31 303
Me=2. DE=2; Mn=21; D
5= =76 "N 556
2. BpOCaIOTCﬂ HBC I/Il‘paJIbeIC KOCTH. HyCTb X — YHUCJIO OYKOB, BbIIIaB-

HIMX Ha MepPBOil KOCTH, a ¥ — YMCJO OYKOB, BbINABIINX Ha Bropoii. Haiininrte
pacnpenesennst ¥ u z = max(x,y), a rakxke Mx, Dx, Mz u Dz.
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Omeem:

i 1 2 3 4 ) 6

P(x=9 | 1/6 1/6 1/6 1/6 16 | 1/6
P(z=1) | 1136 | 3/36 | 5/36 | 7/36 | 9/36 | 11/36

Mx=Z;Dx=§; 2:1—61;D2:E.
2 12 36 1296

3. Hpeaaraercst TPUKIbI GPOCUTH W UrpasbHyio koctb (1, 2, 3, 4, 5,
6) wm xoctp (1, 1, 1, 6, 6, 6). Kaxoil KocTbio Jyuure urpatb, 4To6bI €
6oJIbIIell BEPOSITHOCTBIO HAOpaTh B cymMe He Meree 15 oukoB? Haiigure st
06erx KOCTeil MaTeMaTHYeCKue O)KUJAHUs U JUCIEPCUU CYMMbl YHCJIA
BBINIABIINX OYKOB.

Omeem: Bropoit. MS; = MS, =3-3,5=10,5; DS, =3-35/12=8,75;
DS, =3-6,25=18,75.

4. Jlokaxure, uto ME < ME? .

§4. 3aKoH GonbLMX Yncen, TeopeMa YebbilwéBa

Mpbi Bo3BpariaeMcsi Terepb K Ipo6JeMe, PelieHuio
KOTOPOH cJayskuja JokazaHHast B §2 1i.4 teopema bepnysm.
OxasbIBaeTcsi, YTO Ba)KHBIM IIpe/leJbHbII pPe3yJibTaT, Ha3BaHHbIH
3aKOHOM 60JbIINX Yrcea B popMe BepHyJn, momyckaeT Mmpoxroe
o6o61ienre. Mpl TTO3HAKOMUM Bac € 3aMevaTebHOM TEOPEMON TIpH-
HAJJIeXKalell oJHOMY W3 KpymHeHmux MarteMaTukoB XIX Beka
[1.J.Ye6brmépy (1821-1894). Teopema UeGbiméBa MHTEpECHA HE
TOJIBKO IMUPOTON YCJOBUI MPUMEHUMOCTH, HO M HCKJIIOYUTEIBHO
MIPOCTOII ujieell JoKa3aTeabcTBa. B 0CHOBE TIOCTIEYIONINX PACCYK/Ie-
HUH JIEXKUT HepaBeHCTBO, gAokazanHoe I1.J1.UeObIEéBBIM U MTO3/1HEE
Hale/Iee MHOTOYNCIEHHbIe TPUIOKEHS KaK B TEOPUN BEPOSITHO-
CTel, TaK W B IPYTUX MATeMaTUYECKUX JAUCIIATIINHAX.
Hepasencrso Yebbuuésa. Eciu cayuainas eeiuuuna & umneem
KOHeuHnoe mamemamuueckoe oxudanue ME u xoneunyw oucnep-
cuto DE, mo npu m060M NOLOKUMENLHOM O, UMEem MeCMo
Hepaseencmeo

Ple-ME 2 al<DE[o?.

[lna nokasaTesnbcTBa IIPEANIOJIOKUM, 4YTO X; — BO3MO>KHbIE
3HayeHust cayydaitnoit sesmunnnl & u p; = P{€ = x;} — coorserctBy-
lomue BeposiTHocTU. Ilo ompenenenuio

2
DE = Z(xz - ME) p; .
i
Ecsin B atoit cymMe Mbl OTOPOCHM BCe cJiaraemble, [IJisi KOTOPbIX
|xi - M§| <0, ¥ COXpAaHWM JIUIIb T€, JIJIST KOTOPBIX ‘xi - M&‘ >,
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TO OT 5TOrO CyMMa MOYKET TOJbKO yMeHbIIUTbes. ClefoBaTebHo,
DEz Y (x —M§)2 Pi,
;- MEza
rjle CyMMa PpaclipocTpaHseTcs Ha Te 3HAYeHus i, JJIg KOTOPBIX
le; — ME| > a.
CyMMy, CTOANLYIO CIIPaBa, Mbl YMEHbIIUM elile GOJIblIe, eC Bee
MHOXKHTEH (X; — ME) 3aMeHNM MX MIHIMATbHBIM 3HAYEHHEM o?

DE > o z pi.

|ac;—ME[2o

Ple-Miza}= Y p.
|, —MEza
OTKy/Ia

DE > o’P{jg - ME| > o} .
[MocJietee HEPABEHCTBO U eCTb Hepasencmeo Yebvwéea.
PaccvorpumM Teneps ciydaiinbie Besmunust &, &,, ..., &, ¢ nsse-
CTHBIMH MaTeMaTuiecKuMu oxuganuwsamu ME, ME,, ..., ME, u 06-

pasyeM HOBbIE CJyYailHble BEJUYMHBI T|, KOTOPBIE COBMAAIOT C
apuMeTHYeCKUMH CPEJHUMU BeJIMUnH &, MMEHHO:

u :%(221 +...4&,).

HOJIbSyHCb CBOICTBAMH MaTeMaTHYeCKHX O)KI/IZ['CIHI/II‘/JI, BbIYUCJINM
M(&+...+E,) _ Mg+ + ME,
n n

Mnm, =

PaccmoTpuM Ternepb NpU PasHBbIX 72 CJOydailHble BEJUYUHBI 1), !

&1:“2 ‘t:al ‘t:a2 e §1 +Em
n

1 COOTBETCTBYIOIME MaTeMaTuuecKkne oskuganusa My, Mn,, ..., Mn, .
OkasblBaeTcs, 4TO C yBeJIWYEHUEM 3HAYEHUS 1 1), CTAHOBUTCA
6sm3kuM K MM, . OZIHAKO TIOCKOJIbKY T), — CJydaiiHble BeJTMYUHDI,
a MM, — 4ucaa, To yTBEpXKAEHUE O TOM, YTO C POCTOM 7 BEJTUYHHBI
M, crpemsitcss K MM, , UMeeT BEPOSITHOCTHBIA Xapakrep. ITO
YTBEPIK/ECHUE O MPEIEIbHOM IOBEJAEHUN apu(PMETHYECKNX CPEJHUX
cayvaiinpix Besmand &y, &y, ..., &, B Hanboee o6uieil hopMe U HOCUT
Ha3BaHUe 3aKOHA GOJIbIINX uncesl. Temepb Mbl IepeXOUM K JJOKa3a-
TEJIbCTBY 3aKOHA GoJibiux unces B (popme Uebbiépa.

3akon Gosbmux uncexa (teopema YeObmésa). ITycmo npu
JH000M T UMEIOMCSL NONAPHO HE3AGUCUMDBLE CAYUAUHBLE GEUUUHDL
&, &y -ony &, € mamemamuueckumu oxudanusmu ME;, u ducnepcu-
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amu DE,, ozpanuuennvimu 00HOU U MOU e NOCMOSHHOU GEAULU-
HOU C:

DE,<c¢, k=123, ...
Tozda npu no6om .20 u n—> oo

P{IEA +..+E, _M§1+...+M§n|<a}_)1.
n n

[Hoxa3zareabcrBo. VcrnonmbpsyeMm o603HaYCHTE
1
N, = ;(§1 +"'+E.>n)

U BBINHIIEM HEpaBeHCTBO UeObléBa /71 CAyIailHON BeJUUUHbI TIPH
go6oM o >0 :

Dn
o
P{n,-Mn,| 20} < —2
o
TTokaskeM, 4TO TIpaBasi YacTh 3TOTO HEPABEHCTBA CTPEMUTCA K HYJIO
TIPH 12 —> oo . B CHJIy TOTO, UTO Ji/Is1 TIOTIAPHO HE3aBHCHMBIX CIydaii-

HBIX BEJUYIH DZ & = ZDik , UMeeM
k k

_D@E+...+8,) _ DE +..+ DE,
n* n’ '

B cuny ycaosusi D, < ¢

¢
Dnn < S T
n° n
Tenepp oueBuHO, uTo DM, = 0 1IpU n —> o0 U
P{m, -Mn,|20a}—-0.

Ilepexozis ot HepasenctBa {n, — Mn,| = o} x mporusononoKHOMY
HEPaBEHCTBY {\nn -M nnl < oc}, 1oJy4aeMm
P{m, —Mnn| <a}>1 —#
M IpU 1 —> oo
P{n,-Mn,|<o}—>1.

Teopema Jjokaszana; KpoMe TOrO, BbIACHEHO, KaK ObICTPO BEPOATHOCTD
P{|nn - Mn,|< oc} npubskaercs K 1 Ipu Bo3pacTaHuu 7.
[ToguepkHeM, 4TO 3aKOH GOJIBIINX YUCEJI BBISBJISIET BEPOSTHOCT-
HBII CMBICJI MaTeMaTHYeCcKoro oxuganusd. Ecau 6 ycrosuax meope-
Mol ebvuwéea npednoroxums, umo ME, =a npu ecex k, mo
meopema Yebviuésa npuobpemaem o0cobenno npocmyio popmy:
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npu n — oo u 11060M 0 > 0
l(§1+...+§n)—a <op—1.
n

ITOMY CJIeJICTBUIO U3 TeopeMbl UeObIéBa MOXKHO /IaThb TaKyio
nHTepnperaiuo. IlpeanosoxumM, uyto n HabJoOLaTENel N3MEPSIOT
BeJIMYNHY @ 6e3 cuCTeMaTHuecKoil ommOKH, Tak 4TO JIOIyCKaeMble
UMM TIOTPENTHOCTH CPAaBHUMBI 110 BEJIMYMHE; TOT/A NMPH GOJIbIIOM
yrcse M3MepeHni apudMeTHyecKoe cpegHee WX pPe3yJIbTaToOB C
BEPOSITHOCTHIO, CKOJIb YrofHO G/m3Koil K 1, Gy/ler Ipou3BOJIBHO
MaJjIo OTJIMYaTbhCS OT M3MEPsSIeMOi BEJMYMHDI, 3TOM PaCCYy’KIEHUN
MOXKHO YBU/IETb 0O0CHOBAHUE ITPUHIUIIA CPEHET0 apnudMeTniecKo-
O, IIMPOKO HCIIOJb3YEMOTO B 3KCIEPUMEHTAJbHBIX HayKaX.

Teopema Beprysmn, moxasanHas B §2 r71.4, sBJIseTcs] YaCTHBIM
caydaeM TeopeMbl YeObimépa. [lelicTBUTENBHO, ecau Cayuaiinbie
BEAUUUNDL NPUHUMAIOM MOAbKO 06a 3nauenus 1 u 0 ¢ eeposmmuocmsi-
mup uq =1 — p coomsemcmeenno (cxema Bepuyaru), mo
cnpasedaus 3axon 6osvuux wuces 6 gopme bepnyanu:

&1 &,

n

-p|>op—=1,

1
rae o> 0, a —(§ +...+&,) — yactora snauenus 1. 1a TeopeMa o
n

HEOTPAHNYEHHOM COJIMKEHNM YacTOTbl HACTYIJIEHHS HEKOTOPOTO
COOBITUSI C BEPOSITHOCTBIO ATOTO COOBITUSI IIPU BO3PACTAHUU YHCJIA
UCIIBITAHWI SIBUJIACh MCTOPUYECKN 11ePBOii (popMOii 3aK0HA GOJIBIINX
yyceJ W MOCIy’KMJa OCHOBOH JJI CTaTUCTUYECKOTO OIpejeseHus
BEPOATHOCTH.

B 3axuiouenne atoro maparpadga 3aMeTnM, 9TO TeOPEMBI O 3aKOHe
GOJIBIINX YMCeJ BBIPAXKAIOT OGNl TIPUHIIUI, B CUJY KOTOPOTO TIPH
JIOBOJIBHO HIMPOKHMX YCJIOBUSIX COBMECTHOE BO3/EHCTBHE GOJIBIIOrO
YlCJla CIy4ailHbIX BEJIMYUH OKa3bIBAETCS IIOUTH ITOCTOSHHbBIM. 3/1eCh
3aJ105k€HO 0O0CHOBAaHME MHOTUX 3aKOHOB (DPU3WKHM, SKOHOMUKH U
JApyrux o6JacTeil, KOTOpble MMEIOT /IeJI0 € SIBJICHUSMH MacCOBOIO
Xapakrepa.

Ynpaxuenust

1. Momnera knzaercs 1600 pa3. Besnku i BepOSITHOCTH TOTYYUTD IPU
9TOM BbITIAJeHUE «opJaa» a) Gomee 1200 pas; 6) Gosee 900 pas?

Omesem: ouenka 10 HepaseHcTBy YeGbiméBa naer a) menee 1,/800;
6) menee 0,02.

2. Yacruia 1mpoJieTaeT CKBO3b HOTJIONAIONMNA 9KPAH € BEPOSITHOCTBIO
0,01. Yemy paBHO MaTeMaTHYECKOE OXKHU/AHUE YUCEJ IIPOJIETEBIINX CKBO3b
Hero yacTuil, ecjn ux 6puio Beiymeno 100? Besmka su BeposSITHOCTD TOTO,
YTO CKBO3b dKpaH IpoJeTut 6osee 11 yactui?
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Omeem: MaTeMaTH4YeCKOe O’KUaHUe YKCJIa IIPOJIETEBIINX YaCTULl PABHO
1; mo HepaBeHctBy UeOblméBa MCKOMas BEpPOATHOCTb He IIPEBOCXOAUT
0,0099.

§5. MpounseBopgsawme pyHKUMN

Bynem paccMarpmBaTh ciydaiiHble BEJIMYUHBI, TPH-
HUMAIOIINE TOJBKO IIeJIble HeOTpHIlaTeIbHble 3HaueHus. IlycTs ciay-
yaiinast BesmuyrHa X npuHuMaer 3Hadenust R = 0, 1, 2, ... u mycrtb
pr = P{X = k}. Onpenenum npoussodauyio ¢ynxuuio cayuaiinoi
seauyunbl X Kak (DYHKIUIO TIEPEMEHHON S:

fX(s)=Zpksk, 0<s<t
k

(31ech u gasee OAPa3yMeBaeTCsl, YTO CyMMUPOBAHUE IPOU3BOAUTCS
0 BCEeM 3HaueHusM k caydaiinoit Benmmunubr X). JIerko BUAETD, 4TO
B HalleM ciydae, Korja X IPUHUMAET KOHEUHOEe YHCJO 3HauYeHuH
0<k<n, 10 fy(S) mpencrabisger co60il MHOIOYJICH CTENCHU He
BBITIIE 72, KO3 (PHUIMEHTaMU TP CTETIEHSIX KOTOPOTO CIy>KaT COOTBET-
CTBYIOIIE BEPOSTHOCTH pj, . l[IpmBemeM HEKOTOpbBIE OYEBHUIHBIE
cBoiictBa dynkuun [y (s). Tak, fy(0)=P{X =0}, u ecin ara
BesmunHa MeHbine 1, 10 fx (s) — crporo Bospacraomas (QyHKIHs
npu 0<s<1. B Touke s = 1 BBIMOJHIETCA PaBEHCTBO

fx(1)= z pr = 1. Boipazum fanee MaremaTnieckoe oxupanue MX

k
n aucrepceuto DX ciaydaitHoll BemnuuHbl X 4epe3 IPOU3BOJASIILYIO
bynkumo fy (s) . Berancamm npoussoauyio dynximn fy (s) upu
s=1:

fx(1)=YP(X=k) k=MX
k
]IpyI‘I/IMI/I CJIOBaM, HepBaH HpOI/ISBOIIHaH HpOI/ISBO]IHH_leﬁ Cl)yHKLII/II/I B

ToYKe s = 1 paBHa MaTeMaTHYECKOMY OXKH/IAHUIO CJIy4YaifHON BeJndn-
Hbl X. BbluucamM BTOPYIO MPOU3BOJHYIO

ff()=Y P(X=k) k(k-1)=Y P(X)¥ - MX = MX* - MX .
YqI/ITbIBa;kI *
DX:MX%4fo,
IoJy4nM
DX = £ (1)~ (fx () + £ (1).

Bepositnoctn P (X = k) MOXHO BBIPasuTh yepe3 MPOU3BOIHbIE
Mpon3BOsAIell YHKINU, BBIYHUCJICHHbIE B Touke s = 0. B camom
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nene, fx(0)=P(X =0), rouno tak xe fy (0)=P(X =1). Borunuc-
JISiSL TIPOU3BOJHYIO R-TO MOPS/IKA IIPOU3BOJSAIIEH (DYHKIMK TIPH § =
=0, moxyanm

P 0)=k!P(X =k)
WJIn

*) (0
P(X =k)= o)
k!
Takum o6pasoM, yepe3 IPOM3BOJHbIE TPOU3BOJSIIEH (DYHKINH B
Touke s =0 1 s = 1 MOXHO BBIYMCJIHUTD BCE OCHOBHBIE XapaKTePUCTHKI
cJIyyailHO#l BeJIMuuHbI X.
PaccmorpuM Teneps Hapsgy ¢ X CaydaiiHylo BeJMYUHY Y TakxKe

NPUHUMAIOINLYIO IleJible HeoTpUIlaTesIbHble 3HAYEHUs. Bbrunmcanm

npousBosayio Gynkimio cymympr X + Y IByX HE3aBUCHMBIX CJIy-
YaiiHbIX BeJMYuH X n Y

froy (5) =D P(X+Y =k)s" =X P(X=0)P(Y =k-1)s's"" =
k ko

= zl:p(x =1)312P(Y= m)s" = fx (s)fy (s),

k
P{X+Y =k}=>P{X=LY=k-I}
=0
1 B culy HedaBucumoctd X u Y

P{X=01Y=k-0}=P{X=0}P{Y =k-1I}

npu Jo6bIX R u [. Takum o6pa3oM, npouseoosuas hynrkuus cymmol
He3ABUCUMBLY CAYUAUHBIX SEAUUUH PAGHA NPOUIBEOEHUIO NPOUIBO-
0SUWUX PYHKUUL IMUX BENUYUN.

[TpousBosiue dyHximu GyayT PUMEHEHbl B JaJbHENIeM K
peleHnio KOMOUHATOPHBIX 33/[a4 M BBIBOJLY <IIPE/IETbHBIX»> TEOPEM
B 1.7 u 8.

3ameuanue. [IpousBozsmias QyHKIINA B MaTeMaTHIeCKOM aHa-
JIn3e OIpeJiesisieTcs /sl 060l T0CIe/J0BaTeIbHOCTU JAeUCTBUTE b
HBIX YHCeJI, KOTOPAsi MOXKET 1 He ObITb KOHEYHOU: dy, dy, dy, ..., d,, ...

B mo6oM cayuae mpomsBoasimas QYHKIHUS MOXKeT OBITh (op-
MAaJIbHO 3alliCcaHa B BHJIE

f(S)=a0 +a1s+a252 +...

a0 <s<1. Ho Bosamkaer Bonpoc (KOTOPbIi HE BO3HUKAJ [/t
KOHEUHBIX TOCJIEI0BATENBHOCTER dy, d, ..., d, ): TIPH KAKUX § 9Ta
QyHKINS MMeeT KOHeuHble 3Hauenus? Harpumep, oueBUIHO, YTO B
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cjaydae, Koraa a; =1 IIpn BCEX k, TO 3Ha4Y€HUE
fA)=1+1+1+ +1+...

Geckoneuno. B cutyamum, Kotopast U1 HAC NIPEJICTABISIET HHTEPEC,
Y a, <1, nosromy MoskHoO cpasruTh [ (S) ¢ reoMeTpHuecKoil po-
k
rpeccueit co sHamenaresaeM s mpu 0 <s<1:
1
f(s)= Zaksk < ZSk =—
T P’ 1-s

n cjaejsiaTb BbIBO/, 4YTO f(S) NMEET KOHEUHbIE 3HAaUY€HHA [JIAd BCEX
pacCMaTpuBa€MbIX 3HAYEHUN S, 3a UICKJIIOYEHUEM § = 1. OIIHB.KO, €CcJin

Y a,=1, 10 f(s) npus =1 raxxe KoHeuna:
N
f(1)= Zak =1.
T

Hanpumep, nyctb 0 <p <1,g=1-pu aq, =qu,k:O, 1,2, ...,
TOora

1
Zak=p2qk=p~1—=1
k k —-q

k
[(s)=Y as* = pY (qs) = L~
k k 1-gs

YupaxxHenus

1. Haiijiure mpousBojsiyio GyHKIMIO [ CoydYaiiHON BeudnHbl & B
npumepe 3 §1 maHHOM TJIaBbI.

Omeem: 2%(1 +5)"7

2. Haiimute mpousBOASAILy0 (DYHKIUIO CIyYalHOW BEJUMYUHBI ), —
MH/IMKAaTOpa HEKOTOPOTO CIy4aiHOTO COOBITHS A, BEPOSTHOCTD HACTYTIJIEHHS
Kkotoporo pasxa P (A).

Omeem: ps + q, tne p=P(A),qg=1-p.

3. Haiigure npousBojsiyio (PyHKIMIO CJIy4ailHOH BeJIMYUHBI U, U3
npumepa 3 §2.

Omeem: (ps+q)" .



MABA 7

NOCNEAOBATE/IbHOCTU UCMbITAHUNA
BEPHYJIIN: CNYYAUHOE BTY)XKAAHUE U
CTATUCTUYECKUE BbiBOAbI

81. UcnbiTaHnsa bepHynnn

MpbI Bo3BpaTuMcs B 3TOii TJIaBe K OJHOI U3 BaskHEH-
X MOJieJiell TeOpuu BeposiTHOCTel — cxeme BepHysin HesaBucu-
MbBIX HUCIIBITAHUN € JABYMSI MCXOJAMHU, KOTOpasi Oblaa BBeleHa B §5
ri1.3. O6GbIMHO OAWMH W3 MCXOAOB YCJIOBHO HA3BIBAIOT <«y/Aadei»
(cobpitne A), a apyroit — «Heynadeii» (cobprrue A ). Ipeanonara-
€TCs1, YTO B KaXK/IOM MCIBITAHNY «y/laua» IPOUCXO/UT C OJHOM 1 TOH
e BeposTHOCTBIO p, 0 < p < 1, a «Heyzaya» — ¢ BEPOSITHOCTDBIO g =
=1 — p. UcnoJb3yst noHsiTHe caydaiinoii Besmuunbt (em. §1 ri.3),
MOXXHO JIaTh PaBHOCIJIbHOE OIpe/ieieHne cXeMbl bepHyin B TepMu-
HaX CJOy4daiiHbIX BeqnmdnH. VIMEHHO, pacCMOTPUM MOCJeI0BATEJIb-
HOCTb ciyvainbix Benmuud Xy, Xo, ..., X, Kak[asi U3 KOTOPbBIX
npunuMaet gumb asa sHadenns 1 um 0. Ilyerp {X;=1}=4,
{X;=0}=A, Torna

P{X;=1}=p, P{X;=0}=q.

Takum o6pasoM, ciydaliHble BeJnmduHbBI X; MOKHO Ha3BaTb
XapakTepucTudecKuMy PyHKIuaAME (MHAUKaTopaMu) coObiths A B

KaXX/IOM WCTIBITAHUU C COOTBETCTBYIONUM HOMepoM i = 1, ..., n.
IIpeanonoxuM Taxkxe, 4ToO caydaiiible BeJUUuHbl X|, ..., X, B3auM-
HO He3aBHCUMBI. Tora roBopsIT, 4To NOCIe10BaTeIbHOCTD X, ..., X,

3a/aeT cXeMy DepHy/ImM He3aBHCHMBIX MCITBITaHMIA.
Yucao YAa4 B 1 MCTIBITAHHAX Beprymm Beipakaerca caydaiiHoi
BeJqMUnHON S, , paBHOI cymme X, ..., X,,:

S, =X +...+ X,
ITa caydaiinas BeTMInHA IMeeT GMHOMHUAJIbHOE PacIpeieieHue, T.€.
m n—-m .
P{S,=m}=C)'p"q"™, m=0,....n;

ee MaTeMaTHYeCKoe OXKHUJAHWE — CpeJHee YHUCJIO <YyAad» — PABHO

MS, =np , a nucnepcus pasaa DS, = npg (cm. §2 T1.5).
OueBniHO, YTO NOCAEAOBATEIbHOCTD Y], ..., Y, , e Y; B3aUMHO

HE3aBUCUMbI U IpUHUMAIOT 3Hadenuns +1 («ymaua») u —1 («Heyna-

‘{a>>) C BEPOATHOCTAMU
p=r{y;=1, p=P{y;=-1},
TaKKe IpeACTaBJIAET coboii cxXemy BepHyJUII/I, IIpUTOM C]Iy‘iaﬁHbIe
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BeJIMYNHDbI Yl n Xi CBdA3aHbl COOTHOIIIEHHUEM
Y, =2X,-1, i=1..n.

B atom cayuyae cymma S, =Y, +...+Y, WMeeT CMbICJH PasHOCTH
MEXIYy YHCJIOM <«yJad» W UHCJAOM <HEyJau» B 7 HCIBITAHWUSIX:
S, =25, -n=8,-(n-S,). Tak xax {S, =m}={S, =2m—-n},
TO pacipe/eieHue CayYaifHol Beuuutbl S, HaXOJUTCS 0 pacipe-
nenenuto S, u onpexpensiercst popmy.ioit (n + k ueTHO)

n+k n+k n-k

P{S,=k}=C,2p2q?2, k=-n..0..,n (7.1
Maremaruueckoe oxkuanue U Aucrepcust S, paBHbl COOTBETCTBEHHO
MS, =n(p—-q), DS, =4npq

(cm. samauy 1).
Cor/iacHO 3aKOHY GOJIBIINX YUCE] TIPH 7 —> oo

P >eb—0, (7.2)

Su
——p
n

Sy

o (r-q)

P >eb—0 (7.3)

1 jiroooro € >0 .

B nmocaexyromux naparpadax 6ymIyT H3y4eHbI MPeICTaBIISIONINE
HECOMHEHHBIN TPaKTHYECKIII WHTepeC 3a/1ayll, KOTOPbIE CTaBATCS B
pamMkax cxembl bepuymmu. Ilaparpadst 2 u 3 mocBsmIeHs! ciayvaii-
HbIM OJIyKIaHUSIM Ha 1psiMOii, a maparpad 4 — mpocreifnmm
CTaTUCTUYECKUM 33/1a4aM, BO3HHUKAIOIIUM B cxeme BepryJiiu.

§2. CnyyariHoe bny)xpaHue Ha NpsiMon,
cooTBeTcTBYyloLee cxeme BbepHynnu

PaccmorpuM cayuaitHoe Oiy»KaaHme, KOTOpoe TIO-
pokaaercsa cxemoil ucnbltaHuil bBepuysu. IIpeanososkum, 4To
YacTHUI[a BBIXOJUT U3 HauaJa KOOPANHAT M Yepe3 eANHUIYy BPeMeHH
nepeMenaeTcs Ha eJUHIIY BBepX ¢ BeposiTHOCTbIO p, 0 < p < 1, wu
Ha eJ[MHUIYy BHU3 C BEPOSITHOCTBIO ¢ = 1 — p. B Kaxkaplil ocsietyto-
Uil MOMEHT BpPEeMEHH MOBTOPSIETCS Ta K€ MCTOPHSI HE3aBUCHMO OT
MPeIbIIYTIETO MOJOKEHNS JacTHIIBl. TakuM o6pas3oM, 3a BpeMs 7
YacTHUIA TIPOXOANUT HEKOTOPBIN MyTh, KOTOPBIH MOXKHO TaK e, Kak
B 1.4 (eMm. §1), nso6pasuth rpadpuueckn. Beero myteit ABHKEHHS
yacTullbl 3a BpeMs n Oyjer 2", OJIHAKO Telepb 3TH IMyTH HeJb3sl
CUUTATh PABHOBO3MOXKHBIMU.

[ToceoBaTeIbHOCTD TIepeMeleHNl YaCTHIIBI 32 BPEMSI 72 MOKET
ObITh PACCMOTPEHA KAK TI0CJIE/[0BATEbHOCTD 72 HE3ABUCUMBIX HCITbI-
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TaHui ¢ AByMs ucxoaamu ([ABHMKEHHE BBEPX Ha eAuHHIy — <«1»,
[BUYKEHUE BHU3 Ha eauHuily — «—1»), T.e. Kak cxemMa BepHyJuin.
PaccmoTpuM n B3aMMHO HE3aBUCHUMBIX CJAYYAWHBIX BeJUUYNH
Xy, ..., X, , KakJasi U3 KOTOPbIX IpuHuMaeT 3Hadenuss +1 u —1 ¢
BeposiTHOCTSIMM p n g = 1 — p coorBercTBeHHO. Torza Kaskaoi
1oCJIe/IOBATEIbHOCTH 3HAYEHUI 9TUX BeJWYWH, Hanpumep, 1, 1, —1,
1,1, -1, 1, =1, =1, ..., 1, 6yIeT COOTBETCTBOBATDH OMpe/eTeHHAS
TPAEKTOPHS [IBIKEHHS YaCTUI[bI. Y I0OHEE OIUCHIBATD 11y Th YACTHIIbI
He caMIMu X, a UX NOCJIeI0BATEeNbHO BBIUNCICHHBIMI CYMMaMHU:

SO :0,
Si=X1+"'+Xi’ i:1,...,n. (75)

3HaveHne KKJI0H cyMMbl S, 6y/eT XapaKTepH30BaTb HOJIOXKEeHUe
YaCTHIIBI B MOMEHT BpeMenu n. Tak, Harmpumep, cobpitie {S, =y}
03HAYaeT, YTO YACTHUIIA B MOMEHT 72 HAXOAUTCS B TOUKE C OPMHATON
y. Tpaekropust ABMKEHUS YACTUIIBI 32 BPEMsI 72 OJTHO3HAYHO OIUCHI-
Baercst HabopoM S, Sy, ..., S, , U, HAO60POT, MOCJIEAOBATEIBHOCTD
CIydaiiHbIX BenmunH Sy, Sy, ..., S, , ONpeJeJeHHbIX 10 (opMyTaMm
(7.4), unTepHpETUPYETCA KaK TPAEKTOPHS HEKOTOPOii 6.1ysKaatomiei
YaCTHUIIBI.

Kaxk crexyer us §1, cyuaitnag Besmunaa S, UMeeT pacipeserte-
HUe

P{Sn _ k} _ C7(1n+k)/2p(n+k)/2q(n—k)/2 (7.6)

(n 1 k IO/KHBI MIMETH OJMHAKOBYIO YETHOCTH). JTa (popMya JaeT
BEPOSITHOCTD JOCTHIKEHUsT OJIYKIAIOIIEell YacTHIIEH TOYKU C OpIUHA-
Toit k B MomenT n. [lpup =g =1,/2

P{Sn _ k} _ C)(lrz+k)/22—n :

9TOT CJIyYail, COOTBETCTBYIONINE CUMMEMPUUHOMY CTTyIATHOMY OJTY K-
JIaHWIO0, GBI TIOAPOOHO PACCMOTPEH B TJI.J.

[TepeiifieM HemOCPeACTBEHHO K PENIEHUIO 32/1a41 O BO3BPAIIEHUH
YACTHIBI B HAYAJIO KOOPAMHAT B CJydaiiHOM OJIYXKIAHUU, 3a/laBae-
MoM cxeMoit bepryin. IHTYUTHBHO SICHO, YTO B CHJIy HECUMMETPUHN
3a/laui HAYAJ0 KOOPJAMHAT yiKe He GYJIeT UrpaTh Ty POJib, KOTOPYIO
OHO UTPAJI0 B CUMMETPUYHOM CJIyYae, U MOBE/IEHNEe YACTHUIIBI OY/eT
3aBUCETb OT COOTHOIIEHWS BEPOSTHOCTEH p U (.

BHOBDB BBeJleM BEpOSITHOCTH Uy, — BEPOSITHOCTb BO3BPALIEHHUS B
HYJIb B MOMEHT 21 U [,, — BEPOSITHOCTb IIEPBOIO BO3BpAIlleHus B
HyJb B MOMEHT 27!

Uy, = P{Szﬂ :O}’
on =P{SZ 750,..., SZn—Z ;éov SZn =0}
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HaM Heo6X0uMO ompe/e/nTh Beandnny | = Zfzn BEPOSITHOCTU
n=1
BEPHYTbHCA Korga-anbo B Hadajo KOoOp/JaHaT. Tak xe Kak m B

cummerpuuHoM ciydae (em. popmyay (5.20)), o dhopmy.ie moHOi
BEPOSITHOCTH

n n
Uy, = ZonUZn—Zk = Zon—Zkqu’ nzt, (7.7)
k=0 k=0

e uy =1, f, =0. Bepostnoctu u,, nerko Haxoasrcst us popMyJibl
(7.6) npu k = 0 u n, 3aMeHeHHoM Ha 2n:

Uy = C;lnpnqn

(npu p = ¢ = 1/2 nosyuaeM 3HAKOMYIO BEJIMYNHY u,, = Ch, 272").
Haiinem BeposiTHOCTH [, U f C TTOMOIIBIO TPOUIBOASIINX (PYHKITHIA.

3ameuanne o mpousBomsmux ¢ynkuusx. [lis ganbHeiiniero
HaM OyeT Toje3Ho TepedopMyanpoBaTh 6GoJiee o6IUM 06pa3oM
OJIHO BaKHeillee CBOWCTBO MPOM3BOAAINX (yHKIUA. Paccmorpum
nBe uncosble nocesosarensnoctn {a;} u {b;} u nosyio mocaeno-
BaTEJbHOCTD {C, }

¢, =ayb, +ab, 4 +...+ab,, n=012 ..

Iycrs fi(2) u f,(2) — npoussoasume GpyHKIME YUCIOBBIX MOC/TE-
JoBatenbHOCTel {@;} 1 {b]-} cooTBeTcTBeHHO. Torza npousBo/sinas
dbynkuns f(z) nocnenosarenshoctn {c,} BoIpaxkaercs dopmyoit

f(2)=1h(2)f(2),

T.e. paBHa MpousBeeHuI0 npousBoaammx pyuknuit fi(z) u f(2).
Acuo, 4TO 3TO HE YTO MHOE, KAaK CBOMCTBO MPOM3BOASAMNX (PYHKITHI
CYMMDbI HE3aBUCHMBIX caydailtHbix Benmant (eM. ¢. 129). Oanaxo B
JAHHOM CJIy¥ae nocsaegosarenbuoctu {a;}, {b].} He 006s13aHbBI GBITH
pacrpesie/IeHus MU BEPOSITHOCTEH (HAIIOMHUM, YTO TIOCJIE/I0BATEb-
HOCTb {@;} Tor;ma cumrtaercs pacnpesenenueM, Korga a; =0,

Yoa=1).
Beeem npoussossmme pyHKIINN 9UCTOBBIX MOCAEAOBATENBHOC-
Teit uy, U [, (cM. 3amevanue B KoHie §5 ru.6):

U(Z) = 2 uzﬂzzn’ F(Z) = z }‘-Zn'zzn7 |Z| <.
n=0 n=0

Torga mexay dyukumsmu U(z) u F(z) B cuny (7.6) MoxHO
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OGHAPY>KUTH CJIEYIONLYIO CBS3b:

U(z)-1= iuuzzn = Z( ZanHeuZn zk]
n=1

n=1

= Zfzk (Z%n w2 Zk] (Zka ]{iwnzz"]:F(z)U(z)_

n=k n=0 n=0

Orcona
F(z)=1-——. (7.8)

Haiizem npoussoasutyio dynkimio U(2) 110 BepOATHOCTIM iy, .

Yno6uo nepenucarb u,, B BHIE
C, n
oy =3 (4pq)".

Nmeem

U(z)= Zuzn -y G <4pq2 )

52n
n=0 1=0 2

O6osznaunm yepes (2n—1)!! npoussenenue Bcex HeveTHbIX YHCen
BILIOTH 710 2n — 1. Torga, Tak Kak

(2n)!=(2n-1)112"n!,

TO
G, _ (@n)t _(2n-1)N2'n!_(2n-D)! _1-3-5..(2n-1) _
92n 92n (ny)2 92n (nY)z 2! 2"n!
135 2n-t LYY (UMD I L
220927y _2(2 2 2
a n! N n! '

CpaBuuM ot K03(pPuIMeHTs! ¢ K03 UINEHTaMU Pa3JI0XKEHI
byukuun (1-x)™ 1o crenensm x:

(1-x)" = im(m+1)~-n.l(m+n_1)

xﬂ

npu x| < 1 u mo6om m > 0. Tomyumm

U(2)= Z o (4pg22) = (1-4pgz?) "
npu 4pq22 < 1. Jlerko BUJETDH, 4TO
[= 2o =limF(2)=1- Tgm
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Orciona f = 1, ecan U(z) — oo mpu z — 1, YTO PaBHOCHUJIBHO
PaCXOAUMOCTH PSiia 2“271 =oo , mf<1,ecmm U(z)<e 1. pan

Y uy, cxomurest, U(1)=Y uy, <eo. Takum o6pasoM, HOIyueHO
of1iee yTBEPIK/IEHNE, BEPHOE HE TOJIBKO IS CIIy4ailHOro GJIy KAaHUS
Ha [PSIMOIi, HO 1 B €BKJIM/IOBBIX [IPOCTPAHCTBAX JI0G0i pasMepHOCTH
(cM. §6 T1.5).

Beposmmnocmo [ menvwe uiu pasna 1 6 3a6ucumocmu om mozo,
CX00UMCsL UAU PACXOOUMCS PSLO 2u2n .

W3 (7.7) nomnydaem, 4to

F(z2)=1- (1 — 4pqz* )1/2

npu |2| 1. Tosromy f =1-(1- 4pq)1/2 .Takxax 1-4pq = (p - q)2 ,
TO OKOHYATEJBHO NMeeM

[=1-|p-d

U IPUXO/MM K BBIBO/LY, YTO BEPOSITHOCTb BO3BPAIIEHHs KOTa-I160
B HAYaJI0 KOODAMHAT

1
f=1pnu p=q=§,f<1np1/1 pP#q.

Taxum o6pasoM, ciayuaiinoe O/yskJaHue Ha IIPSIMOM, COOTBETCTBYIO-
mee cxeme bepHysmu, BO3BpaTHO TOrJja M TOJBKO TOr/a, KOTJa
p=qg=1/2, T.e. TOTbKO B CHMMETPUYHOM CJIydae.

[l TOro 4To6hl YACHUTD, YTO XK€ IPOUCXOAUT C TPAEKTOPUAMH
YaCTULBI IPU p > ¢ WK p < ¢, 06paTUMCS K 3aKOHY GOJIBIIINX YUCEIL.
Wrak, TpaeKTOpUs 4acTUIBI 3aaeTCsl II0CJ1e/10BaTeIbHOCTbIO BeJu-
ynn Sy, Sy, ..., S, . llepenuiem cootHolenue (7.3) caenyomum
o6pas3oMm:

P{|Sn—n(p—q)|>ne}—>0, n— oo, (7.10)

[TpoBeseM st catydast p > g Ha rpaduKe CIy4ailHOTrO GITy K IaHsT
ase npsvbie, n(p—qg-¢) u n(p—qg+e) (puc.29). Toraa us
cootHomenus (7.9) MOKHO c/IeaTh BBIBO/, YTO TPAEKTOPHS YaCTH-
1Bl TIPOJIETaeT B CPEAHEM BJOJb IPsMOil n(p —¢q) u ans 11060ro
€ > (0 ¥ JOCTaTOYHO GOJBIINX 7 TOUKA ¢ KoOpAnHaToil S, (mosroxe-
HIIe YaCTHIIBI B MOMEHT 72) Gy/ieT ¢ GOJIBIION BEPOSITHOCTBIO JIEKATD
B BePTHKAJIbHOM HHTepBaJie ¢ KoHiaM n(p —qg—¢€) n n(p—q+¢).
ITO yTBEPIK/EHNE MOXKHO YTOUHUTD: OKA3bIBAETCS, YTO NOUMU GCe
TPaeKTOPUH BefyT ce6st MoJOGHBIM 06Pa3oM, T.e. C BEPOSTHOCTBIO 1
opanHaTa GJIy’KAAIONIEil YaCTHIBI B MOMEHT 7 OyJeT HaXOJNTDbCS B
yKa3aHHbBIX Ipejiesiax. KpoMe TOro, MOXKHO yTOYHHTD CaMU IPAHHU-
IbI, B KOTOPBIX C BEpOSTHOCTBbIO 1 OKasbiBaercs OuIysKaiomiasi
YACTUIIA. DTH BO3MOKHBIE YTOUHEHUSI CJIEYIOT U3 [IBYX 3aMeUYaTe b
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n(p—qg+s)

np—qg—¢) |

2y

0 N4 N

Puc.29. Tpaexmopus necummempuunozo O4yxoanus

HBIX TEOPEM TEOPHU BEPOSITHOCTEN — YCHJIEHHOTO 3aKOHA GOJIBIINX
yicesl M 3aKOHA IIOBTOPHOTO Jiorapudma, KOTOpble JUIS CBOEro
JloKasaTeabcTBa TPeOyIoT 6ojiee CJIOKHOTO amnmapara M I03TOMY
OCTAIOTCS 3a TpeJlelaMy Halllell KHUTH.

Takum ob6paszoM, TIpu p > ¢ CYyUIECTBYET IIOCTOSIHHBIN CHOC
YaCTHIIBI BBEPX, NP p < ¢ — BHU3, U JIIIIb B CHMMETPUYHOM CJIydae
yacTuia 6ECKOHEYHOE YKCJI0 Pa3 BO3BPAIAETCS B HAYAJIBHOE TI0JI0-
JKEHue.

§3. 3apaya o pasopeHun

PaCCMOTpI/IM €11e OAHYy 3a/lavy, €CTECTBEHHbIM 06[)8.-
30M BO3HHUKaAWOIIYIO B CXEME CJIy‘IafIHOI‘O 6JIy>KIIaHI/I$I. HPCIIHOJIO-
JKUM, 4TO YaCTHUlla, BbIXOZANIasdA U3 HadaJla KOOpAWHAT, 6JIy>KZIa€T Ha
OrpaHMYEHHOM WHTEPBAJIE OCHU, a Ha TPpaHUIaX ITOr0 MHTEPBAJIA

0 >
NN .
—u 0 -

Puc.30. Hanocmpayus x 3adave o pasopenuu
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ncyesaer u OJyXaaHue npekpamaercs. Ilyctp, Hampumep, npu
JIOCTUKEHUY YaCTUIeH MpsIMbIX § = —a win y = b, a, b > 0, ona
ucuesaer (roBopst 06bIYHO, YTO B TOYKAX ¥ = —d, ¥ = b HAXOIATCS
nozaowaiougue sxpannl) (puc.30,a). Kakosa BepOATHOCTD TOTO, UTO
YacTHIa NCYE3HET B TOUKE ¥ = —d PaHbllle, YeM OHa JJOCTUTHET TOYKN
y = b? Itor Bonpoc (MM eMy TIPOTHBOTIOJIOKHBII) MPECTABISETCS
B cpopMympoBaHHOI 3asade HanboJiee WHTEPeCHBIM. [Ipn @ = oo
uian b =oo MBI y)Ke PACCMATPUBAJN 3Ty 337a4y B CHMMETPUYHOM
cayuaitaom Gayxmannu (3azava MepBOTO MOCTHKeHUs ). Mbl yBU-
JIIM, YTO TaKOe, Ha IEPBbBIH B3IV HECJOKHOE, BHUIOM3MEHEHHE
3a/1aun [IPUBO/IUT K HOBBIM COJIepIKaTeIbHbIM pe3yJabraTaM. OueBu-
HO, YTO ONMCAHHOE HaMM OJIy’K/IaHWe PaBHOCHJIBHO OJIy»K/IaHUIO,
BBIXO/ISIIEMY U3 TOUKH ¥ = @ W UMEIOIIeMy I'PDaHHIIbI B TOUKax y = 0
uy=a+ b (puc.30,6). Iro nociennee GayxKIaHNE € TPAHUYHBIME
toukamu 0 m @ + b Mp1 u paccmorpum. OG6GoO3HAUNM yepe3 (,
BEPOSITHOCTb TOTO, YTO YaCTHIA, BBIXOJASIAS M3 TOUYKH Y = d,
jpocrurher npsmoit y = 0 panee, uem mpsiMmoit ¥y = a + b. OaHaxo
KOPPEKTHO OTIPE/IENTD 3TY BEPOSITHOCTD MOXKHO JINIIb B MHOKECTBE
BO3MOKHBIX COOBITHI, KOTOpOe 00pa30oBaHO GECKOHEUHBIM MHOJXKE-
CTBOM TPAEKTOPHIi, BBIXOJSIUX M3 TOYKM d. Mbl 000iieM 3Ty
TPYAHOCTD TaK e, Kak B §3 I'71.5, a UMEHHO, OTPAHUYUMCS PACCMOT-
pPEHHEM MHOXKECTBA BO3MOJXKHBIX MCXO/IOB, COOTBETCTBYIOIIETO 72
UCHBITAaHUSAM DepHyJIIN UM COOTBETCTBEHHO 7 TI€pPEeMElIeHISIM Yac-
THIIbI, ¥ BBEJIEM BEPOSITHOCTD ¢, , JOCTIDKeHUs dactuieil Toukn 0 10
MOMEHTa BpeMeHH 7. BeposiTHOCTH ¢,, C POCTOM 7 yObIBAIOT U
UMEIOT TIPeJIest, KOTOPbIil MbI M HA3bIBAEM BEPOSITHOCTBIO (¢, . AHAJIO-
TUYHO MOKHO PACCMOTPETb BEPOSITHOCTb P, [NOCTUIKEHUS] YaCTHUIIEN
npsiMmoit ¥ = a + b paubiie, uem npsmoit y = 0. Byzer nokasano, 4to
P, +q, =1, TeM caMbIM HCKJIIOYAeTCs] HEOOXOAMMOCTb PAaCcCMOTpeE-
HUST 6ECKOHEYHOTO Oy KIAHMWS.

B pesyJbTaTe mepBOro MCHBITAHUS YACTHIA TIOTAJAET B TOUKY
a+ 1upun X; =1 c Beposatroctpio p, 0 < p < 1, mian B Touky a — 1
npu X; = —1 ¢ BepoarHocTtbio ¢ = 1 — p. Torga o opmy.ie moaHoM
BEPOSITHOCTH

Ga =P Ga+1 TG ot - (7.11)

ITO OCHOBHOE COOTHOIIEHHE /ISt HAXOK/IEHUST BEPOATHOCTH (], . [Ipu
3TOM O4YEBHUJHO, 4TO ¢y =1 u q,,, = 0. IlepermimemM cooTHOmeHne
(7.10) B Gonee ymo6Holt popme

(G0 = Ga1) = P(Gas1 — 9a) (7.12)

1 PpaCcCCMOTPUM /IBa CJjy4dasd B 3aBUCUMOCTU OT 3HAYEeHUN puq.
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1) Tlycrb p = g = 1,/2. VmeeM tipu 11060M @
Ga —9a-1 = Ga+t —Ga =A,

rae A — mojJexkamas olpee/eHnIo IOCTosHHas. JcHo, uTo Besm-
YUHBI ¢, 06pasyioT apuMeTHIeCcKyI0 IPOrPeCcCHio C PA3HOCTBIO A ,
TaK 4TO

q, =qo +aA.
B cuny toro, uto gy =1, ¢, =0, umeem 0 =1+ (¢ +b)A | orkyna
A=- x Takum 06pa3oM, MCKOMas BEPOSTHOCTb paBHa
a+
a b
da =1~ = (7.13)

a+b a+b-

AHaJIOTHYHBIM 06pa30M, COCTaBJIAA COOTHOLIEHUE JJId BEPOATHOCTU
P4 » MOJKHO BBIBECTU, YTO OHa paBHa
a

a+b

Pa =

u, cjaexoBaTesabHO, p, +q, =1.
2) Oycrb p # q . O6osuauum q/p =X . Vimeem u3 (7.11)

Qa1 —Y9a = 7\'(qa - qa—1)
U II03TOMY

Qa1 = 4o = M (01— @) -
CymmupyeM o6e 4acTu 110 @ OoT 1 10 IPOU3BOJIBHOTO dj :

o o
_ a
Z(qaﬂ - qa) - 27\' (C]1 - qO)
a=1 a=1
1 MOCJIE COKPAIEHNS M TTOJICYETa CyMMbBI TEOMETPUYECKOH Mporpec-
a4
a
cun 2 AY momyuaem

a=1 A(1-A%)

d — Gay+1 :(C/o—ﬂh)?- (7.14)
YuureiBast, uto gy =1 u ¢, =0, Haxoxgum u3 (7.13)
A — }\be
u
e
da = 4 1=4 1—n
OxoHuaTe1bHO \e
qa :(Qa_q1)w. (7.15)
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3amensist B aTOl opMyJsie p Ha ¢, ¢ Ha p, @ Ha b, nosyyaeM
1=
p(l - 1_ ?\Iﬂﬁ-b :

Cuosa p, +q, =1.

Mpbl TIpoBe/ieM HMHTEPIPETANUI0 MOJTYYEHHBIX PE3YJbTATOB B
JAPYruX TepMHHaX. TOJIBKO 4YTO pelleHHas 3ajilavya MMeeT IUPOKYIO
M3BECTHOCTD KaK KJIaccuuecKas 3adaud o pazopenuu uepoxa. Tpaau-
IIOHHAs NOCTaHOBKA 3TOH 3agaum Takosa. IIpexcraBuM cebe, 4TO
JIBa UTPOKA, MMesT HadaJIbHble KATUTAJbI d U b, UTPAIOT B UTPY «Opet
U pelika» Wi B KaKyo-HUOYIb eil mogobuyio. [Ipu aToM urpok c
KaITUTAJIOM @ BBIMTPBIBAET B KAXK/JOH NMapTHH C BEPOSITHOCTHIO p U
[POUTPBIBAET ¢ BEPOATHOCTBIO ¢, p + ¢ = 1 (mpeamosiaraeM, 4to
HUYbU UCKJIIOYEHDI, CM., BIPOYEM, yIpaskHeHue 5). IIpu Bbiurpbiiie
OH yBEJMYNBAECT CBOH KaImTas Ha 1, IIpu IIPOUTPBINIE KalluTaJ €ro
cranoBuTca Ha 1 Menbie. Ilocse HEKOTOPOTO YnCIA TAPTHI MOXKET
0Ka3aTbCsl, YTO UTPOK MPOUTPAET BECH CBOI KAITUTAT @ MJIH HA PyKaX
y 9TOrO Wrpoka Oyzer Bcs cyMMa JieHer a + b. JTa cutyanus u
Ha3blBaeTCs pa3opeHueM Jubo 1IepBoro, Ju6o BToporo urpoka. Ecim
YaCTUIA, BBIXO/S M3 TOYKHU @, JOCTUTAET HyJIsI, TO Pa30peH UI'POK C
KaIllUTajJIoOM ¢, €CJIM YacTHI[a JOCTHTaeT TOYKU a + b, TO pasopeH
urpok ¢ kamuranaoM b. IloaToMy BepoATHOCTD ¢, Ha3bIBaeTCA
6EPOIMHOCIYIO pazopenusi. VITak, KaK Mbl yCTAHOBUJIM, BEPOSIT-
HOCTb Pa30pEHHs WIPOKA € KAIMTAJIOM ¢ B CJIyYae OJMHAKOBBIX
BO3MOJKHOCTEHl Ha BBIUIPBINI B Kaxaoil maptuu (p = ) paBHa

q, = , » B CIIyae HEOJIHAKOBLIX BoaMoxkHocreit (p # ) pas-
a—+

a _ xa+b

Ha ¢, = T [IpuBouMast 3/1echb TabGJMYKA TIOKA3bIBAET, YTO

P | g a b 4,

0,51 0,5 | S0 50 | 0,5
0,51 0,5 | 9 10 | 0,1
0,45] 0,55| 90 10 | 0,866
0,6 | 0,4 10 90 | 0,017

B cayvae p = g = 1,/2 Gosbliine MAHChl HA Pa30peHNe UMEET UTPOK
C MEHBbINIUM KaMUTaJIoOM, W €T0 IaHChI Ha pa3opeHne TeM O6oJiee
YBEJIMYMBAIOTCS, €CJIM OH MeHee ucKyceH (uim MeHee Be3yd) B UIPE.

PaccmoTrpuM, ofHaKo, CHTyalmio, KOT/AA WIPOK, AJS KOTOPOTO
Pe3yJIbTaThl OTAEJbHBIX TapTHil GoJjiee OJIArONPUSITHBI, UTPAET C
6oJ1ee GoraThbIM MIPOTHBHUKOM (KaK, HalpUMep, B MOCAEAHEH CTPOKE
tabmukn). Pas6epem Kpaiinuii caydaii, Korjga y Urpoka ¢ HadaJb-
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HBIM KallUTaJiOM d COMEPHUK «OeCKOHEUHO» 6orar, T.e. b = oo, HO
npu 3toM p > . B dopmyse (7.14) mepeiieM k mpefeny mnpu
a

b — o . Torga, Tak Kax 7»:1<1,To q, > A\ = a U BEpoAT-
p p
HOCTh BBIUTPBINIA UTPOKA C KAMUTATIOM d CTPEMUTCS K BEJMUMHE
a
1= 4| . Taxum 06pa3oM, UTPOK C KAMUTAJIOM d UMEET HEIJIOXUe
p

IIAHCBHI HA BBIUTPBIII, HECMOTPSI Ha TO, YTO €T0 COTIEPHUK GECKOHETHO
6orar. Hanporus, npu p<q p, > 0.

WnTepecHo MOMOJIHUTD HAIW BBIBOJBI 3aMeYaHUEM O CpeHel
MIPOJIOKUTENBHOCTH UTPBI /0 PA30PEHUST OJHOTO M3 COIEPHUKOB.
[ToHsATHO, YTO MPOJOJIKUTENBHOCTD UIPhI TIPE/ICTABIISIET COOOM CJTy-
YaHYI0 BeJIMYNHY, paclpe/iesienrie KOTOPOI 3aBUCUT KaK OT COOTHO-
HIeHUsT p M ¢, TaKk M OT COOTHomeHust @ n b. Maremarnueckoe
O’KUIaHKE MPOAOJIKUTETBHOCTH UTPhI BBIUUCJISIETCSI HECKOJBKO 60-
Jiee CJIOKHBIM 06pa3oM, YeM BEPOSITHOCTD PA30PEHMSI, U TI03TOMY MBI
JIMIITb YKAKEM, UTO OHO PaBHO 1ipu p = g = 1 /2 npoussenenuio a - b,

a a+b 1-2°
q—p_q—p.i—kﬁb . Iloacuyetsr 10

5TuM (HOPMyJIaM MOKA3bIBAIOT, YTO TPO/IOJIKUTENBHOCTD UI'PbI 00bIY-
HO ropasio 6oJiblie, 4eM Mbl MOTJIU ObI TIPEATIONOKUTD 3apatee. [Ipu
PaBHBIX IMAHCAX Ha BBIUTPBIII B KAJK/I0W APTUH [JTUTETHHOCTD UTPBI
MPOIOPIIHOHAJbHA KalnTaJ aM UTpokoB. Eciu urpa 6oJiee 6iaronpu-
SITHA JUISE OJTHOTO U3 UTPOKOB, TO JIJIUTEJbHOCTb UTPBI B CPEIHEM
MOKET YMEHbIUThCsI. Tak, HarpuMep, /s YKa3aHHBIX B TaGJIMIKe
cay4aeB urpa mpogosnkaercs B cpeqaeM 2500, 900, 766, 441 mapTwmii
cootBeTcTBeHHO. Urpa GoJtee nckycHoro urpoka (p > q) ¢ 6eckoneu-
HO GOTATBHIM COMEPHUKOM C TIOJIOKUTEJBHOW BEPOSITHOCTHIO MOIKET
BOOOIIEe HE UMETH KOHIIA.

a npu P # (¢ OHO PaBHO

§4. CraTncTnyeckme BbIBOAbI

Bce 3azaun, xoropble 0 CUX IOP HaMU PEIIAJNUCD,
6B OTME4YeHBbI TeM OOIIMM XapaKTePHBIM CBOICTBOM, YTO B HUX
IIPUHUMAJIaCh HEKOTOPasl BEPOSITHOCTHAS MOJe/Ib U B paMKaxX 3TOH
MO/IeJIN 110 BEPOSITHOCTAM 3JIEMEHTAPHbIX UCXO0/10B BbIUUCJISJIA BEPO-
SATHOCTU JIPYTHUX, 60Jiee CJAOXKHBIX coObiTuil. Tak, B cxeme ucHbITa-
nuii Bepuyanu Mbl 10 BeposITHOCTU <«yJauM» p IIPeJCKa3blBAIU
CyMMapHOe YHUCJO yJad B 7 MCHBITAHUAX, T.e. HAXOQUIMU JJIA
KQKJIOrO 3HA4YeHWs M 4YucJaa yAad S, COOTBETCTBYIONIYIO €My
BEPOSITHOCTD

P, (m)=Clp" (1-p)"™". (7.16)
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ITta npocras 3aa4da SBJSETCS TUITUHIHON /71T TEOPUH BEPOSTHOCTEN.
B mannom naparpade Mbl Oy/ieM peliaTh 3a/ia4i, B OIPe/IeeHHOM
cMbIcie oOparHbie. 3agadn, 0OpaTHbIE 33/1a4aM TEOPUU BEPOSTHOC-
Tell, OYeHb BaXKHbBI JIJIs1 TIPUIOKEHUH, OHU COCTABJISIIOT CO/IEPIKAHNE
MaTeMaTUUeCKOl CTaTUCTUKK. THUIMYHON JJIT MaTeMaTH4YeCKOl CTa-
THUCTUKW TTPUMEHUTEJIBHO K cxeMe BepHyJHn sBiseTcs ciemyonas
3azada. IIpearnonoxnM, 4To BEPOSTHOCTD «y/auly p 3apaHee HEU3-
BECTHA M HY)KHO OIPEJesNTb ee 10 HaGJMIONEHUsIM 33 HCXOJaMHU
UCTIBITAHW, KOTOPbIE U MPEJCTABJSIOT COO0I CTATUCTHYECKUE [JaH-
HbIE.

IIpumep. PaccMOTpUM CTaHIAPTHYIO CXEMY <«CJIYYailHOTO BbIGO-
pa ¢ BosBpaieHueM». IlycTb umeercss HekoTopbiii cocya (ypHa) ¢
mapamu JIByX 1[BeToB — GeJioro u ueproro. IIlapel B ypHe Xoporio
mepeMenianbl 1 oy 6ebIX mapoB paBHa p, 0 < p < 1. [Ipeamoo-
JKUM, 4TO 3HAUEHHE p) HEM3BECTHO M MbI JIOJKHBI [TOCTABUTH JKCIIE-
PUMEHT TI0 olpejieieHnio p. BynmeMm mocsenoBaresibHO BbIOHPATDH
IIapbl U3 YPHBI «HAYAAa4y» 110 OJHOMY, KaXK/IbIil pa3 BO3Bpallas map
B YPHY U TlepeMeIInBasi apbl B YpHE Tepe/] HOBbIM n3BJeucHueM. B
pesyJbTate TOJIYYNM CIYYaifHyI0 BBIOOPKY HEKOTOPOTO (DUKCHPO-
BaHHOTO OoGbeMa. [Ipu 3aTOM PE3yJIbTAaThl OTAEJNbHBIX H3BJEYEHUI
GysyT B3aMMHO He3aBUCHUMbI. [IpM WM3BECTHOM p M YKa3aHHbBIX
YCJIOBUSIX 9KCIIEPUMEHTA BEPOSITHOCTD IIOJYUYHUTD 1 GEJIbIX HIAPOB B
BBIGOPKE 06beMa 7 paBHa BeposATHOCTH m yaadu (usBjeueHue 6eoro
1apa U3 ypHbI — yjiaua) B 72 MCIIbITAHUAX BEepHY LN ¢ BEPOATHOCTHIO
yiaun p. B paccMarpuBaeMoM ciIydae 3HAUE€HHE p HEU3BECTHO, HO
U3BECTHO COOTHOIIEHUE GeJIbIX U YePHBIX IapoB B BbIGOpKe. VHTY-
UIUS TIOJICKA3BIBAET, YTO €CJIU BHIOOPKA JOCTATOYHO MIPEICTABUTE b~
Ha, TO J10J1s1 GeJsIbIX I1apoB B BBIGOPKE [I0JIKHA ObITh OJM3KA K p.

Cxema BBI6Opa C BO3BpAIEHUEM SIBJISIETCS YACTHBIM CJIy4aeM
cxeMbl BepHy/m He3aBUCHMBIX HcHbITaHUN. YacToTa «ygaun» B 1
ucnbitanuax (B mpuMepe — g0 GENbIX MIAPOB B BBIGOPKE) €CTh
cayvaiinas Besmunna S, /n co sHavenuamn m,/n, tae m =0, 1, ...
..., n. IIpu stom u3 dpopmyant (7.15) crexyer, uro

S m

Pimt=—p=Cp" (1=p)"" m=0,n.

MareMaTnyeckoe OXKUIAHHE CIyYailHON BeJuduHbl S, /17 paBHO

Mﬁ:iMSn:lnp:p, (7.17)
n n n
a ee JuUcCIiepcus paBHaA
S, 1 1 pll-p
D=t =—DS, =—np(l-p) _eli=p),
n n n n
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CaietoBatesibHO, cpejiHee 3HaUeHNe YacTOThI yCIeXa eCTh HEM3BecCT-
Hasl BEPOSITHOCTb ycHexXa p, a JUCHepCHsl 4YacTOThI, T.e. Mepa
paccestHus 3HAYEeHUH YacTOTbI OKOJIO p, CTPEMHUTCSI K HYJIO IIPU
n — oo Kak 1,/n. Takum 06pa3oM, IPOM3BO/Ist MHOTOKPATHO CJIyvaii-
HbIil BBIGOp OO6bEMa 7 C BO3BpAIlEHMEM U3 YPHBI, Mbl MOXKEM
paccunThIBaTh, UYTO YacTOTBl GesbIX MIApoB B BBIOOPKAX OYIyT
TPYNIIIPOBATHCST OKOJIO p U C POCTOM 7 OTKJIOHEHUSI m,/ 1 OT p OyAyT
B CPe/IHEM YMEHbBLIATHCS, T.€. JOJIs GeJbIX IapoB B BHIGOPKE OyaeT
npuGIM3UTENbHO COOTBETCTBOBATL JoJie OefbIX IIApOB B ypHE:
(m/n) ~ p. W3 szakona Goapmux 4ymcesa s cxeMbl bBepmynmm
cJefyer, 4to npu Jo6om € >0 u n — oo

P i—p>e -0 (7.18)
n

(cm. (7.2)), uHBIME CIOBaMU, BEPOSITHOCTH JIIOOBIX Halepes 3a1aH-
HBIX OTKJOHEHUH S,/ OT p ¢ POCTOM 7 JENAIOTCS CKOJb YTOJIHO
MaJibiME. V3 3THX PacCy’KIEHHI eCTECTBEHHO C/EJATh BBIBOJ, YTO
yacrora S, /N SBISIETCS JOCTATOUHO XOPOIEii 0YeHK 0l HeN3BECTHOI
BeposiTHOCTH p (B MareMaTHYeCKOH CTaTHCTHKE OIEHKH P CO CBOIi-
creoM (7.16) Ha3bIBAIOTCS HecMeweHHbiMU, a co cBolicTBoM (7.17) —
COCMOSNENDHBLMIL).

Ha npakTtuke, oHaKO, peiko y/IaeTcsi OCyIIeCTBUTD CJyYaiHbIN
BBIGOD € BO3BPAILEHNEM U IIPUXO/UTCSI UCIIOIb30BATD APYTOil BbIGO-
POUHBIH CIIOCOG ONpe/iesieH sl p — CIy4aiiHbIil BBIGOp 6e3 BO3Bpalile-
HHSI, CM. 110 3TOMY IIOBOJY 3aja4y 9.

JloBoAbI B MOJIB3Y 4acTOThl S,/n Kak OlLEHKM Heu3BeCTHOIl
BEPOSATHOCTH YIaul MOKHO JOHOJHUTD CJEAYIOIMM PACCYKIACHUEM.
O 3HayeHUHU p HaM U3BECTHO TOJBKO TO, yto 0 < p < 1. Hamporus,
3HaueHne S,/n U3BECTHO MO pe3yJIbTAaTaM 7 UCIBITAHUMN, TIPU ITOM
SICHO, YTO 3TOMY 3HAYEHUIO M,/7 COOTBETCTBYET BEPOSITHOCTH
Cyp™(1- p)"™", saBucsmas or HenssectHoro p. PaccMoTpuM 1pu
ukcnposannom m seipaxenne P, (p) = Cy'p™ (1-p)" ™" xax yn-
ko ot p, 0 < p < 1. Byzem «iiepe6uparbs BO3MOKHbIC 3HAUCHUS
p W CPaBHHBATb COOTBETCTBYIoNME UM 3uavenus P, (p) mo semuu-
He. Vliest 5T0I PO/ [y pbl COCTOUT B TOM, YTOGBI BBIGPATD B KAUECTBE
<HCTUHHOTO» TO 3HAuEHWe p, JUIsi KoToporo Bbipaxenue P, (p)
[PUHUMAET MaKCUMaJbHO BO3MOJKHOE 3HaueHue Npu (DUKCUPOBAH-
HOM m. «BpI60p» p MOKHO OCYIIECTBHUTD CJIeAyIONIM o0pasoM. Tak
KaKk GuHOMHMa/IbHbIH Koo dunuent C,' He 3aBUCHT OT P, PACCMOT-
pum BMecto P, (p) dynkumo L(p)=p"(1-p)"™, 0<p<1.
Ira yHKIMA o6pamniaeTcs B HyJIb B TouKax p = 0 u p = 1, BBIIYKJIA,
HCOTPHUIIATE/IbHA U IMEET MAKCHMyM B Touke p° =m/n, 0 < p* <1
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(B TIOCTE/THEM JIETKO YOEIMTHCS, TPUpaBHuBas npoussoyo L (p)
HyJI0 W pellasi MOJyYeHHOe ypaBHeHue). rtak, Han6oJbliemy
snavernio C,'p™ (1-p)"™" orsevaer smauenne p, pasHoe m,/n.
ITOT MPOCTOH, 3aMevaTeTbHbIA IPUHINI, HA3BIBAEMBII NPUHUUNOM
MAKCUMALHO20 Npasdonodobus, Bocxoaur eie Kk K.Tayccy, sname-
HUTOMY HeMellkoMy MaTeMaTuky XIX Beka, M OKa3bIBaeTcs 10Jie3-
HBIM B GOJiee CJOXKHBIX 3a/[a4ax.

Hamm BBIBO/IBI NMEIOT B)KHOE, HO B GOJIBIIEN CTEIIEHN TEOPETH-
4ecKoe 3HAYEHHE, TaK KaK BOIPOC O TOYHOCTU OI[eHMBAHNS HEN3Be-
CTHOW BEPOSITHOCTH C MOMOIIBIO YACTOTBI PeIIeH JINIIb ITPUHIIITH-
ATbHO, 2 B KQJK/IOM KOHKPETHOM CJIydae OTKJOHEHUS YaCTOTBI OT
BEPOSATHOCTH MOTYT GbITh 3HAYUTEIbHBIME. DoJiee MPaKTHYeH METO/L
OLIEHUBAHUSI HEU3BECTHOH BEPOSITHOCTU B CcXeMe DepHyJ/uId, Hpu
KOTOPOM YKa3bIBA€TCSI HE OJHO, & ILEJIbIHl MHTEPBAJ MOAXO/SIINX
3HAYEHHI p, HA3bIBAEMBIN dogepumenvivim unmepediom. Mol orpa-
HUYUMCS [IJT] WTIOCTPAIIN TIOCTPOEHNEM «TPyGOro» 10BEpPHTEIb-
HOTO MHTEPBAJa /I p HAa OCHOBe HepaBeHCTBA UeGbIméBa.

ITo mepasenctBy UebbIméBa
S <el>1 M >1 1

n —
- 2

pllEn — >1—
n p ne 4ne*’

rak kak p(1—p)<1/4. anammves wueniom o, O<o<1, u
HaliieM € > () u3 ypaBHEHUS

1- 12:1—a.
4ne
3amensas € na 1/2~+/no, momydaem
S, 1
2L —plf ——;21-0,
n P 2~/no
i
S 1
P~ —p|>—F—=;<a. (7.19)
n P 2~/no

I/ITaK, C BEPOATHOCTDIO, HpeBOCXOJlHHIefI 1-a , BBITIOJTHAETCA HEPa-
BEHCTBO

S,

S, 1

—p < ——
n p‘ 2no.

I €My PaBHOCHUJIbHOE

S, 1 S 1
e <p< Ty —
n  24no P n  2\n
" S, 1 = S, N 1
HTEpBaJl C 'paHUIllaMU = -7, = — — Ha3bl-
P pamih p n  2\nao P n  2Jno
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BAETCS JIOBEPUTEIBHBIM NHTEPBAJIOM [T P C YPOBHEM 3HAUUMOCTRU
o . CMpICT ero TMpHMEHEeHNs 3aKJI0YaeTcss B TOM, YTO, JOBEPSACDH
MIPOBEJICHHOMY PacyeTy, MbI YTBEPSK/IaeM, YTO HEU3BECTHAS BEPOSIT-
HOCTD p TMPHUHAJIEKUT HHTEPBATIY [p, P |, a BepOSITHOCTb BO3MOXK-
HOU OIUGKK, UMEIOIell MeCTO, eCJIM 9TOT UHTEPBAJ He HAKPHIBAET
UCTUHHOE 3HAYeHME p, He MIPEBOCXOAUT O, . [lpyruMu cioBaMu, Ipu
UCII0JIb30BAaHUN JIOBEPUTEIHHOTO NHTEPBAJIA YPOBHS 3HAYMMOCTH O
JUIST OLIEHKH p Mbl Oy/ieM omu6aThCsl B CPEJAHEM B JI0JIE CJIy4acB, He
npesocxosmieit o (o 3azaercst 3apanee). [IpuBeieM ISt IpuUMepa
JloBepuTesbble nHTepBasbl Aad o = 0,05 u 3nauenus vacrorsl 0,6
TIPM Pa3HBbIX 3HAYEHUSAX 7!

n p p

100 | 0,38 0,82
1000 | 0,529 | 0,671
10000 | 0,578 | 0,622

MpbI BUIIM, 9TO C POCTOM 72 JOBEPUTEJIbHDIN HHTEPBAT CY>KAETCS.
Ecau ymenbmuth o, Hanpumep B3It o = 0,01, TO myg Tex ke
panHpix npu n = 1000 mosyyuM JOBepUTEJbHBII HMHTEpPBAJ
[0,442, 0,758]. DTOT mOBEpPUTENBHBINI MHTEPBAJ MIUPE TOTO, KOTO-
puIif cooTBeTcTBYeT ypoBHIO o = 0,05, 4TO SBJSETCS JOTUYHBIM
CJIE[ICTBHEM TapaHTHPOBAHHOTO YMEHBINEHUS 0 OMNGOYHbIX pe-
TITeHW.

Yacto B 9TOU ’Ke CHUTyallMd BO3HUKAET IPo6JeMa IPOBEPKU
TUIIOTE3bl O TOM, YTO HEM3BECTHAS! BEPOSITHOCTD P PABHA 3a/[aHHOMY
YUCTY Py . DTy TUIIOTe3y, aHAJIU3UPYs Pe3yJ/IbTaThl SKCIIepUMEHTa,
MOXXHO TIPUHSTD, T.€. TIOCYUTATh HE MPOTHBOpEYAIell CTaTHCTHIeC-
KIM JaHHBIM, WJIM OTKJIOHUTb. MOJKHO YKa3aTb TaKylo MPOIEAYPY

[IPOBEPKU THUIIOTE3Bl P = Py €Cau Py E[,Z_?, ,5], rae [,1_7, ,5]
JIOBEPUTEJbHBI MHTEPBAJ C YPOBHEM 3HAYMMOCTU O, TO THIIOTE3a
p = p, UPHHEMAETCS, €CH Xe Py E[ﬁ, 1_9], TO 9Ta THUIIOTE3a
OTKJIOHsIeTCst. IIpu 9TOM MOJKHO OTKJIOHHTH BEPHYIO TUIOTE3Y,
CJIMIIKOM TI0JIATASICh HA «HEY/[AYHbIE» B HEKOTOPOM CMBICJIE PE3YJib-
TaThl 3KCIIEPUMEHTA. BeposiTHOCTb TakoW OIMMOKM HaM H3BECTHA,
BepHee, HaMU 3ajJlaHa 3apaHee MMPHU IOCTPOEHUU J[OBEPUTEIBHOTO
WHTEPBAJIA, U OHA He MpeBocXoauT o . Ecmm, mampumep, n = 1000,
po =0,5, a =0,05, To, orBepras rumnoresy o ToMm, uro p = 0,5, Ha
OCHOBAaHUH TOTrO, YTO 0,5e[0,529, 0,671] (cM. TabauuKky), Mbl
ommbaeMcsi B cpejiHeM Meree 4eM B 5 caydasx u3 100.

Eme ogma wnTepecHas 3asada BO3HUKAET MPU HEOOXOIMMOCTH
pasMveHust JBYX TUTIOTE3 O HEU3BECTHOU BepositHocTu p. IlycTb

145



3apaHee U3BECTHO, YTO WIU P = Py, WIL P = Py, TAC Py U Py —
3amannble ncaa, 0 < py < p, <1.

Ilpumep. PaccMoTpuM ypHOBYIO CXeMy U TIPEATIONOXKUM, UYTO
Ao 6esIbIX ApoB B ypHe HeusBecTHa. Ilyers py =0,2u py =0,8.
Heo6xoauMo sKCIepUMEHTAIbHBIM IIyTeM OIPEAEJUTh, Kakoe W3
JIBYX 3HAYeHUIl py U p, 6GOJbIIE COOTBETCTBYET p. [l HATJISITHOCTI
JIOTOBOPUMCS Ha3bIBaTh YpHY ¢ p = p; ypHOll I, aypuy cp = py —
ypuoii 1. BeitackuBaeM U3 ypHbI OZIUH AP U, €CJIU ATOT Iap GeJblii,
TO CUMTAeM, YTO OH BBIHYT U3 YpHEI 11, eciu sxe 4epHBIi, TO U3 YPHBI
I. TIpu aTOM MOKXHO OMMOUTHCS B YKAa3aHUKM HOMEpa ypHbI. BeposiT-
HOCTb OJ{HOI 13 OIIMOOK paBHA BEPOSITHOCTH BbIHYTb GeJIblil map n3
ypbl I, 1. e. paBHa 0{,}2. BepostHOCTb Apyroii omuGku (Beposit-
HOCTDb U3BJIeYb YepHbIil map u3 ypubl I1) Takske pasna 0,2. Bepost-
HOCTH OMMOOK MOXXHO YMEHBIHTD. [lyIg 3TOTO W3BJIeUeM M3 YPHBI
TPHU IIapa C BO3BPAIIEHHEM TaK, 4YTOObI Pe3yJbTaTbl HCIIBITAHUN
6b11 He3aBUCcHUMbI. Ecsm cpein TpexX BbIHYTBIX HIApOB GeJible Tapbl
COCTaBJISIIOT OOJIBITMHCTBO, T.e. 2 Mju 3 OeJbIX IIapa, To 6yaeMm
cuuTaTh, 4To 3T0 ypHa II, B mporuBonONIOKHOM ciydae — ypHa I.
OueBnIHO, YTO BEPOSTHOCTb OMIMOKY IIPU 3TOM PaBHA BEPOSITHOCTH
BBITAIUTD 3 UK 2 GesibIX 1apa u3 ypHbl 1, T.e. paBHa

3,3 0 2 2 1_
Cipi (1-p1) +Cspi (1-py) = 0,104.
ITo cpaBHeHUIO ¢ TMEPBOHAYATHHON TIPOIEAYPOIl TTPOBEPKU BEPOSIT-
HOCTH OIMMOKKM YMEHBIINIACh MMOYTH B [Ba pasa. [lpu yBeanueHun
00'beMa BBIGOPKU BEPOSITHOCTH OMIMOOK B PA3JMYEHUH [[BYX TUIOTE3
MIPOJIOJIZKAIOT yMEHbINAThCsI. ECJHU cpein nsaTH BhIOPAHHBIX MTAPOB
GOJTBIMHCTBO GeJible, TO MbI IpHHIMaeM Tunotesy p = 0,8 (ypHa I1)
1 yOexK/1aeMCcsl B TOM, YTO BEPOSTHOCTD OIMUOKU PaBHA
5,5 44 1 3,3 2
Cspi +Cspi (1= p1) +Cspi (1= py)” = 0,058.

bl bl

ITpu o6beme BbIGOPKH 7 BeposTHOCTH omnbOku paBHa 0,033, 1 MbI
pasinyaeM JBe THNoTesbl (JBe ypHbBI) ¢ BEPOSTHOCTAMU OLIMGOK,
KOTOpBIe BO BesikoM carydae Menbire 0,05. Takum o6pasom, mpuzaep-
’KUBAsICh MPUHSTOTO TIPABUJIA UM, KaK TOBOPST CTATUCTHKH, KPUTe-
PHsI IPOBEPKH, MbI Gy/1eM OTHOATHCS B CPE/THEM MEHbIIIE, YeM B IISITH
cJIydasix U3 cra.

[TosicHuM MOTHUBBI HAIIUX IEWCTBUN CJAEYIONIUM PACCYKIEHUEM.
PaccmorpuM coyudaiinoe 6s1ysk1anue, COOTBETCTBYIOIIEE CXeME CJIy-
YaifHOTO BBIGOpA: YACTHUIIA BBIXOJUT M3 HaUaJa KOOPAWHAT U TIepeMe-
IIaeTcs Ha eIMHUILY BBEPX NP M3BJI€UEHIN 6€JIOTO Tapa W OCTAeTCs
HA TOM JKe YPOBHe TIPU U3BJI€UeHUN YePHOTO. TpaeKTopus ABMKEHUS
YaCTULBl OIUCBIBACTCS BEIMYUHON S, — 4mcsioM GesbIX IIapoB B
BbIGOpKe o6beMa n. Tak Kak p = p; UMM p = Py, TO B COOTBETCTBUH
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C 3aKOHOM OOJIBIINX YHCEJ TPAeKTOPHS CJIYYalHOTO OJIy>KIaHWS
JOJDKHA IPOoJIeraTh WM B HAIPaBJIeHUM IPSMOIl y = np;, WK B
HAIIPaBJICHUH TIPSAMOIL y = np, , TaK 4TO IPU GOJBIINX 72 OTKJIOHEHUS
S, or np; =MS, upup = p; u or np, = MS, npup = p,
cpenneM Majbl. Ilpn pUKCMPOBaHHOM 7 MOXHO 33/]aTb HEKOTOpOE
(kpuTnueckoe) sHaueHue y,, np; <y, < NPy, TAKOe, 4TOGBI MPH
S, < Y, UpUHUMATb HIIOTE3y p = py, a Ipu S, > ¥, NPUHUMATDH
TUIOTE3y p = po. 3HAUYEHUE ¥, JOJLKHO OBITb HA3HAUCHO W3
coo6paskeHnii MUHIMAJIbHOCTH OIMMGOYHBIX pernienuii. MoxHO 1o-
CTYIHUTb MHAYe: 3a/laTh jBa uncaa gy, u y, (np, <y, < ¥, < np,)
U TI0CJIe/IOBATEIbHO JIJIST KaXK/I0TO 72 IIPOBEPSITh, KaKoe W3 TPexX
uepaseucrs S, <7,, S,>27,, ¥,<S,<7, umeer mecro. B
IepBOM cJydae IIPUHUMAeTcsl THUIOTe3a p = py, BO BTOPOM —
TUIOTE3a p = Py, W HA ITOM IKCIEPUMEHT II0 OIPEAETICHUIO P
npekpamaercs. B tperbeM ke cirydae HaGMOLEHIS IPOLOJLKAIOTCA.
IIpu TakoM TOAXO/€ YUCJIO IIAPOB B BBHIGOPKE He (PUKCUPYETCs
3apaHee, a SBJSIETCS CJYYAlHDIM, 3aBUCSIIMM OT 3HAYeHWi S,
IpaHuibl ¥, , 7, TAKKE ONPEIEIAIOTCS OrPAHNYEHUSMU Ha BO3MOK-
Hble ommOKW. B 3ToM ciydae 3ajaua NPOBEPKH THUIIOTE3 MMeEeT
HeIloCcpe/ICTBEHHOE OTHOIIEHME K 3ajlaue O pa3opeHHyu, HO B 6oJee
CJIO’KHOU TIOCTAHOBKE, YeM MbI paccMaTpuBasn B §3.

Ha npaxTuke 3ajjauy pasjnueHust ABYX THIIOTE3 O BEPOSITHOCTH
«ylaun» B cXeMe DepHy/um pemaior, HamnpuMmep, CJIeAyIONIM
o6pasom. Iyctb oo u B — aBa Masbix yncna, 0 <o <1, 0 <B<1.
JLJIs1 IPOBEPKU THIIOTE3 p = Py U P = Py, Py < Py, TPOU3BOIUTCS
7 HE3aBUCHMbBIX HCIBITAHUN U TOACUYUTHIBAETCS YUCJIO <YIad» M.
Torpa

eca m > M, , TO IpUHUMaeTcs TUIOTe3a P = Py,

ecau m <M, , TO IPUHUMAETCS TUIIOTE3a P = P .
3nech M, — Kpumuyeckoe 3HaUeHNe m, MOoJJIeXaliee ornpe/eeHHIO.
BeposiTHOCTD ONMMMOOYHOTO OTKJIOHEHWSI BEPHOI T'MIIOTE3DBI p = P

paBHa
n

— _ m,.m n-m
Pn(mn’p1)_ 2 C 2 P ( _p) ’
m=m, +1
a BEPOATHOCTb o1mm6OYHOro IIPpUHATUA HeBepHOﬁ TUITIOTE3bl p = p1
paBHa

Qn (WanPQ 2 Cn p2 1 - p2)”—m .

m=0
Cl'[pa.H_[I/IBaeTCH7 KaKOBO HauMeHblIlIee 4Y1ucJjio I/ICHbITaHI/If/’I, IIpn KOTO-
POM BO3MO3KHO Pa3/invyeHue JABYX IUIIOTE3 C BEPOSTHOCTSIMU ONIMOOK,
He IIPEBOCXOJAINMHU 3alaHHbIX YUCEJI Ol 1 B . Haumenbiee 3naue-
HUE n 1N COOTBETCTBYIOIIEE €MY 3Ha4€HUE 77_’ln YAOBJIETBOPAIOT
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HEpaBCHCTBaM
Pn (mn’p1) <a, Qﬂ (n_/ln’p2)SB- (7.20)

IIpn pemteHMN TPaKTUYECKUX 3aJady FCIOJb30BaTh HEPABEHCTBA
(7.19) 115t HAXOKAEHWS 12 M 172, He IPEACTABJISIETCS BO3SMOKHBIM, HO
MOKHO BOCIOJIb30BAaTbCSl CIIELHUAJIBHBIME TaGJIHIAMU, B KOTOPBIX
yKasbiBaioTcst mapbl (7, M,) A48 yHOTPEGUTETbHBIX 3HAUEHHil
Py P2r O, B. B TaGnuuke yKasaHbl pe3yJbTaTbl PEIICHHUS 33/1a4l O
passmuennn runores aas o =B = 0,05

P1 Po| n | M,y

0,1 05| 13] 3
03 05| 67| 26
0,1 | 0,2[135| 19
0,05] 0,1 | 248 | 21

Ecam yncao ncnpitTanmii He GUKCUPOBATDH 3apaHee, a ONMpPeIeNITh
B XO/ie 9KCIIEPUMEHTa, JeHCTBYS 110 YKAa3aHHOHU BbIlIE CXeMe: Ha
Ka’KJIOM II1are WJIM IPUHUMATh OJ(HY W3 TMIOTE3, WJIM ITPOIOJIKATD
HaGJII0/IeHNs], TO YUCJIO0 MCIBITAHUI IIPU TeX K€ OrpPaHMYEeHUsX Ha
BEPOSITHOCTH OMIMOOK Y/aeTCsl COKPATHTb B CPEHEM HOYTH B/BOE.

Yupaxxnenus

1. Tlokaxkurte, 4TO cjydailHasi BeJWYWHA Y, C pacipe/eseHneM
Ply,=1}=p, P{Y,=-1}=q wumeer marTeMaTHueCcKOE ORKUAAHHE
MY, = p-q wn mucnepcuro DY), = 4pq . Ilonp3ysich cBoiicTBaMU MaTeMa-
THYECKUX OXKUJAHWII U JAWCTEPCHI, TOKAKUTE, YTO

MY +...+Y,)=n(p-q), D(Y;+..+Y,)=4dnpq.

2. JlokaxxuTe, 4TO B CIAy4aliHOM OJyKJAHWU, COOTBETCTBYIOUIEM CXeMe
Bepnymu ¢ BepoATHOCTSIMI p 1 (, BePOATHOCTb Uy, TOTO, YTO B MOMEHT 7
yactuia GyleT HaXOAUTbCS B TOUKe ¢ opAuHaToil y > 0, paBHa

Uyy = 22002 (y y y umeror oAUHAKOBYIO YETHOCTD).

3. [lokaxute, 4TO BEPOSTHOCTH TEPBOTO BO3BPAIEHUsT B HAYAJIO KOOP-
JMHAT B MOMeHT 21, BBefenHas B §2 (cm. (7.6)), paBHa

2 n-1 _n_n
f2n :% m-2P 4 .

4. PaccMoTpuM cuMMeTpHYHOe CJIydaifHoe OJy:K/IaHHe, HaunHAIoNIeecs
B TOUKe ¢ opauHaToi z > 0. Ecau vactuiia ucuesaer (Mor/omaercs) B TOYKe
0, TO JOKaKHUTE, UTO BEPOATHOCTD G, (z) mocrmwkenus wactumeil TOuKH ¢
OpP/IMHATO ¥ B MOMEHT 7 PaBHA

qW/ (2) = un,]/—z - un,y+z ’
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rae U,, oOIpejeJeHO B ymnpaxHeHnum 2. Ecim dacTHIA HCYe3aeT B JIBYX
Toukax 0 m @ > 0, TO

CIn,y (Z) = Z(un,y—z—zka - un,y+z) ’
k

rJie CyMMUPOBAHHE TIPOUCXOMUT IO BCEM OTPHIATEJNbHBIM U TTOJOKUTEb-
HBIM k.

Vkaszanue: ncrnonb3yiite TPUHIAT OTPAKEHUsT, CM. §2 TJ1.5.

5. B zazmaue o pasopernnn (§3) mpeanosioknM, 4To yacTHIIa MepeMenia-
eTcs B TOJIOXKUTEJIbHOM HAINPABJICHUU, OTPHUIATEIHHOM HANPABJICHUH WJIH
OCTaAeTCsI Ha MECTe COOTBETCTBEHHO C BEPOSATHOCTAMU p, q U ¥, p + q t r =
=1 (10 06061IEHIE HA UTPOBOM SI3bIKE O3HAYAET, UTO PE3YJIbTATOM OT/IE]b-
HOH TapTHH C BEPOSITHOCTBIO 7 > () MOKeT GObITh HHubs). JloKaxkuTe, UTO
BEPOATHOCTD PA30peHnst ¢, Mo-TpexHeMy 3agaercst popmyoii (7.13), T.e.

xa-#b —)\?

Qa:my

e A=q/p.

6. Tlokaxxure, 4TO MATEMATHYECKOE OXKUJAHUE U JUCIEPCUS YACTOTHI
«ylaun» B cxXeMe BepHyJIu paBHbI
pS._Pl=p)

Sﬂ_
M7—p " n n

7. Joxaxure, uro ¢yukmusa L(p) = p"q"™"
TOYKe p = m/n.

8. PaccMorpuM ypHOBYIO cxXeMy, BBezieHHYIO B mpuMepe §4. Ilyctp N —
obee umcsIo mapos, M — uncjao GesbIxX MapoB, Tak 4to p = M /N — o
6eJbIxX mapoB. /{151 OIleHKN Hen3BEeCTHOTO 3HAUEHNUS P TIPOBOANTCS «CIIydaii-
HBIIT BBIGOD Ge3 Bo3BpalleHusI». [loKaxkuTe, YTO BEPOSITHOCTD MOTyYeHUs m

Cﬂl C?’L*I’ﬂ
MUN-M
GeJIbIX IIAPOB B BBIGOPKE 00beMa 7 PaBHA cr
N

JOCTUTAET MaKCUMyMa B

9. B ycaoBusx ynpaskHeHus 8 mycTb caydvaiiHas BeaumdmHa S, ecTb
4yucso GesbIX MapoB B BbIGOpKe 6e3 BoaBpaileHus. HacToTy MHOSIBJIEHHS
Gesioro mapa B BbIGOpKe S,/ MOXKHO HCIIOJIB30BATh B KAUECTBE OILEHKH
p = M/N. [lokaxure, 4to

S,

n _
M L

10. ITpu 100 Gpocanusix MOHETbI «opeJi» mnosiBisiercst 70 pa3. IIpoBepb-
Te, COTJIACYIOTCS JIM 3TH JaHHBbIE C TPEACTaBJICHNEM O CUMMETPUH MOHETBI
(p =0,5). Tocrpoiite st ITOrO NOBEPUTENbHbII MHTEPBAT C YPOBHEM
sHaunMoctu 0,5.



I'J1ABA 8
MPOLECCbI TMBEJIN N PA3MHOXXEHNSA

§1. O6was nocraHOBKa 3apgauu

OG6ImenpuHATO, 4YTO QaMUINS B CEMbe COXPAaHSETCs
110 My>KCKolt smHun. IIycTh py, py, ... — BEPOATHOCTH TOTO, YTO OTEI]
uMeer cootrBercTBeHHO 0, 1, 2, ... CBIHOBel, MyCThb C TEMH XK€
BEPOSITHOCTSMM KaXK/Iblii 13 HUX MMeeT CBOMX ChbIHOBeH u T./1. KakoBa
BEPOSITHOCTD TOTO, YTO MY3KCKAasl JIMHUS BBIPOAUTCS K #-My IMOKOJIe-
HUI0? JTa 3aa4a pemniena 6pi1a [anbronom n Batconom B 1874 rony,
KOTOpBbIe TO ee TMoBOAy mmcann: «lVlcuesHoBeHnme aMuumii Ju,
KOTOpBbIE 3aHUMAIN BHUAHOE TIOJOXKEHWe B MCTOPWHU, — 3TO (DaxT,
HEOIHOKPATHO OTMEUABIIUUCS B MPOIILIOM; TI0 3TOMY TIOBOLY CTPOU-
JINCH Pa3nyHble NOTAAKH... CIUINIKOM MHOTOUYHCJEHHDBI ObLIU TIPU-
Mepbl (pamunii, Kotopble, 6yIy4n PacpOCTPAHEHHBIMHU, CTAHOBU-
JIUCh PEKUMU WJIH JIJa’Ke COBCEM MCUE3ATTH> .

AnajiornyHas 3aZiada BO3HUKAET TIPH PACCMOTPEHUUN IIEMHOM
sjaepHoil peakiuu. HellTpoH, Haxomsmmiicss B KyCKe <«SIIe€pHOTO
rOpIOYeroy, B OO0 MOMEHT MOKET CTOJKHYTHCS C ATOMHBIM SIIPOM.
B pesyJibTarte TAaKOro CTOJIKHOBEHUS] MOKET MPOU3ONTU pacIerie-
Hue siapa. B mporecce paciienieHus: MOTYT MOSIBUTHCSI Pa3JINYHbIE
YACTUIBI, B TOM YHCJE CJyYaifHOe YHCJO HOBBIX HEHTPOHOB CO
CIYYATHBIMI SHEPTUSIMH U HATIPaBJIEHUSMU IBIDKeHMS. OUeBUIHO,
BEPOSITHOCTD CTOJKHOBEHUSI HEMTPOHA C SIIPOM 3aBUCHUT OT TEOMETPH-
YeCKUX Pa3MEpPOB [IAHHOTO KyCKa <«SIepHOTO ropioderos. OuATb
BO3HUKAET 3ajlaya Olpe/leJieHUusT BEePOSITHOCTU TOTO, YTO JAHHBIH
HEUTPOH B n-M ToKoJeHun Oymer uMmerb N moToMKoB. Kakosa
BEPOSTHOCTD, YTO0 N ¢ pocTtoM n 6yIeT HEOTPAHWYEHHO BO3PACTATh
(snepHbiit B3pbIB), uau N GyaeT HAXOAUTHCS B HEKOTOPBIX (DPUKCHU-
poBanHbIX npeneiax (yupasisemas siiepHas peakius), uau N = 0
(mpexparenue peakuun)?

AHaOTHYHBbIE 33/1a4¥ BO3HUKAIOT IIPU PACCMOTPEHUU BOIIPOCOB
Pa3MHOKEHHUs TTPOCTEUITNX OJHOKJIETOUHBIX OPTaHM3MOB, MPHU Pa3-
MHOKEHUM BUPYCOB M OGakrepuil (3ajaya snuaeMHOJIOIHM), HPH
U3YYEHUN PA3JUYHBIX XUMUYECKUX PEAKINil W T.1.

YacTo paccMaTPUBAIOT MTPOIECCHI THOEN M PA3SMHOKEHST YACTHUI]
HECKOJIbKUX B3aMMOCBSI3AaHHBIX THIIOB. TUIUYHBIM IPUMEPOM SIBJISI-
€TCsl U3MEHEHUE YHCJICHHOCTHU TOIYJISIIUU 3alIeB U BOJIKOB B HEKO-
TOpoii MecTHOCTU. Upe3MepHOe yBeJMYEHWE YNCIEHHOCTH 3aiilieB
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MPUBOAUT K YCKOPEHHOMY POCTY TOMYJISIIIMA BOJIKOB, HO 3aMETHOE
yBeJMYEHNEe YUCTEHHOCTH BOJKOB BEJET K CHIDKEHHIO YMCIEHHOCTH
3ailes.

OTBJIEKAsICh OT ONMMCAHHBIX BBIIE MTPUPO/HBIX SIBJIEHUI, cop-
MyJIMPYEM CJIeAyolyto 3agauy. [lycTb B HauaIbHBI MOMEHT BpeMe-
HE ¢ = 0 WMeeTcsT O/THA YaCTUIIA, KOTOpas K MOMEHTY t = 1 MoKeT
[IPOM3BECTH C OIPEAEJEHHBIMI BEPOATHOCTAMH HEKOTOPOE YHCJIO
YyacTHIL TOro ke Buja. Kaskaas us o6pasoBaBIIMXCS YaCTHI] HE3aBH-
CHMO C TEMH K€ BEPOSITHOCTSIMU 32 €IUHUILy BPEMEHH OISATh MOYKET
NPOU3BECTH HEKOTOPOE YKCJIO YacTHI[ TOrO JKe Buja u T.A. IlycTb
20, 24, ... O3HAYAET TIOCJIE[OBATEIBHOCTD CJAYYAHBIX BEJINYMH, PaB-
HBIX YKCJTy YACTHUIl B MOMEHTHI BpeMenn ¢t = 0, t = 1, ... MbI Bcerza
Gynem mosarath z, = 1. 3aMeTHM, 4TO COOTBETCTBYIOIIIE CBOWCTBA
mporiecca mpu z, = 1 JIETKO MOJTyYnTb, TAK KaK MBI TPEAIOIOMKIIH,
YTO TIPOIECCHI, HAYMHAIOIIUECS OT Pa3JUYHBIX MEPBOHAYATBHBIX
YaCTHUI[, PA3BUBAIOTCSI HE3ABUCHMO.

Wrak, Mbl GyzeM HHTEPIPETHUPOBATH 2, KAK YUCJIO YACTHI]
HONYJISIIUY B 7-M TIOKOJIEHUH: z, = 1, paciipe/iesieHie BeposiTHOCTel
z; onpepensercs yncaamu P{z =k}=p, <1, k=0,1,2, .., K,

Zpk =1, rae p, — BEPOATHOCTD TOTO, YTO B CJIEAYIONIEM MOKOJIe-
HUU OHOU (PMKCHPOBAHHOW YacTUIbI OyJeT POBHO R dactuil. MBI
npejnoJaraeM, 4To 9TOT K€ BEPOATHOCTHbIH 3aKOH Pa3MHOKEHUs
JelficTByeT B JIOGOM IIOKOJIEHHU JUIS KaXKAOW U3 YacTHUIl He3aBUCH-
MbIM 00pa3oM. /IpyruMu cJoBaMH, yCJIOBHOE paclpezesleHue 2z,
IpU yCJOBUH, UTO 2, = k , onpezessgercsa U3 IPeANoJI0KeHNs, YTO
pas/MyHble YAaCTUIIbl Pa3MHOXKAIOTCS He3aBUCHMO. TakuM o6pasoM,
Z,,4 DacrpefielleHa Kak CyMMa R He3aBHCHMBIX CIydaifHbIX BeJ-
YMH, Kask/Jas M3 KOTOPBIX paclpejie/eHa Tak ke, Kak z;. Ecim
z, =0, To ¢ Bepoarnoctbio 1 BbioHAeTCA 2,4 = 0.

OmpezieuB Tak [IPOIECC, Mbl XOTHM 3HATh €I0 CBOMCTBA: paclipe-
JieJiene BepOATHOCTe! BeJIMUUHbL Zz, , ee MaTeMaTHyecKoe OXKuja-
HIie, JUCIePCUIO; BEPOATHOCTD TOTO, UTO CJydaiiHas 1ocjie0BaTe b
HOCTb 2, Z{, ... OOpallaercsa B HyJib; IIOBe/leHUe 3TOi I10c/Ie0Ba-
TEJbHOCTU B CJydae, KOrjJa OHa He CXOAuTcs K Hymo. B mpouecce
HAllUX PACCY’KJCHUH Mbl OyJeM IPUAEPXKUBATbCS OIpe/eseHHOM
HaMy a6CTPAKTHOI MOZe/IU, XOTS 3a Heil MOTYT CTOATb KOHKDeTHbIe
npotuecchl B ¢pusuke, 6UOJOTUM, XUMUY, FeHeTUKe U APYTUX o6Jiac-
TSAX HayKU.

§2. Mpounssoasawasn GpyHKUMSA BENNUYUHBI 2,

Bocniosibayemcst ompe/iesieHreM 1 TPOCTERTITIIMU CBOT-
CTBaMU MPOU3BOAANINX (DYHKIIHIT, BBEJIEHHBIX B T1.5, §4.
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B nanbueiimem GyzeM 0603HauaTh MPOM3BOAANLYIO (YHKIMIO
caIyvaiinoit BesmuuHbl z, yepes [, (S), npousBosANLyIo BYHKIMIO
2z, Ans KpaTHOCTH GyeM o6o3Hauath f (). Mesk/1y Npon3BOAIIN-

MU (byHKHI/IHMI/I BE€JIMYNH 2, CIPaBE€AJINBO CJAEAYIOHIEE COOTHOIIE-
HHe:

frs1 (8) =D P (2,41 = m)s" :Z;P(zn =k)P (2,44 =m/z, = k)=

m

= Y P(z2, =k)Y P(z,04 =m/z, = k)s" .
k m

Uucaa mOTOMKOB OT KaXKI0H 13 k HaCTUll HE3aBUCUMBI /IPYT OT [Apyra
10 OIp€AESIEHNIO, IIO3TOMY HpH yCJOBHU 2, = k pacpeneaenne
BEJINYNHDbI 2,1 SABJAECTCA CyMMOfI HE3aBUCHUMBbIX CJIy‘I'dI;'IHbIX BeJIn-
UNH, KaKJasl 13 KOTOPbBIX pacupenesieHa Kak 2y 1, CJI€40BaTeJIbHO,

UMeET MPOU3BOIAIIYIO (HYHKITHIO [}‘1 (s)]k , T.€.

ZP(ZHH = m/zn = k)sm = [](1 (S)]k’ k = 0’ 1’

m
OrTciofa moyyaem

fu ()= 2P (a0 = ) ]

YTO I10 OIIPpEAEJEHNIO HpOHSBOILHHIefI (byHKHI/II/I BE€JIMYNHDBI 2z, paBHO

fn+1(8):fn(fi(s)):fn(f(s))- (81)

Ha ocuoBanuu mocJeiaeit (hopMyJIbl HOTy4IUM

L(s)=1(f(s), Ls)=7(F(f(5) -

u BooO11e,

fu(s)=f(f--f(5)-), (8.2)

T.€. npousBosuias GyHkims f, (S) BeMuuHbI z, paBHa n-KPATHOI
utepaiu nipoussozsmeit pyukun f(s) Besumuunbl Z; .

HartoMHuM HEKOTOpbBIE HY KHbIE HAM 3/IECh CBONCTBA TIPOU3BO/ISI-
meit pynkmmn [ (s) . Tak kak f(0) = P{X =0}, To B npeamnooxe-
mm P{X =0} <1 ¢ynkuna f(s) npu 0<s<1 gBagercsa crporo
BO3pacTarolieil BeImyKJIoit BHU3 dynkmmeit. [Ipn s = 1 umeer Mecto
paBenctso f(1)=1. [amee, ectu MX n DX, COOTBETCTBEHHO,
MaTeMaTHYecKoe OXKHUAaHWue W JUCIIEPCUsT CJAYYalHOH BeJMYMHbI
X, TO

MX =i (1), DX =)~ (xO) +f0).

152



§3. MaTemaTn4eckoe oXxupaHve U aucrnepcus
CNy4yaiHOWN BeNUYUHBI Z,
O6o3naunm
Mz =f'(1)=m, Dz =c"=f(1)+m-m*.
Iuddepennupysa (8.1) B Touke s = 1, HaiileM MareMaTHYECKOE
OKUJIaHue

i () =L (FO) (1) = £(1) - m
OTKy/ia 110 MHIYKLIUU HOJy4aeM
Mz, =f(1)=m", n=01,.. (8.3)
[IpomnddepennmpoBas erme pas, TOSyIUM
fra )= OO + £ O (1) = f1()m* +m" (6* +m? ~m),
OTKy[Ja CJeIyer
fr(1) = o*m"! (m”_1 +m" L+ 1) +m*" —m",
i
Dz, =o’m"! (m’H +m" 2+ 1) ) (8.4)
®opmyant (8.3), (8.4) maior HaM SBHBII B/ MATeMaTHYECKOTO
OKUJAHNUs U AUCIIEPCUM YHCJa TOTOMKOB 7-TO MOKOJIEHHs 4epes

N3BECTHbIE MAaTEMaTHYECKOE OKUJaHUE N AUCIIEPCHUIO YHCJIa TTOTOM-
KOB OT OJHOI YaCTHUIIBI.

§4. BeposiTHOCTb BbIpOXAEHUSA

PaccMoTpuM Temepn 3a71auy O BEPOSITHOCTH BBIPOJK-
JIEHUs] TIOTOMCTBA OJ[HOW MEPBOHAYAJBHOU YACTUIIBI, HANPUMEP,
BEPOSITHOCTH BBIPOKICHUS (DAMUJNK, UM BEPOSTHOCTH 3aTYXAHUS
LIETTHOM SIePHON PeakIny, MOPOKAECHHOHN OT/eJbHBIM HEUTPOHOM, U
T.1. Ha s3bIKe 1moc/ie/JoBaTeJIbHOCTH z,, BBIPOK/IEHNE 03HAYaeT, YTo
zy = 0, HauMHASI c HEKOTOPOTO HOMePa ., IpH 3ToM, ecau z, =0, To
TI0 oTipesiesiennio z,, = 0 17 Bcex m = 1 ¢ BepPOSTHOCTBIO eINHUIIA.
JlpyruMu cjioBaMu, Mbl UMEEM JIEJI0 C MOCJ€eI0BATEIbHOCTBIO BJIO-
JKEHHBIX JIPYT B APYyTa COOBITHIA

{z,=0}c{z,,4=0}c{z,.,=0}c ...
Haiinem nipenen
g =lim P{z, =0},
Nn—o0
KOTOPBI 1 Gy/1eM Ha3bIBATh BEPOATHOCTHIO BHIPOSKAEHUS TTOCIEI0BA-

TEJIbHOCTH 2, .
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YrBepxkaenue. Ecau m = Mz <1, mo eepossmuocms 6vipoxde-
nus pasna 1. Ecau m > 1, mo 6eposamuocms 6vipoxdenus pasua
eOUHCMBEHHOMY HEOMPUUAMETLHOMY DEULEHUIO YPAGHEHUS

s=1(s),

MeHvuemy eQUHUYbL.
[okazareabcTBo. OueBUIHO, BBUIY BJIOKEHHOCTH COOBITUI
{z, =0} c{z,,1 =0} cupasenmuso

0<P{z,=0}<P{z,,=0}<P{z,,,=0}<...<1

)

T.e. MBI IMeeM HeyOBbIBAIONIYI0 OTPAaHMYEHHYIO MOC/Ie/I0BATETbHOCTD
P{z, =0}, cnenosatenpro, cyuectByer npesies . V3 onpenenenus
MIPON3BOATIEH (DYHKIINK TOCIeI0BATEIbHOCTH 2, CIEAYET

P{z, =0} =1,(0),
frst (0) = f(fn (O))

Ho rak xak
lim £, (0) = lim £,,,,(0) = ¢,
n—yoo n—soo
TO CIIPABE/LINBO
q=1(q). (8.5)
Eciu m = f"(1)<1, 10 B cusy Bbinyk/octu Buus dynriuu [ (s)
f(s)>s nmpu0 <s < 1.

Otrcrofa cJeyer, 4To B 3TOM CJydYae eAMHCTBEHHBIM PelIeHUeM
ypasuenust (8.1) Gyner g = 1.

Ecim m = f’(1) > 1, T0 B HEKOTOPOIl OKPECTHOCTH TOUKH § = 1 J17151
s < 1 6yner Bbmosusathesa [(s)<s, B 1o xe Bpema [(0)=0,
caeioBaresibHO, ypaBHeHue (8.1) umMeer perneHue B MOJyUHTEPBAJIE
[0,1). K romy ske, lim f, (0) He MosKkeT paBHATbCS e/UHHILE, TAK KAk
3TO O3HAYAJIO ObI, 470 B HEKOTOPOH OKPECTHOCTU TOYKHU 1 (yHKITH
1, (0) yowisaer BBuny f,.1(0)=7(f,(0)), a s10 HEBOBMOKHO (CM.
HAYAJIO JIOKA3aTeJabCTBa TeopeMbl). CIe/oBaTebHO, HCKOMOE ¢
ABJISIETCS €IMHCTBEHHBIM PelleHneM ypaBHeHus (8.5) B mosynHTEp-
Base [0,1). Teopema poxasana.

JloKka3areybCTBO MPUBEJAEHHOIT BBINIE TEOPEMBI GBLIO OCHOBAJIO
Ha cBoiicTBax urepanuii ¢pyukimy f (), OHO HATJIAAHO UILTIOCTDPH-
pyercs rpacdukamu pucynkos 31, 32.

3nauenne f(0) ectb oppuHata mepecedenns rpaduka f(s) c
ocblo opynat. 3uauenne f, (0) = f(f(0)) MOKHO MOMYUHTD, TPOBeE-
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f(s)1ﬂ f(5)1ﬂ
15(0)
1>(0)
7(0)
q
1(0) ===
7(0)
0 15 0 q %

Puc.31. T'pagurx dpyncyuu f(s) npu  Puc.32. Tpadux dynxuyuu f(s)
m <1 ¢ usobpaxenuem epaguueckozo npu m < 1 ¢ uzobpaxenuen zpa-
cnocoba omvicKaAnUs umMepayuil  Puueckozo cnocoba OMbLCKaAHI
£O)=1(F(0). 0= (0) - umepanui  £(0)=(F(0)),
f(0)=7(£(0) -

IS TOpU3OHTaMbHYI0 npsiMyio Ha Bbicote [ (0) 0 mepeceuennus c
JaroHasblo kBajpata ¢ sepumnamu B roukax (0,0), (0,1), (1,0),
(1,1) u BoccTaBUB 3aTeM K Heil NMePIEHAMKYIAP U3 TOH TOUKH /0
nepeceuenus ¢ rpadukom f (s). TouHo Tak e MOTyHaIOTCS MOCIe-
ayromue ureparmu Gynkunn [ (s): f3(0) = £ (£(0)) n 1.4

B Buae HEGOJIBIIOTO OTCTYIIEHHSI 3aMETUM, 4TO MPUBEIEHHAS
MpoIeypa AaeT OUYeHb yA0OHbBIH CTI0CO6 OTHICKAHUS TPUOIKEHHBIX
3HaueHnii pernennst ypastenus [ (s)=s. Jlo6oe ypaBHEHIE MOKET
GBITH CBEJIEHO K TAKOMY BUJY, M /IS NPUOJIMKEHHOTO OTHICKAHUS
KOPHSI T0CJIe 9TOTO Hy3KHO JIMIIb MHOTOKPATHOE TTOBTOPEHUE BbIUMC-
nennit ynkun [ (s). OTO JOBOJBHO YACTO HCIOJIB3YETCS Ha
TPAKTHKE TP OTHICKAHWM YMCJIEHHBIX PElleHni ypaBHeHui. Unra-
TEJIO TMOIE3HO Gy/IeT CaMOMy TTOAPOGHEE 03HAKOMHUTBCS € MPE/Iara-
eMbIM METOJIOM M YOe[UThCs, YTO TIPU PElIeHUU TaKUX ypaBHEeHHUi
MOTYT GbITh «yCTOHYMBBIE> U «HEyCTOHUMBBIE» penrenus. K kakomy
M3 KOpHell NPUBEAYT MOCJEN0BATENbHbIE UTEPAIUN, 3aBUCHT OT
HAYAJIBHOTO 3HAYEHUSI S, WM TOTO, B 06JaCTb MPUTSKEHUs] KAKOTO
13 KOpHell momaiaeT Hava IbHoe TpubImsKenne. JIerko 3aMeTHTb, 4To
B YCTONUYMBBIX KOPHAX |f '(q)| <1 (puc.33), B HEYCTONYUBBIX KOPHSX
f’(q)|>1, xors npakTdecku m06oil HeyCTOHYMBBI KOPEHb MOKET
GBITH NIEPEBE/IEH B yCTOHUMBBIN TyTEM JMHEHHOTO MPeo6pasoBaHus.

B ciayvae 3agaun o BeIposkieHnN (haMUJINH OOBIYHO CYUTAIOT, UTO
BeposiTHocTH Py, = P{z; =k} posxaenns B cembe k MaJbuMKOB
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A q(S)
rff? ¢

wy

054 Sy S3

Puc.33. I'paguxu dpynxyuu f(s), ee n-kpamnoi umepavyuu f,(s) u npe-
demvnoil pynryuu q(s) 6 obwen cayuae. A u C — ycmoiuusvie kopru, B
— Heycmotiuusvl. Hauanronoie mouxu sy u sy nonadaiom 6 06.1acmo npu-
mskenus kopus A, mouxa S3 — obaacmo npumsxenus xopus C

06pasyioT reoMeTpuuecKyio mporpeccuio py, = b, k=1, 2, ..
., 0 < b, bsl-c¢, a py=1-p,—py—... B takom cuydae
npousBoaniag GyHKIMA [ (s) BHIUUCIAETCA CEAYIONMM 06pasoM:

Maremarnueckoe OXHnJaHue 4nucjga MaJIbYuKOB 6yﬂ€T

’”:]\/[2121('(1):L

(1=c)
Vpasuenue s =f(S) uMeeT HEOTPHUIATEJIbHBI KOPEHD
_1-b-c¢
EDN

Irot KopeHb paBeH 1, ecommm = 1; ecomm m # 1, TO 9T0 € IUHCTBEHHBIN
HEOTPUIATETBHBIN KOpeHb. Ecimm m 21, To BepOSITHOCTD BBIPOKIe-
HUS =S -

I[To panubIM A.JIOTKA BEPOSITHOCTU BBIPOKIEHUS TOTOMCTBA
MY3KCKUX JIMHUIT XOPOIIO TPUOIMKAIOTCS TEOMETPUYECKOIT ITporpec-
cueit ¢ b = 0,2126, ¢ = 0,5893, p, = 0,4825. B arom cuayuae
BepOSTHOCTD BBIposkIeHNs ¢ = 0,819. EcrecTBeHHO, UTO BEJMYNHBI
b, ¢ TIOICUNTBIBAIOTCST CTATHCTUYECKH 110 JAHHBIM IIEPEIUCel HaceIe-
HUSL M MOTYT MEHSTbCS [IJIsi PasHbIX reorpaduueckux 06JacTeil.
[IpuBeneHHble JaHHBIE OCHOBbIBaJMCH Ha nepenucu 1920 roma B
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Amepuke. DTu BeJIMYMHBI JlaKe JIIsT OJJHOM W TOW K€ MECTHOCTH
MOI'yT CO BPEMEHEM MEHATDHCA. I/ISy‘{eHI/IeM TaKUX SIBJEHUN 3aHUMAa-
eTcs HayKa jaeMmorpadus.

§5. MNpepenbHoe noeepeHne z,

Mpbl yske BBISICHUJIU B MpeAbLAYINeM mnaparpade, uyto
nmpu n — oo, m<1
lim P(z,, = 0)= 1,
Nn—oo
T.e. C BEPOSITHOCTHIO EMHUIIA B 3TOM CJyyae IIOTOMCTBO OJIHOI

YaCTUILbI BBIPOKIAETCA, KOTAa YUCJIO0 IIOKOJIEHUIT 71 —> oo . HpI/I 9TOM
opu m < 1 MaremaTuyeckoe OJKu/laHnE 4ncja IMOTOMKOB

Mz, =m" -0

U JINCIIEPCHST ,
szn—1 (mn _ 1)

m—1

Dz, =o’m"! (m""1 +m"r 1) = —-0.
B T0 xe camoe Bpemsi mpu m = | MareMaTHYecKoe OKHUIAHHUE U
JUICIIEPCHST YHCJIa TOTOMKOB

Mz =1,

n
Dz, = nc’
K HYJIIO BOOOIIIE HE CTPEMSITCSI, HECMOTPSI Ha TO, UTO Z, BBIPOXKIAETCS
C BEPOSITHOCTBIO €ANHUIIA. JTO O3HAYAET, YTO, HECMOTPSI HA JOCTO-
BEPHOCTD BBIPOK/IEHNUS, C POCTOM 7 FICYE3AI0IIe MaJIble BEPOSTHOCTH
6osbmux (QUIyKTyanuii Bce BpeMs OCTAlOTCS. JpyruMum cjioBamu,
«TUINYHAS TPAEKTOPHUS» YNCJIA IOTOMKOB IIPH 2 = 1 J0BOJIbHO J10JITO
6Jry>K/]aeT BHE HYJISI M MOKET IIPU 3TOM IIO/JIHUMATHCS JOCTATOYHO
BBICOKO, HO, T€M HE MeHee, C BEPOSITHOCTbIO 1 paHO WM TO3[HO
o6pbIBaeTcs B HyJIe.
HaijineM oOlLleHKY BepOsTHOCTU
P(z,>0) npu m < 1. OueBuso, £(s)

P(z,>0)=1-P(z,=0)=1-1,(0). 76)

A

PaccMorpum npubsmkenne (pyHKINH
f(s) (puc. 34)

f(s)=1+m(s—1).
®yuxuus [ (s) — gureiinas u ona
cosnazaer ¢ f (s) BTouke 1 TOUHO TAK

JKe, Kak u ee npousBogHasi. OueBug- 0
HO,

2 i

_ Puc.34. @ynxyus f(s) u ee
f(s)<sf(s), 0<s<t, npubausxenue f (s)

157



u n-s wrepaimst dynkmn [ (s) Oyaer Membiie n-if wreparyu
bynxiuu [ (s):
1(0)<1,(0),
I
1_fn(0)S1_fn(O)’
HO U3 BUJa [ (S) HENOCPEACTBEHHO CJIE/LyeT
1= (0)=m, 1-£(0)=m?,
1=f5(0)=m’,..., 1=, (0)=m".

Takum o6pasom, B ciaydaem <1 P(z, >0)=1-f,(0)<m" , T.e.

BEPOSITHOCTD BbIZKUBAHUS YOBIBAET KAK TEOMETPUYECKAS [IPOTPECCHSL.

B ciyqae m = 1 aTa BepOATHOCTD yObIBAaeT 3HAUMTEJIDHO Me/IeHHEe:
MOXKHO II0Ka3aTh, YTO B 3TOM CJydae
P(2,>0)~ —2— .
nf” (1)
Us pucynka 31 ana f(s) ¢ m = 1 Bugno, uto 9TO yObIBaHHE
IPOUCXOJUT TOPa3o MeJJIeHHee, HO CTPOroe JJ0Ka3aTeJbCTBO 9TOIO
(baxTa TYyT MBI HE IPHBOJHM.

B caywae m > 1, kak Mbl yKe YCTQHOBUJIM, BEpPOSTHOCTD
Boipokernst lim P(z, =0)=¢g <1, B To ke camoe BpeMsi IpH
mobom k > 0"sepositHocTs (pukcupoBaHHOTO UmCIa R TIOTOMKOB
CTPEMUTCS K HYJIIO:

lim P(z, =k)=0. (8.6)
n—soo
B camom gmene, Kak BugHO U3 pucyHKOB 32, 33, npu mo6om s < 1
lim £, (s) = q,
n—seo
HO 3TO GbLIO Gl HEBO3MOKHO MPH HEBBINOIHEHNY paBeHcTBa (8.6).
Oyukius [, (s) sBJISETCS TOJTMHOMOM OT S € HEOTPUIATETbHBIMU
koaddunmentamu, u Hesbinoanenue (8.6) oznavano 6u1, uto f, (s)
TpH JIOCTAaTOYHO GOJBIINX 7 Bo3pacTaeT ObIcTpee, deM 1/2 s’
0<s<t, rae p, =limP(z,=k)>0, u ne Mmorsio Gbl B IpeseJIe
n—sco
COBIIAJIaTh € TIOCTOSIHHOW ¢. MareMaTHdyecKoe OXKHIAHUE Zz, TPU
. szn—1 (mn _ 1)
m>1 Mz, =m" — o, qucnepcua Dz, - ——————= — oo,
m—1
Takum 06pasoM, MOCJIENOBATEILHOCTD Z, TPH M > 1 ¢ BEPOATHO-

CTbIO (¢4 06pamaeTC${ B HYJIb 1 C BEPOATHOCTbIO 1 - q CTpEMUTCA K
6eCKOHEYHOCTH. TummyHas TPACKTOpUA IOCJAEA0BATE/IBHOCTH 2,
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npu m > 1 copepmiaer mpu  1n z, A
MaJIbIX 1 KOJTEOAHUS 1 MOKET
C BEPOATHOCTDBIO ¢ 06PaTUTh-
s B HyJIb, HO €CJI OHa J0C-
TUIJIa JOCTATOYHO GOJIBIINX
3HaYeHNH, TO OHa BO3pacTaeT
co ckopoctbio m" (puc.35).

=Y

Yupaxxunenus 0,0)
1. Bepuurecp k ynpaxue-  Puc.35. Tpu pearusayuu Inz, npu
Huo 5 B §4 171.3, pelmB mocTaB- m>1
JIEHHYO 3a/1a4y C HOMOLIbIO IIPO-
usBoAmuxX pynkumii. Haiiaure pacnpesenenue seposTHoCcTell yncna ame6
K KOHILy TpeX IIPOMEKYTKOB BPEMEHH.
2. Haiiiute BepoOSATHOCTb BBIPOKIEHHS paHblle 5-TO Iara, ecjiu
P(z=0)=0,5; P(2=2)=0,5.

2

3. Haiinure BepositHocTh BbuKuBaHUA 10 100-ro miara’ BKJIIOYHTETBHO,
ecim P(z;=0)=0,5; P(2,=2)=0,5.

Omeem: P (z;y >0)=0,02.

4. Haiiure OlleHKY BEpOSTHOCTH BbIKUBaHUS 70 10-To mrara BKJIIOYM-
tesbHo, ecm P(z;=0)=0,9; P(z,=2)=0,1.

Omeem: P(z, >0)<1,02-107 .

5. Haiizute BepOSITHOCTD BBIXKUBAHUS 10 3-TO AT BKIIOYUTENBHO, €CJIH
P(z=0)=09; P(z=2)=0,1.

Omeem: P(z3>0)=0,0038.

6. Haiiziure oneHKy /I BEPOSTHOCTH, OTBICKMBAEMOW B TIPEJbIIyIEM
YIPaKHEHUH.

Omeem: P(z3>0)<0,008 .

7. Haiinnre BepOATHOCTD BBKUBAHUS JI0 3-TO 11ara BKJIIOYUTENbHO, €CJIN

9\
Omeem: P(z4:0):f4(0):l 1+% 1+%(1+%) =0,7417 .

P(z=0)=0,1; P(z =2)=0,9 . Haiianre npeieJbHyI0 BEPOSTHOCTD BbI-
HKUBAHUSL.
CpaBHUTE YNCJEHHBIE OTBETBI BCEX MPE/BIIYIINX 3a/1au.

Omsem: P(z; >0)=0,8893, lim (2, >0)=0,8888.

8. Haiinte BEpOSTHOCTD BBIPOKAEHUS 10 5-TO TaTa, €CJU B HAUAJTbHDII
MOMEHT OBbLIO MSATh YACTHI[, & KaX/as YaCTHUIA HCYE3AET C BEPOSITHOCTHIO
P = 0,5 u requtcs Ha [IBe YACTUIIBI ¢ BeposaTHOCTBIO P = (,3.

Omeem: P(z; =02y =5)= [ (0)=0,1096 .

Vkaszanue: BocTiob3yiiTech T€M, YTO MPOU3BOASAIIAS (QYHKIHS CYyMMBI
He3aBUCHMBIX CJIyYaiHbIX BEJMYNH PABHA ITPOM3BEJEHUIO TPOH3BOASIINX
dyHKIMH.
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9. Haiinute BepositHocTh BbDKMBaHMUA 10 100-ro 1ara BKJIIOYHTENBHO,
ecau B HadasbHblil MoMmeHT Oblio 100 wacrui, z, =100, a BeposTHOCTH
MCYE3HOBEHUSA I KaKAol vyacTuibl P = 0,5 U JeJIeHUs Ha J(Be YaCTULIbL

P=0,5.
Omeem: P (299 > 0|2y =100) =1- £t (0) =1

100

2 =0,8674.

P——
100
10. HaiizuTe olleHKY BEpOSITHOCTH BbUKUBaHUS A0 10-T0 Iara BKJIIOYM-

TEJBHO, €CJM B HAYaJbHbIH MOMeHT 6bL10 100 yacTuil, BEpOSITHOCTb HCUE3-

HOBeHMs Kaykaoi dactuibl 0,9 u genmenns na ase vactuinr 0,1.

Omeem:

P(z9 >0]zp =100) =1 £° (0) < 1- (1—m'0)10

0 -5
=1,024-107.

11. Haiigute BepoSATHOCTb BBIKMUBAHUS JI0 3-TO IIara BKJIOYUTEJIBHO,
ec/m B HavaJbHbIi MoMeHT uMeercst 10 wactuir (1000 wactui), a BeposT-
HOCTb MCUE3HOBEHUS /ISt 0/iHOM yactuilpl 0,9, nenmenuns Ha jaBe yactuilpl 0,1.

Omgem: P(z3 >0|zy =10)=0,037 , P(z3 > 0|z =1000)= 0,978 .

12. To e, 4TO B ynpakHeHNH 9, HO B HAYAJILHBIII MOMEHT UMEETCS OJINH
MUJLIHOH vacTull (7ecAaTb MUJJIMOHOB YaCTHIL).

Omeem: P(zm > O|20 = 1000000) < 0,097 ,

P(zw > O|20 = 10000000) <0,64 .

13. Haiigure BepoSTHOCTb BBIKMBAHUS JI0 3-TO IIara BKJIOYUTEJIBHO,
ec/M B Hava IbHbIH MoMeHT nMeercsa 10 wactur (1 wacTuia), a BEpOATHOCTD
HCcYe3HOBEeHUd /I Kaxkgoi yactuipl 0,1, xenenust Ha jBe yacTtuipl — 0,9.
CpaBHHTE YKCJEHHBIE OTBETHI BCEX TpeAbIIymux 3aad. [laiite «dusnuec-
K1e» OODSICHEHUS TOJyYeHHDBIM pe3yJIbTaTaM.

Omeem: P(z3 > 0]z =10)=1-£°(0)=1-276-107""

P(23 > O|20 = 1) =1-0,1107 = 0,8893 .

14. Haiiznte nrepaiimonHplii MeTo/[ PUOIMIKEHHOTO U3BJICUEHUS KBa/I-
paTHOTO KOPHS U3 ymcaa. MoXXHO JI JOCTUTHYTDb B UTEPAIIOHHOM IIpoIiecce
CXOJMMOCTH K HCKOMOMY KOpPHIO GoJiee OBbICTPOil, 4eM TIeoMeTpudecKast
nporpeccus?

A 47

Vkasanue: n3BIcueHne KBapar-
HOrO KOpHSL M3 YMCJA C  paBHO-
CUJIBHO YMCJICHHOMY DEIICHUIO ypaB-
nenns (puc. 36) —x%+¢? =0, wm

x?
- +=+x=x.
202 2

[ocseanee ypaBHEHNE UMeET KO-
PEHD ¢, IIPU HTOM POU3BOAHASA (PYH-
KIUs B JIEBOIT YaCTH B TOUKE C PaBHa
HYJIIO, YTO IPUBO/IUT K CKOPOCTHU CXO-
JUMOCTH B UTEPALMOHHOM IIPOLIECCe
6otee GBICTPOI, YeM TeoMeTpUYeCKas

o
>

V3

0 c

Puc.36. Hmepayuonnwiti memoo
OMbICKAHUS KOPH3L
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JiefioBaTesibHo nipubsmkaomux ¢ = 1,414213562... nia =c:

x9g=1; x=125; x,=1,387;

x3 =1,413417 ; x, =1,41421289 ; x5 =1,414213563 .

EcrecTBeHHO, UTO CyINECTBYIOT W JpyTrue NTepalMoOHHbIE MOCJe/[0BATeIbHO-
ctu, cxomsamuecs K ¢. CKOPOCTb CXOAMMOCTH B IPUBEIEHHOM IIpHUMepe Ta
JKe, YTO ¥ y UTEPALHOHHOTO IIPOIecca, MPUBOJISIIETO K OTBICKAHUIO KOPHS
x = 0 ypaBHeHHs X~ = X, K KOTOPOMY Hallle YpaBHEHHE CBOJMTCS ITyTeM
JMHEeHO 3aMeHbl. [LJIs1 TOCIEeHETO ke ypaBHEHNSI CKOPOCTh CXOJMMOCTH

g
UTEPAIMOHHOTO IPollecca, OueBUHO, OyaeT X, = xo( ) , |x0| <1, uro npe-

BOCXO/IUT CKOPOCTb CXOJMMOCTH T€OMETPUYECKOI MPOTPECcCUN.

15. IIposeaute anajnorumvno 3ajade 13 uccienoBaHue UTEPAIIUOHHOIO
npoiecca

2
_x,+c/x,
Xptt = D) )

U3BECTHOTO KaK JPeBHEBABIIOHCKUI CIOCO6 M3B/ICYCHNS KBAJPaTHOTO KOP-
ust uz ¢ . Jlaiite o6bsicHeHue, 1oYeMy HUTEPAIMOHHBIE METO/bl 0COGEHHO
YAOGHBI 171 coBpeMeHHbIX DBM.



3AKJIIOYEHUE

Mbl pacckasajy B 9Toi HeGOJIbINON KHUTE 06 OCHOB-
HBIX TOHSTHSIX M HEKOTOPbIX KJACCHYECKUX Pe3yJbTaTax Teopuu
BEPOSITHOCTEN, CTApasiCh BbIIEPKATh 110 BO3MOKHOCTU GoJiee IIpo-
cTyio (POpMy, HO B TO >Xe BpeMsl C/leJIaThb M3JI0KEHHe JI0CTaTOYHO
HOJHBIM U CTPOTUM. MBI CTPEMHJINCh HPH BbIBOZE (DOPMYJ U
JIOKA3aTeJIbCTBE YTBEPIKIAEHHI OTPAHNYNTHCS KOMOMHATOPHBIMU Me-
ToJaM¥, TPOM3BoOAAMUME (GyHKIuaMu u Qopmysoir CTupJuHra.
OCHOBHbIE TIOHATUSI TEOPUU BEPOSITHOCTEN (POPMUPOBATINCH, HAUU-
nag ¢ cepeunbl XVII Beka, B Tpynax Ilackansa, @epma, Toiirenca,
Tanunest n 1p., HOCBSIIEHHBIX PEIIEHNI0 MHOTOYHCJIEHHBIX NTPOBbIX
3amad. B Te Bpemena ObLiM yKe M3BECTHBI U HCIOJb30BAJNCDH
TeopeMbI CTI0KEHNS U YMHOKEHNS BEPOSATHOCTEH, TIOHATHE YCJIOBHOM
BEPOSITHOCTH, (POPMYJIa MOJHOM BEPOSITHOCTH, ObLIO BBEJEHO MaTe-
MaTuyecKoe OKuaHue. BeplnHoii aToro nepuoja siBUJIOCh TBOPYe-
ctBO SIk06a Bepuynu. B ero «VckyccTBe pearionoxenniis , u3jaH-
HoM nocMeptHo B 1713 rofy, paccMaTpuBasach IOCIe0BaTeIbHOCTD
HE3aBUCHMBIX HCIBITAHWI C JABYMS HCXOJAaMH, OBLIO BbLIBEIEHO
GUHOMMAJIbHOE paclipe/iesieHre, MOSIBIINCH TPOU3BOJsIe (DYHK-
I[1M, pelajach 3a/1a4a O Pa30peHuH UTPOKa, HO TJIaBHOE — Oblia
0060CHOBAaHA NPUHIMITHAIbHAS BO3MOXKHOCTb CTATUCTUYECKOTO T10/1-
X0/la K BEPOSITHOCTU. 3HaMeHUTasi TeopeMa bepHysim, ycraHoBuB-
mast, 4YTo NMpH GOJIBIIOM YNCJE HE3aBUCHMBIX HCIIBITAHUN 4YacToTa
COOBITHS, KaK IIPABUJIO, MaJO OTJIMYAETCS OT €ro BepOsITHOCTH,
MOJIO’KMJIa HA4YasIo0 IpeebHBIM TeopeMaM TEeOPHUH BepOSTHOCTEH.
Cpenu aTX TeopeM IepBOM HY>XHO HasBaTh TeopeMy Myaspa—
Jlanmaca o npesieIbHOM paciipe/ie/IeHH OTKJIOHEHUST 4aCTOThbI COObI-
THST OT €ro BePOSITHOCTH.

CoracHo opmysie BepHy/M BEPOSTHOCTD M y/jau B 1 UCIIBITA-
Husix BepHyssm paHa (eM. §2 rid) npu smobom 0 < p < 1
P,(m)=C)'p" (1-p)"™", a B cummerpuunoii cxeme Bepuy.m ¢ p
=1,/2 P,(m)=C,'2™" . [lunst He 04eHD GOJIBIINX 3HATCHUIT 72 MOYKHO
HETIOCPEICTBEHHO BBIYUCJIATh (DAKTOPHAJBI U CTENEHH, BXOJMIINE B
IpaBble YaCTH BBITUCAHHBIX (DOPMYJI, HJIN MOJb30BATHCS CIIEIHAb-
HbIMu Tabmnamu (HarpuMep, Tabuieii 11 sorapudmos hakTopu-
ajioB, noMeleHHod Ha c¢. 24). Ilpu Gosbiux n u m dopmya
Bepryamm Mano mpurogHa AT HETOCPEICTBEHHOTO BBIYMCJICHUS.
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Tak, ecim n = 100, m = 50, to mua Borumcaenus P (50)
HeoOxomuMo Haittn Cjy, u 27'°°. Eme Gosee 3aTpyTHUTETHHO
65
BBIUNCJIEHNE BEPOSITHOCTEH BH/A Z Py (m) .
m=33
Teopema Myaspa—Jlamnaca u Teopema Ilyaccona o6seryaior atu

3a/la4vu, Ipeajarada HpPIé]II/DKeHHbIe (pOpMy]II)I, ITOACYET 110 KOTOPbIM

IIPOU3BOIUTCS € TOMOIIBIO TAaGIHI] (YHKII
X m

L f Py u II(m) = e"”x— .
2n -, m!
KoHe4yHO, BO3MOKHOCTH COBPEMEHHBIX KOMIbIOTEPOB HECKOJIbKO
MPUHIDKAIOT BBIYMCJIUTEIbHYIO IIEHHOCTD 3TUX MPUOJIHKEHHBIX (op-
MyJI, TIOCKOJIbKY BO3PAacTaeT POJb YMCTO KOMOMHATOPHBIX UHCJIEH-
HBIX TPHEMOB, C JIETKOCTBIO COBEPIITAeMbIX Ha KOMITbIoTepax. OaHako
HaCcToAllasl LEHHOCTb IIpelesbHbIX TeopeM Myaspa—J/lammaca u
[Tyaccona BoBce He B BBIYNCJNTENbHOM OTHOIIEHNH, & B UX TIPUHIIN-
MMUAJLHON POJIM B TEOPUU BEPOSITHOCTEH. [[J1s1 BBISICHEHUS 9TOW POJIU
HeoOXO0/IMMO 10Ka3aTh, 4TO Ipe/esibl GMHOMUAJIbHBIX BEPOSITHOCTEN
B YKa3aHHBIX TEOPEMaX CaMU OIPEE/ISIOT paclipe/ieIeHIs BEPOSITHO-
creii.

YkaskeM BepOSITHOCTHBIIT cMbic npasoit wactu @ () — @ (¢)
uHTerpasbHoii hopmyasr Myaspa—Jlammaca (em. §5 ri.4):

O (x)=

my

t:
1 { —xz/Z
)y Pn(m)~F,[e dx =@ (t) =P (t).
m=my T t
CyIiecTByIOT cay4aiiHble BeJIMYNHDI, paclpesie/ieHre BepOsSTHOCTEMH
JUIS KOTOPBIX 33/[aeTCS C IOMOIIbI0O HEOTPHUIIATEJbHON (PYHKINH
Q(t), —o <t < oo, caepyomuM 06pazoM: st JI06GOro HHTEpBasa
(t,,t,) Ha TpsIMOIl BEpPOSITHOCTD TOTO, YTO CJIydaiiHas BeJMINHA
by

IIPUMeT 3HAYeHNs U3 HTOr0 MHTepBaJa, PaBHA MHTErpasy J'(p(t)d t,
oo 4
puyeM J. o(t)dt =1. Oynxima @(f) ¢ ykazaHHbIMU CBOHCTBaMU

Ha3bIBACTCH NJIOMHOCINBIO GEPOSAMHOCINU, a paclipe/ie/ieHne TaKoi

cJIy4ailHO BEJIMIMHBI OGIYHO HA3bIBAETCS HEITPEPBIBHBIM Pacipe/ie-
1 _ph

nenueM. Pactipesenenue ¢ miotHoctbio @(t) = N e '* HaspiBaer-
n

e nopmanvrvim pacnpedenenuen, a pynkuus P(t) naspisaercs
Pyuryues HOpMAILHOZO pacnpedesenus, W TOITOMY Das3HOCTH
D(t,)—D(t) ecrb BepOATHOCTD CIydaiiHOH BeJIMYMHE ¢ HOPMAJb-
HBIM pacripesie/ieHeM NPUHATH 3Hauenne u3 untepsana (&, ty) . 1o
pacrpe/ie/ieHle 4acTO HA3BIBAIOT TAKKe 2AYCCOBCKUM TIO0 WUMEHU
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laycca, koTopbiil MPUOJIN3UTETBHO B TO JKe BpeMs, uto u Jlamiac,
MOJTYYUJI €T0 KaK pacipefiesieHne ONMOOK HaOMIOJIeHNs B 33Jadax
acrpoHoMun u reoze3un. Pa6orsr Jlanmaca u laycca 1o Tteopuu
om6OK OGHAPYIKUJIM, YTO paclpeieseHie CyMMapHOU OUINOKH,
MOJTYYEHHOIT CJI0JKeHeM GOJIBIIIOTO YNC/a HE3HAYUTEIbHBIX CJIydaii-
HBIX OMMHNOOK, TIPU JOBOJBHO OOIINX YCIOBUAX OYyAeT MPUOIIKEHHO
HOPMAJIbHBIM pacmpeeienneM. TakuM o6pa3oM, aCHMOTOTHYECKAsT
¢opmymra Myaspa—Jlammaca okasajach CJIEJCTBHEM [OCTATOYHO
YHUBEPCAJbHOTO BEPOSITHOCTHOTO 3aKOHA. POJTb, KOTOPYIO HOPMaJIb-
HOE paclipe/ieJieHe UTrPaeT B TEOPUU BEPOSITHOCTEN U ee MPUJIoKe-
HUSX, OIPE/IeISIeTCs [IEHTPAIbHON TIpeieIbHOl TeopeMoii. [oBopsr,
4yTo caydaiinble BesmduHbl Xi, X, ..., X, YAOBJIECTBOPAIOT UeHIM-
panvnoi npedesvHol meopeme, eCIi IPU JIOOBIX JeHCTBUTEIBHBIX
ymesaax o 1 B amsa cymmel S, = X +...+ X, Ipu n — « cupasen-
JITBO
plas$i2MS, (gl L ity
DS, 2m )

Ita hopMyJa cripaBeiInBa IPH OYCHD MHUPOKUX YCIOBUAX, HaJara-
embIx Ha X, Xy, ..., X, .

Teopema Myaspa—Jlamiaca mpezcraBisier co60il BADUAHT [IEHT-
PAJIbHOI TIpe/ieIbHON TEeOPEMbI /IJIs1 B3AUMHO HE3aBUCHMBIX CJIyyaii-
HbIX BeamuuH X, ..., X, , IpuHuMamoommx asa sHadenus 1 u 0 c
sepoarnoctamn P{X; =1}=p, P{Xj = 0} =q,p+q=1.Bosspa-
masicb K teopeMe Myaspa—Jlammaca, oTMETHM, YTO TIPUOJIMKEHTE
JUUISE GUHOMUAJIbHOU BEPOSITHOCTH, TMIPE/IJIaraeMoe B Hell, TeM JIydllle,
yeMm 6smke p K 1,/2, Torna kak /s 3HaYeHuit p, 6;m3kux K 0 mim

1, pasyMHee Tob30BaThCsl TpubMIKeHHOU popmyJtoii Ilyaccora
m

P, (m) ~ e‘k%, A=np

(cm. §3 11.4). Yncna T (m) = e™ LY JUIst 060ro A > () HEoTpuIa-
m!

TEJIbHBI M B CYMME I10 BCEM 71, TPUHUMAIOIIUM 3HAYCHUS U3 CIYETHOTO
muoxecrsa {0, 1,2,...}, cocrasasior 1. IloaTomMy oHE MOTyT ObITh
B3SATBHI B KAUeCTBE paCIpeiesIeHIsI HEKOTOPOH CIydaifHOH BeJTMINHBI,
MPUHUMAIOIIEN T1eJTble HeoTpuIlaTeTbHble 3Hauenud 0, 1, 2, ... IT0
pacrpezenenne HasbiBaeTcst pacnpesesnenneMm Ilyaccona (mpumep
pacrpejiesieHus CIy4YaiiHON BEeJTMUUHDI, IPUHUMAIOIIEN CUeTHOE 1C-
J0 3Hauenuii). O6a mpeeIbHbIX Paclpe/ie/ieHs — HOPMa/bHOE M
[Tyaccona BBIBOIAT HAC 3a TIpeAes bl KHUTH.
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